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The dimensionless equations of motion for the
Boussinesq approximation are
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where the Prandtl number Pr ¼ !=" is the ratio of the
fluid’s kinematic viscosity ! to its thermal diffusivity ",
and the Rayleigh number Ra ¼ g#!Th3=!" where g is
the acceleration of gravity, # is the fluid’s thermal expan-
sion coefficient, and !T is the imposed temperature drop
across the layer of thickness h. Lengths are measured in
units of h, time in units of h2=", and temperature in units
of !T. The velocity vector field uðx; y; tÞ ¼ îuðx; y; tÞþ
ĵvðx; y; tÞ satisfies no-penetration and free-slip (stress-
free) boundary conditions, and the temperature field
Tðx; y; tÞ is isothermal on the vertical boundaries at y ¼ 0
and y ¼ 1 as shown in Fig. 1. All dependent variables, u, v,
T, and the pressure field pðx; y; tÞ, are periodic in the
horizontal direction x with period " (the aspect ratio).

Taking the curl of (1) one obtains the evolution equation
for the scalar vorticity ! ¼ @v=@x & @u=@y,
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The boundary conditions on u and v imply that ! ¼ 0 on
the vertical boundaries at y ¼ 0 and y ¼ 1.

The goal of the analysis is to use the equations of motion
to derive upper bounds on the Nusselt number defined as
Nu ¼ 1þ hvTi, where h"i represents the spatial and long
time average, in terms of Ra, Pr, and ". Toward this end we
utilize the background method [21], a mathematical device
introduced by Hopf to establish the existence of weak
solutions to the Navier-Stokes equations in bounded
domains [22]. For convection problems the background
method involves decomposing the temperature field into
a background profile $ðyÞ which satisfies the vertical

boundary conditions [$ð0Þ ¼ 1 and $ð1Þ ¼ 0] and a per-
turbation term %ðx; y; tÞ satisfying homogeneous boundary
conditions [%ðx; 0; tÞ ¼ 0 ¼ %ðx; 1; tÞ] so that Tðx; y; tÞ ¼
$ðyÞ þ %ðx; y; tÞ [11]. Implementing this decomposition the
temperature Eq. (3) implies
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Then the equations of motion together with the boundary
conditions and the background decomposition imply
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where k "k 2 is the L
2 norm on the spatial domain and the

elementary identity kruk22 ¼ k!k22 was used in (6).
It is well known that the equations of motion imply

Nu ¼ hkrTk2i [10,11]. Thus, given coefficients a and b
with precise values to be determined, combining (6)–(9)
according to
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applying the long time average—remarking that it can be
shown within the background method that the time aver-
ages of the time derivatives vanish [11,21]—and dividing
by ", the Nusselt number is expressed
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Hence if we can choose the background profile $ðyÞ and
coefficients a > 0 and 0< b< 1 so that Q ( 0 for all
relevant %, ! and v, then the first term on the right hand
side of (11) is an upper bound on Nu. For the problem at
hand we may use the piecewise linear profile shown in
Fig. 2 where the thickness & of the ‘‘boundary layers’’ is to
be determined as a function of Ra to satisfy Q ( 0. With
this choice of $ðyÞ the bound will be
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FIG. 1. Geometry for the 2d stress-free convection problem.
Boundary conditions for T, u, v, and the vorticity ! at the
isothermal no-slip vertical boundaries are shown. All these
variables as well as the pressure p are periodic in the horizontal
direction with period ".
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Dimensionless variables:
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Jconduction
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TURBULENT HEAT FLOW:
STRUCTURES AND SCALING

For very many years, sci-
entists have studied the

motion of enclosed fluids
heated from below and
cooled from above.1 The 
containers for these
Rayleigh–Bénard systems2

have ranged in size from
soda cans to swimming
pools. Usually, as a fluid is
heated it will become less
dense. A heated blob will
feel a force pushing it upward, the blob will tend to rise,
and cooler fluid will fall into its place. At the lowest heat-
ing rates, there is no motion. Then, as the heating rate is
increased, one sees successively a steady motion, a peri-
odic oscillation, and a chaotic domain. At yet higher heat-
ing rates, one finds turbulent motion in which the fluid
swirls in highly structured but never-repeating patterns
(see figure 1). 

Turbulence can be seen all around us. Waves on the
sea and the swirling winds are proverbially inconstant.
Their pattern changes and changes and changes again.
Nonetheless, wind is in some sense always the same. Its
statistical and average properties are predictable.

At least four strategies will isolate features of turbu-
lent flows for scientific study. One is to look for the quali-
tative geometry of characteristic structures recurring in
the flow. The second is to analyze fluctuations, looking for
characteristic probability distributions. A third is to
obtain quantitative characterizations of the average
flows. Finally, one can measure and study the space and
time dependence of velocities and other observables. In
each case, we are trying to isolate elements of the flow
that are open to prediction, replication, and comparison
among different systems. I discuss the first three here,
but put aside the last one because that subject is too large
and is changing too rapidly.

Structures: plumes, flywheels, and more 
Figure 1 shows the temperature pattern in a turbulent
Rayleigh–Bénard cell containing a rather viscous fluid.
From studies of other fluid motion, one can expect this
flow to contain reasonably well-defined structures,
appearing in a mosaic of different combinations and ever-
changing patterns. 

One structure often found in heated fluids is called a
plume. As heated fluid rises, it pushes aside the material
above it and is, itself, in turn deflected. The rising mate-
rial produces a stalk, while the deflected fluid produces a
cap on top. As the pushing and deflection continue, the
edge of the cap may further fold over. The result is some-
thing that looks like a mushroom. Figure 2 shows a very
large plume produced by the rising gases of a nuclear
explosion. Yet larger plumes are depicted in figure 3,

which was taken from a
computer simulation of the
surface of the Sun. That pic-
ture shows many cold
plumes falling downward
into the Sun. More mun-
dane plumes can be seen in
a wide variety of laboratory
pictures and simulations.

Now let us turn back to
figure 1, which shows a
small container heated

carefully and uniformly from below, cooled from above,
and illuminated with a nearly parallel light beam. Inho-
mogeneities in temperature bend the light and produce
the bright lines and shadows shown. As you can see, the
container is filled with plumes. Hot plumes congregate in
an upwelling jet of fluid near the right-hand wall of the
container. A similar, downward jet formed from cold
plumes occurs on the left-hand wall. Large numbers of hot
plumes are also found in left-to-right motion in a mixing
zone, or viscous boundary layer, near the bottom of the
container. A similar layer on the top contains cold plumes,
moving from right to left. The central region contains a
few plumes, hot and cold, in a partially random motion.
These plumes wander chaotically, but also participate in
an overall counterclockwise motion. In addition, there are
very thin boundary layers, not really visible in the figure,
near the top and bottom walls. The majority of the tem-
perature drop between the bottom and top of the contain-
er occurs within these thermal boundary layers. 

So, the heat flow has created a “machine” containing
many different working parts: boundary layers, mixing
zones, jets, and a central region. Figure 4 is a cartoon of
the machinery at work. To follow the process, start at the
lower left-hand corner of the convective cell. A wind pro-
duces flow from left to right, carrying with it some waves.
Here, the waves are bulges in the height of the thin
boundary layer at the bottom of the cell. As they move, the
waves throw up a hot spray that tends to rise, forming
sheets of hot, upward motion. These sheets break up into
columnar structures that form the plumes shown in fig-
ures 1 and 4. 

As they move across the bottom of the cell, these
structures grow larger, as shown in figure 5. A few plumes
come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
left-hand side, splash on the bottom, and produce hot
waves, thus keeping the motion going indefinitely. The
jets pull the fluid around the container, forming a liquid
flywheel. We have found an intricate motion that has the
seeming purpose of moving heat from the bottom of the
container to the top.

Notice that the depicted motion is counterclockwise.
LEO KADANOFF (leop@uchicago.edu) is a professor in the departments
of physics and mathematics at the University of Chicago.

Geometrical structures and scaling
behavior provide insights into the

nature of convective turbulence and
some risky generalizations about

“complex systems.” 

Leo P. Kadanoff
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Here, the waves are bulges in the height of the thin
boundary layer at the bottom of the cell. As they move, the
waves throw up a hot spray that tends to rise, forming
sheets of hot, upward motion. These sheets break up into
columnar structures that form the plumes shown in fig-
ures 1 and 4. 

As they move across the bottom of the cell, these
structures grow larger, as shown in figure 5. A few plumes
come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
left-hand side, splash on the bottom, and produce hot
waves, thus keeping the motion going indefinitely. The
jets pull the fluid around the container, forming a liquid
flywheel. We have found an intricate motion that has the
seeming purpose of moving heat from the bottom of the
container to the top.

Notice that the depicted motion is counterclockwise.
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nature of convective turbulence and
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ture is discernible in both peak and wings. The whole
behavior, curvature and all, is seen to be experimentally
reproducible in that it is very close to the shape seen by
other experimentalists and is also the same at all three
Rayleigh numbers. This independence from Rayleigh
number is an important hint for theorists, and suggests
that they would wish their eventual theory to give “uni-
versal” results, that is, outcomes with substantial robust-
ness against changes in the Rayleigh number.

Algebraic characterizations
The total amount of heat flowing upward through a con-
vective cell is measured by the Nusselt number Nu, which
is the ratio of the actual heat flow to the flow that would
occur via heat conduction alone. The motion of the fluid
enables Nu to become increasingly large as the Rayleigh
number increases (see figure 7). 

Many theories begin from a picture of the different
regions within a convective cell and then estimate the
orders of magnitude of the temperature and various veloc-
ities in each region. In such theories, it is traditional to
guess that there is a simple scaling relation between the
dimensionless quantities that parameterize the system.
For the Rayleigh–Nusselt relation, this guess is reflected
in a power law of the form

Nu ⊂ A Rab ⊕ . . . , (3a)

where the ellipses represent corrections to the simple
power law. I return to the idea of corrections to simple
descriptions in a moment.

In one such theory, a University of Chicago collabora-
tion (see the second entry in ref. 6) identified the different
regions shown in figure 4 and then estimated typical tem-
perature differences, velocities, and region sizes to obtain
a power law with b ⊂ 2/7, fitting the then-existing data
and some subsequent data pretty well.8

Other “laws” do the same job, and perhaps even bet-
ter. For example, in a recent paper,9 Xiaochao Xu, Kapil
M. S. Bajaj, and Guenter Ahlers of the University of Cali-

fornia, Santa Barbara, got an excellent fit using the sug-
gestion of Siegfried Grossmann and Detlef Lohse1:

Nu ⊂ A Ra1/3 ⊕ B Ra1/4 ⊕ . . . . (3b)

To obtain equation 3a, the Chicago group assumed a
more or less serial process of heat movement from bound-
ary layer to mixing zone to central region, while the use of
equation 3b assumes a pair of processes working in paral-
lel to produce two terms. 

Other fits are possible. Joseph Niemela of the Uni-
versity of Oregon, and collaborators10 note an excellent fit,

Nu ⊂ A [Ra3/2 (ln Ra)]1/5 ⊕ . . . , (3c)

from a theory based on the flow through a single “opti-
mum” mode. They also point to an equally good fit via the
simple power law (equation 3a) with b ⊂ 0.309. All these
proposed formulas match the data to a respectable accu-
racy (see figure 7). How to choose?

Before choosing it is reasonable to ask, “What are we
trying to do?” If our goal is to get a decent representation
of the facts observed in a very wide range of turbulence
experiments, all three formulas are acceptably good. 

A different perspective might be in order. None of
these equations means anything in themselves. To give
them meaning, you have to define the terms “+ . . .”
appearing in all three equations. In my view, the right
thing is to demand that the fit become asymptotically
accurate. I mean that there should be some limiting
process in which the proposed theory would be exactly
true.11 The limiting process would most likely involve hav-
ing the Rayleigh number go to infinity, with maybe also
having the Prandtl number going to some extreme value.
Alternatively, some fluctuations or processes might be
neglected. Then the “+ . . .” would represent the correc-
tions to this asymptotic result and could be given a well-
defined meaning. So, I am suggesting that, to fit the data,
one should look forward and guess the form of the even-
tual mathematical theory that will describe what happens
in the system in some very extreme limit.12

One possible description of such an eventual theory
might be discerned in
Robert Kraichnan’s
work of 1962, which
outlines three differ-
ent asymptotic re-
gimes.13 One regime is
very, very high Ray-
leigh number with a
nonextreme value of
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FIGURE 4. THE RAYLEIGH–BÉNARD CELL as a machine,
schematically drawn. The red-shaded areas of the cell show
regions with hot fluid, while the blue areas indicate cold fluid.
The arrows give the direction of fluid flow. Compare this illus-
tration with the “real thing” shown in figure 1. A major point
of the cartoon is to list and show the many different structures
that work together to make the intricate motion of the convec-
tive system. As described in the text, the plumes play a very
important role both as motors and as heat pumps. The illustra-
tion is partially based on a cartoon in G. Zocchi, E. Moses, A.
Libchaber, Physica A 166, 397 (1990). See also the description
of the motion in X.-L. Qiu, P. Tong, Phys Rev. E (in press). 

FIGURE 5. PLUMES MOVE
across a bottom boundary
layer and hit a side wall.
Time goes upward in this
series of experimental
visualizations. Here, there
is an overall left-to-right
“wind” along the bottom
of the tank. Notice how
the plumes form on top
of the waves, ride with
the wind, and are
squeezed into the side
wall. Figure adapted from
B. Gluckman, H.
Willaime, J. Gollub, Phys.
Fluids A 5, 647 (1993).
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reproducible in that it is very close to the shape seen by
other experimentalists and is also the same at all three
Rayleigh numbers. This independence from Rayleigh
number is an important hint for theorists, and suggests
that they would wish their eventual theory to give “uni-
versal” results, that is, outcomes with substantial robust-
ness against changes in the Rayleigh number.

Algebraic characterizations
The total amount of heat flowing upward through a con-
vective cell is measured by the Nusselt number Nu, which
is the ratio of the actual heat flow to the flow that would
occur via heat conduction alone. The motion of the fluid
enables Nu to become increasingly large as the Rayleigh
number increases (see figure 7). 

Many theories begin from a picture of the different
regions within a convective cell and then estimate the
orders of magnitude of the temperature and various veloc-
ities in each region. In such theories, it is traditional to
guess that there is a simple scaling relation between the
dimensionless quantities that parameterize the system.
For the Rayleigh–Nusselt relation, this guess is reflected
in a power law of the form

Nu ⊂ A Rab ⊕ . . . , (3a)

where the ellipses represent corrections to the simple
power law. I return to the idea of corrections to simple
descriptions in a moment.

In one such theory, a University of Chicago collabora-
tion (see the second entry in ref. 6) identified the different
regions shown in figure 4 and then estimated typical tem-
perature differences, velocities, and region sizes to obtain
a power law with b ⊂ 2/7, fitting the then-existing data
and some subsequent data pretty well.8

Other “laws” do the same job, and perhaps even bet-
ter. For example, in a recent paper,9 Xiaochao Xu, Kapil
M. S. Bajaj, and Guenter Ahlers of the University of Cali-

fornia, Santa Barbara, got an excellent fit using the sug-
gestion of Siegfried Grossmann and Detlef Lohse1:

Nu ⊂ A Ra1/3 ⊕ B Ra1/4 ⊕ . . . . (3b)

To obtain equation 3a, the Chicago group assumed a
more or less serial process of heat movement from bound-
ary layer to mixing zone to central region, while the use of
equation 3b assumes a pair of processes working in paral-
lel to produce two terms. 

Other fits are possible. Joseph Niemela of the Uni-
versity of Oregon, and collaborators10 note an excellent fit,

Nu ⊂ A [Ra3/2 (ln Ra)]1/5 ⊕ . . . , (3c)

from a theory based on the flow through a single “opti-
mum” mode. They also point to an equally good fit via the
simple power law (equation 3a) with b ⊂ 0.309. All these
proposed formulas match the data to a respectable accu-
racy (see figure 7). How to choose?

Before choosing it is reasonable to ask, “What are we
trying to do?” If our goal is to get a decent representation
of the facts observed in a very wide range of turbulence
experiments, all three formulas are acceptably good. 

A different perspective might be in order. None of
these equations means anything in themselves. To give
them meaning, you have to define the terms “+ . . .”
appearing in all three equations. In my view, the right
thing is to demand that the fit become asymptotically
accurate. I mean that there should be some limiting
process in which the proposed theory would be exactly
true.11 The limiting process would most likely involve hav-
ing the Rayleigh number go to infinity, with maybe also
having the Prandtl number going to some extreme value.
Alternatively, some fluctuations or processes might be
neglected. Then the “+ . . .” would represent the correc-
tions to this asymptotic result and could be given a well-
defined meaning. So, I am suggesting that, to fit the data,
one should look forward and guess the form of the even-
tual mathematical theory that will describe what happens
in the system in some very extreme limit.12

One possible description of such an eventual theory
might be discerned in
Robert Kraichnan’s
work of 1962, which
outlines three differ-
ent asymptotic re-
gimes.13 One regime is
very, very high Ray-
leigh number with a
nonextreme value of

T
IM

E

Viscous
boundary

layer

Thermal
boundary

layer

Jet

Plume

FIGURE 4. THE RAYLEIGH–BÉNARD CELL as a machine,
schematically drawn. The red-shaded areas of the cell show
regions with hot fluid, while the blue areas indicate cold fluid.
The arrows give the direction of fluid flow. Compare this illus-
tration with the “real thing” shown in figure 1. A major point
of the cartoon is to list and show the many different structures
that work together to make the intricate motion of the convec-
tive system. As described in the text, the plumes play a very
important role both as motors and as heat pumps. The illustra-
tion is partially based on a cartoon in G. Zocchi, E. Moses, A.
Libchaber, Physica A 166, 397 (1990). See also the description
of the motion in X.-L. Qiu, P. Tong, Phys Rev. E (in press). 

FIGURE 5. PLUMES MOVE
across a bottom boundary
layer and hit a side wall.
Time goes upward in this
series of experimental
visualizations. Here, there
is an overall left-to-right
“wind” along the bottom
of the tank. Notice how
the plumes form on top
of the waves, ride with
the wind, and are
squeezed into the side
wall. Figure adapted from
B. Gluckman, H.
Willaime, J. Gollub, Phys.
Fluids A 5, 647 (1993).
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ture is discernible in both peak and wings. The whole
behavior, curvature and all, is seen to be experimentally
reproducible in that it is very close to the shape seen by
other experimentalists and is also the same at all three
Rayleigh numbers. This independence from Rayleigh
number is an important hint for theorists, and suggests
that they would wish their eventual theory to give “uni-
versal” results, that is, outcomes with substantial robust-
ness against changes in the Rayleigh number.

Algebraic characterizations
The total amount of heat flowing upward through a con-
vective cell is measured by the Nusselt number Nu, which
is the ratio of the actual heat flow to the flow that would
occur via heat conduction alone. The motion of the fluid
enables Nu to become increasingly large as the Rayleigh
number increases (see figure 7). 

Many theories begin from a picture of the different
regions within a convective cell and then estimate the
orders of magnitude of the temperature and various veloc-
ities in each region. In such theories, it is traditional to
guess that there is a simple scaling relation between the
dimensionless quantities that parameterize the system.
For the Rayleigh–Nusselt relation, this guess is reflected
in a power law of the form

Nu ⊂ A Rab ⊕ . . . , (3a)

where the ellipses represent corrections to the simple
power law. I return to the idea of corrections to simple
descriptions in a moment.

In one such theory, a University of Chicago collabora-
tion (see the second entry in ref. 6) identified the different
regions shown in figure 4 and then estimated typical tem-
perature differences, velocities, and region sizes to obtain
a power law with b ⊂ 2/7, fitting the then-existing data
and some subsequent data pretty well.8

Other “laws” do the same job, and perhaps even bet-
ter. For example, in a recent paper,9 Xiaochao Xu, Kapil
M. S. Bajaj, and Guenter Ahlers of the University of Cali-

fornia, Santa Barbara, got an excellent fit using the sug-
gestion of Siegfried Grossmann and Detlef Lohse1:

Nu ⊂ A Ra1/3 ⊕ B Ra1/4 ⊕ . . . . (3b)

To obtain equation 3a, the Chicago group assumed a
more or less serial process of heat movement from bound-
ary layer to mixing zone to central region, while the use of
equation 3b assumes a pair of processes working in paral-
lel to produce two terms. 

Other fits are possible. Joseph Niemela of the Uni-
versity of Oregon, and collaborators10 note an excellent fit,

Nu ⊂ A [Ra3/2 (ln Ra)]1/5 ⊕ . . . , (3c)

from a theory based on the flow through a single “opti-
mum” mode. They also point to an equally good fit via the
simple power law (equation 3a) with b ⊂ 0.309. All these
proposed formulas match the data to a respectable accu-
racy (see figure 7). How to choose?

Before choosing it is reasonable to ask, “What are we
trying to do?” If our goal is to get a decent representation
of the facts observed in a very wide range of turbulence
experiments, all three formulas are acceptably good. 

A different perspective might be in order. None of
these equations means anything in themselves. To give
them meaning, you have to define the terms “+ . . .”
appearing in all three equations. In my view, the right
thing is to demand that the fit become asymptotically
accurate. I mean that there should be some limiting
process in which the proposed theory would be exactly
true.11 The limiting process would most likely involve hav-
ing the Rayleigh number go to infinity, with maybe also
having the Prandtl number going to some extreme value.
Alternatively, some fluctuations or processes might be
neglected. Then the “+ . . .” would represent the correc-
tions to this asymptotic result and could be given a well-
defined meaning. So, I am suggesting that, to fit the data,
one should look forward and guess the form of the even-
tual mathematical theory that will describe what happens
in the system in some very extreme limit.12

One possible description of such an eventual theory
might be discerned in
Robert Kraichnan’s
work of 1962, which
outlines three differ-
ent asymptotic re-
gimes.13 One regime is
very, very high Ray-
leigh number with a
nonextreme value of

T
IM

E

Viscous
boundary

layer

Thermal
boundary

layer

Jet

Plume

FIGURE 4. THE RAYLEIGH–BÉNARD CELL as a machine,
schematically drawn. The red-shaded areas of the cell show
regions with hot fluid, while the blue areas indicate cold fluid.
The arrows give the direction of fluid flow. Compare this illus-
tration with the “real thing” shown in figure 1. A major point
of the cartoon is to list and show the many different structures
that work together to make the intricate motion of the convec-
tive system. As described in the text, the plumes play a very
important role both as motors and as heat pumps. The illustra-
tion is partially based on a cartoon in G. Zocchi, E. Moses, A.
Libchaber, Physica A 166, 397 (1990). See also the description
of the motion in X.-L. Qiu, P. Tong, Phys Rev. E (in press). 
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“wind” along the bottom
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the plumes form on top
of the waves, ride with
the wind, and are
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Forward 85 years
from Lord Rayleigh:



ture is discernible in both peak and wings. The whole
behavior, curvature and all, is seen to be experimentally
reproducible in that it is very close to the shape seen by
other experimentalists and is also the same at all three
Rayleigh numbers. This independence from Rayleigh
number is an important hint for theorists, and suggests
that they would wish their eventual theory to give “uni-
versal” results, that is, outcomes with substantial robust-
ness against changes in the Rayleigh number.

Algebraic characterizations
The total amount of heat flowing upward through a con-
vective cell is measured by the Nusselt number Nu, which
is the ratio of the actual heat flow to the flow that would
occur via heat conduction alone. The motion of the fluid
enables Nu to become increasingly large as the Rayleigh
number increases (see figure 7). 

Many theories begin from a picture of the different
regions within a convective cell and then estimate the
orders of magnitude of the temperature and various veloc-
ities in each region. In such theories, it is traditional to
guess that there is a simple scaling relation between the
dimensionless quantities that parameterize the system.
For the Rayleigh–Nusselt relation, this guess is reflected
in a power law of the form

Nu ⊂ A Rab ⊕ . . . , (3a)

where the ellipses represent corrections to the simple
power law. I return to the idea of corrections to simple
descriptions in a moment.

In one such theory, a University of Chicago collabora-
tion (see the second entry in ref. 6) identified the different
regions shown in figure 4 and then estimated typical tem-
perature differences, velocities, and region sizes to obtain
a power law with b ⊂ 2/7, fitting the then-existing data
and some subsequent data pretty well.8

Other “laws” do the same job, and perhaps even bet-
ter. For example, in a recent paper,9 Xiaochao Xu, Kapil
M. S. Bajaj, and Guenter Ahlers of the University of Cali-

fornia, Santa Barbara, got an excellent fit using the sug-
gestion of Siegfried Grossmann and Detlef Lohse1:

Nu ⊂ A Ra1/3 ⊕ B Ra1/4 ⊕ . . . . (3b)

To obtain equation 3a, the Chicago group assumed a
more or less serial process of heat movement from bound-
ary layer to mixing zone to central region, while the use of
equation 3b assumes a pair of processes working in paral-
lel to produce two terms. 

Other fits are possible. Joseph Niemela of the Uni-
versity of Oregon, and collaborators10 note an excellent fit,

Nu ⊂ A [Ra3/2 (ln Ra)]1/5 ⊕ . . . , (3c)

from a theory based on the flow through a single “opti-
mum” mode. They also point to an equally good fit via the
simple power law (equation 3a) with b ⊂ 0.309. All these
proposed formulas match the data to a respectable accu-
racy (see figure 7). How to choose?

Before choosing it is reasonable to ask, “What are we
trying to do?” If our goal is to get a decent representation
of the facts observed in a very wide range of turbulence
experiments, all three formulas are acceptably good. 

A different perspective might be in order. None of
these equations means anything in themselves. To give
them meaning, you have to define the terms “+ . . .”
appearing in all three equations. In my view, the right
thing is to demand that the fit become asymptotically
accurate. I mean that there should be some limiting
process in which the proposed theory would be exactly
true.11 The limiting process would most likely involve hav-
ing the Rayleigh number go to infinity, with maybe also
having the Prandtl number going to some extreme value.
Alternatively, some fluctuations or processes might be
neglected. Then the “+ . . .” would represent the correc-
tions to this asymptotic result and could be given a well-
defined meaning. So, I am suggesting that, to fit the data,
one should look forward and guess the form of the even-
tual mathematical theory that will describe what happens
in the system in some very extreme limit.12

One possible description of such an eventual theory
might be discerned in
Robert Kraichnan’s
work of 1962, which
outlines three differ-
ent asymptotic re-
gimes.13 One regime is
very, very high Ray-
leigh number with a
nonextreme value of
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FIGURE 4. THE RAYLEIGH–BÉNARD CELL as a machine,
schematically drawn. The red-shaded areas of the cell show
regions with hot fluid, while the blue areas indicate cold fluid.
The arrows give the direction of fluid flow. Compare this illus-
tration with the “real thing” shown in figure 1. A major point
of the cartoon is to list and show the many different structures
that work together to make the intricate motion of the convec-
tive system. As described in the text, the plumes play a very
important role both as motors and as heat pumps. The illustra-
tion is partially based on a cartoon in G. Zocchi, E. Moses, A.
Libchaber, Physica A 166, 397 (1990). See also the description
of the motion in X.-L. Qiu, P. Tong, Phys Rev. E (in press). 

FIGURE 5. PLUMES MOVE
across a bottom boundary
layer and hit a side wall.
Time goes upward in this
series of experimental
visualizations. Here, there
is an overall left-to-right
“wind” along the bottom
of the tank. Notice how
the plumes form on top
of the waves, ride with
the wind, and are
squeezed into the side
wall. Figure adapted from
B. Gluckman, H.
Willaime, J. Gollub, Phys.
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TURBULENT HEAT FLOW:
STRUCTURES AND SCALING

For very many years, sci-
entists have studied the

motion of enclosed fluids
heated from below and
cooled from above.1 The 
containers for these
Rayleigh–Bénard systems2

have ranged in size from
soda cans to swimming
pools. Usually, as a fluid is
heated it will become less
dense. A heated blob will
feel a force pushing it upward, the blob will tend to rise,
and cooler fluid will fall into its place. At the lowest heat-
ing rates, there is no motion. Then, as the heating rate is
increased, one sees successively a steady motion, a peri-
odic oscillation, and a chaotic domain. At yet higher heat-
ing rates, one finds turbulent motion in which the fluid
swirls in highly structured but never-repeating patterns
(see figure 1). 

Turbulence can be seen all around us. Waves on the
sea and the swirling winds are proverbially inconstant.
Their pattern changes and changes and changes again.
Nonetheless, wind is in some sense always the same. Its
statistical and average properties are predictable.

At least four strategies will isolate features of turbu-
lent flows for scientific study. One is to look for the quali-
tative geometry of characteristic structures recurring in
the flow. The second is to analyze fluctuations, looking for
characteristic probability distributions. A third is to
obtain quantitative characterizations of the average
flows. Finally, one can measure and study the space and
time dependence of velocities and other observables. In
each case, we are trying to isolate elements of the flow
that are open to prediction, replication, and comparison
among different systems. I discuss the first three here,
but put aside the last one because that subject is too large
and is changing too rapidly.

Structures: plumes, flywheels, and more 
Figure 1 shows the temperature pattern in a turbulent
Rayleigh–Bénard cell containing a rather viscous fluid.
From studies of other fluid motion, one can expect this
flow to contain reasonably well-defined structures,
appearing in a mosaic of different combinations and ever-
changing patterns. 

One structure often found in heated fluids is called a
plume. As heated fluid rises, it pushes aside the material
above it and is, itself, in turn deflected. The rising mate-
rial produces a stalk, while the deflected fluid produces a
cap on top. As the pushing and deflection continue, the
edge of the cap may further fold over. The result is some-
thing that looks like a mushroom. Figure 2 shows a very
large plume produced by the rising gases of a nuclear
explosion. Yet larger plumes are depicted in figure 3,

which was taken from a
computer simulation of the
surface of the Sun. That pic-
ture shows many cold
plumes falling downward
into the Sun. More mun-
dane plumes can be seen in
a wide variety of laboratory
pictures and simulations.

Now let us turn back to
figure 1, which shows a
small container heated

carefully and uniformly from below, cooled from above,
and illuminated with a nearly parallel light beam. Inho-
mogeneities in temperature bend the light and produce
the bright lines and shadows shown. As you can see, the
container is filled with plumes. Hot plumes congregate in
an upwelling jet of fluid near the right-hand wall of the
container. A similar, downward jet formed from cold
plumes occurs on the left-hand wall. Large numbers of hot
plumes are also found in left-to-right motion in a mixing
zone, or viscous boundary layer, near the bottom of the
container. A similar layer on the top contains cold plumes,
moving from right to left. The central region contains a
few plumes, hot and cold, in a partially random motion.
These plumes wander chaotically, but also participate in
an overall counterclockwise motion. In addition, there are
very thin boundary layers, not really visible in the figure,
near the top and bottom walls. The majority of the tem-
perature drop between the bottom and top of the contain-
er occurs within these thermal boundary layers. 

So, the heat flow has created a “machine” containing
many different working parts: boundary layers, mixing
zones, jets, and a central region. Figure 4 is a cartoon of
the machinery at work. To follow the process, start at the
lower left-hand corner of the convective cell. A wind pro-
duces flow from left to right, carrying with it some waves.
Here, the waves are bulges in the height of the thin
boundary layer at the bottom of the cell. As they move, the
waves throw up a hot spray that tends to rise, forming
sheets of hot, upward motion. These sheets break up into
columnar structures that form the plumes shown in fig-
ures 1 and 4. 

As they move across the bottom of the cell, these
structures grow larger, as shown in figure 5. A few plumes
come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
left-hand side, splash on the bottom, and produce hot
waves, thus keeping the motion going indefinitely. The
jets pull the fluid around the container, forming a liquid
flywheel. We have found an intricate motion that has the
seeming purpose of moving heat from the bottom of the
container to the top.

Notice that the depicted motion is counterclockwise.
LEO KADANOFF (leop@uchicago.edu) is a professor in the departments
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Turbulence can be seen all around us. Waves on the
sea and the swirling winds are proverbially inconstant.
Their pattern changes and changes and changes again.
Nonetheless, wind is in some sense always the same. Its
statistical and average properties are predictable.

At least four strategies will isolate features of turbu-
lent flows for scientific study. One is to look for the quali-
tative geometry of characteristic structures recurring in
the flow. The second is to analyze fluctuations, looking for
characteristic probability distributions. A third is to
obtain quantitative characterizations of the average
flows. Finally, one can measure and study the space and
time dependence of velocities and other observables. In
each case, we are trying to isolate elements of the flow
that are open to prediction, replication, and comparison
among different systems. I discuss the first three here,
but put aside the last one because that subject is too large
and is changing too rapidly.

Structures: plumes, flywheels, and more 
Figure 1 shows the temperature pattern in a turbulent
Rayleigh–Bénard cell containing a rather viscous fluid.
From studies of other fluid motion, one can expect this
flow to contain reasonably well-defined structures,
appearing in a mosaic of different combinations and ever-
changing patterns. 

One structure often found in heated fluids is called a
plume. As heated fluid rises, it pushes aside the material
above it and is, itself, in turn deflected. The rising mate-
rial produces a stalk, while the deflected fluid produces a
cap on top. As the pushing and deflection continue, the
edge of the cap may further fold over. The result is some-
thing that looks like a mushroom. Figure 2 shows a very
large plume produced by the rising gases of a nuclear
explosion. Yet larger plumes are depicted in figure 3,

which was taken from a
computer simulation of the
surface of the Sun. That pic-
ture shows many cold
plumes falling downward
into the Sun. More mun-
dane plumes can be seen in
a wide variety of laboratory
pictures and simulations.

Now let us turn back to
figure 1, which shows a
small container heated

carefully and uniformly from below, cooled from above,
and illuminated with a nearly parallel light beam. Inho-
mogeneities in temperature bend the light and produce
the bright lines and shadows shown. As you can see, the
container is filled with plumes. Hot plumes congregate in
an upwelling jet of fluid near the right-hand wall of the
container. A similar, downward jet formed from cold
plumes occurs on the left-hand wall. Large numbers of hot
plumes are also found in left-to-right motion in a mixing
zone, or viscous boundary layer, near the bottom of the
container. A similar layer on the top contains cold plumes,
moving from right to left. The central region contains a
few plumes, hot and cold, in a partially random motion.
These plumes wander chaotically, but also participate in
an overall counterclockwise motion. In addition, there are
very thin boundary layers, not really visible in the figure,
near the top and bottom walls. The majority of the tem-
perature drop between the bottom and top of the contain-
er occurs within these thermal boundary layers. 

So, the heat flow has created a “machine” containing
many different working parts: boundary layers, mixing
zones, jets, and a central region. Figure 4 is a cartoon of
the machinery at work. To follow the process, start at the
lower left-hand corner of the convective cell. A wind pro-
duces flow from left to right, carrying with it some waves.
Here, the waves are bulges in the height of the thin
boundary layer at the bottom of the cell. As they move, the
waves throw up a hot spray that tends to rise, forming
sheets of hot, upward motion. These sheets break up into
columnar structures that form the plumes shown in fig-
ures 1 and 4. 

As they move across the bottom of the cell, these
structures grow larger, as shown in figure 5. A few plumes
come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
left-hand side, splash on the bottom, and produce hot
waves, thus keeping the motion going indefinitely. The
jets pull the fluid around the container, forming a liquid
flywheel. We have found an intricate motion that has the
seeming purpose of moving heat from the bottom of the
container to the top.

Notice that the depicted motion is counterclockwise.
LEO KADANOFF (leop@uchicago.edu) is a professor in the departments
of physics and mathematics at the University of Chicago.
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ture is discernible in both peak and wings. The whole
behavior, curvature and all, is seen to be experimentally
reproducible in that it is very close to the shape seen by
other experimentalists and is also the same at all three
Rayleigh numbers. This independence from Rayleigh
number is an important hint for theorists, and suggests
that they would wish their eventual theory to give “uni-
versal” results, that is, outcomes with substantial robust-
ness against changes in the Rayleigh number.

Algebraic characterizations
The total amount of heat flowing upward through a con-
vective cell is measured by the Nusselt number Nu, which
is the ratio of the actual heat flow to the flow that would
occur via heat conduction alone. The motion of the fluid
enables Nu to become increasingly large as the Rayleigh
number increases (see figure 7). 

Many theories begin from a picture of the different
regions within a convective cell and then estimate the
orders of magnitude of the temperature and various veloc-
ities in each region. In such theories, it is traditional to
guess that there is a simple scaling relation between the
dimensionless quantities that parameterize the system.
For the Rayleigh–Nusselt relation, this guess is reflected
in a power law of the form

Nu ⊂ A Rab ⊕ . . . , (3a)

where the ellipses represent corrections to the simple
power law. I return to the idea of corrections to simple
descriptions in a moment.

In one such theory, a University of Chicago collabora-
tion (see the second entry in ref. 6) identified the different
regions shown in figure 4 and then estimated typical tem-
perature differences, velocities, and region sizes to obtain
a power law with b ⊂ 2/7, fitting the then-existing data
and some subsequent data pretty well.8

Other “laws” do the same job, and perhaps even bet-
ter. For example, in a recent paper,9 Xiaochao Xu, Kapil
M. S. Bajaj, and Guenter Ahlers of the University of Cali-

fornia, Santa Barbara, got an excellent fit using the sug-
gestion of Siegfried Grossmann and Detlef Lohse1:

Nu ⊂ A Ra1/3 ⊕ B Ra1/4 ⊕ . . . . (3b)

To obtain equation 3a, the Chicago group assumed a
more or less serial process of heat movement from bound-
ary layer to mixing zone to central region, while the use of
equation 3b assumes a pair of processes working in paral-
lel to produce two terms. 

Other fits are possible. Joseph Niemela of the Uni-
versity of Oregon, and collaborators10 note an excellent fit,

Nu ⊂ A [Ra3/2 (ln Ra)]1/5 ⊕ . . . , (3c)

from a theory based on the flow through a single “opti-
mum” mode. They also point to an equally good fit via the
simple power law (equation 3a) with b ⊂ 0.309. All these
proposed formulas match the data to a respectable accu-
racy (see figure 7). How to choose?

Before choosing it is reasonable to ask, “What are we
trying to do?” If our goal is to get a decent representation
of the facts observed in a very wide range of turbulence
experiments, all three formulas are acceptably good. 

A different perspective might be in order. None of
these equations means anything in themselves. To give
them meaning, you have to define the terms “+ . . .”
appearing in all three equations. In my view, the right
thing is to demand that the fit become asymptotically
accurate. I mean that there should be some limiting
process in which the proposed theory would be exactly
true.11 The limiting process would most likely involve hav-
ing the Rayleigh number go to infinity, with maybe also
having the Prandtl number going to some extreme value.
Alternatively, some fluctuations or processes might be
neglected. Then the “+ . . .” would represent the correc-
tions to this asymptotic result and could be given a well-
defined meaning. So, I am suggesting that, to fit the data,
one should look forward and guess the form of the even-
tual mathematical theory that will describe what happens
in the system in some very extreme limit.12

One possible description of such an eventual theory
might be discerned in
Robert Kraichnan’s
work of 1962, which
outlines three differ-
ent asymptotic re-
gimes.13 One regime is
very, very high Ray-
leigh number with a
nonextreme value of
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FIGURE 4. THE RAYLEIGH–BÉNARD CELL as a machine,
schematically drawn. The red-shaded areas of the cell show
regions with hot fluid, while the blue areas indicate cold fluid.
The arrows give the direction of fluid flow. Compare this illus-
tration with the “real thing” shown in figure 1. A major point
of the cartoon is to list and show the many different structures
that work together to make the intricate motion of the convec-
tive system. As described in the text, the plumes play a very
important role both as motors and as heat pumps. The illustra-
tion is partially based on a cartoon in G. Zocchi, E. Moses, A.
Libchaber, Physica A 166, 397 (1990). See also the description
of the motion in X.-L. Qiu, P. Tong, Phys Rev. E (in press). 

FIGURE 5. PLUMES MOVE
across a bottom boundary
layer and hit a side wall.
Time goes upward in this
series of experimental
visualizations. Here, there
is an overall left-to-right
“wind” along the bottom
of the tank. Notice how
the plumes form on top
of the waves, ride with
the wind, and are
squeezed into the side
wall. Figure adapted from
B. Gluckman, H.
Willaime, J. Gollub, Phys.
Fluids A 5, 647 (1993).
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TURBULENT HEAT FLOW:
STRUCTURES AND SCALING

For very many years, sci-
entists have studied the

motion of enclosed fluids
heated from below and
cooled from above.1 The 
containers for these
Rayleigh–Bénard systems2

have ranged in size from
soda cans to swimming
pools. Usually, as a fluid is
heated it will become less
dense. A heated blob will
feel a force pushing it upward, the blob will tend to rise,
and cooler fluid will fall into its place. At the lowest heat-
ing rates, there is no motion. Then, as the heating rate is
increased, one sees successively a steady motion, a peri-
odic oscillation, and a chaotic domain. At yet higher heat-
ing rates, one finds turbulent motion in which the fluid
swirls in highly structured but never-repeating patterns
(see figure 1). 

Turbulence can be seen all around us. Waves on the
sea and the swirling winds are proverbially inconstant.
Their pattern changes and changes and changes again.
Nonetheless, wind is in some sense always the same. Its
statistical and average properties are predictable.

At least four strategies will isolate features of turbu-
lent flows for scientific study. One is to look for the quali-
tative geometry of characteristic structures recurring in
the flow. The second is to analyze fluctuations, looking for
characteristic probability distributions. A third is to
obtain quantitative characterizations of the average
flows. Finally, one can measure and study the space and
time dependence of velocities and other observables. In
each case, we are trying to isolate elements of the flow
that are open to prediction, replication, and comparison
among different systems. I discuss the first three here,
but put aside the last one because that subject is too large
and is changing too rapidly.

Structures: plumes, flywheels, and more 
Figure 1 shows the temperature pattern in a turbulent
Rayleigh–Bénard cell containing a rather viscous fluid.
From studies of other fluid motion, one can expect this
flow to contain reasonably well-defined structures,
appearing in a mosaic of different combinations and ever-
changing patterns. 

One structure often found in heated fluids is called a
plume. As heated fluid rises, it pushes aside the material
above it and is, itself, in turn deflected. The rising mate-
rial produces a stalk, while the deflected fluid produces a
cap on top. As the pushing and deflection continue, the
edge of the cap may further fold over. The result is some-
thing that looks like a mushroom. Figure 2 shows a very
large plume produced by the rising gases of a nuclear
explosion. Yet larger plumes are depicted in figure 3,

which was taken from a
computer simulation of the
surface of the Sun. That pic-
ture shows many cold
plumes falling downward
into the Sun. More mun-
dane plumes can be seen in
a wide variety of laboratory
pictures and simulations.

Now let us turn back to
figure 1, which shows a
small container heated

carefully and uniformly from below, cooled from above,
and illuminated with a nearly parallel light beam. Inho-
mogeneities in temperature bend the light and produce
the bright lines and shadows shown. As you can see, the
container is filled with plumes. Hot plumes congregate in
an upwelling jet of fluid near the right-hand wall of the
container. A similar, downward jet formed from cold
plumes occurs on the left-hand wall. Large numbers of hot
plumes are also found in left-to-right motion in a mixing
zone, or viscous boundary layer, near the bottom of the
container. A similar layer on the top contains cold plumes,
moving from right to left. The central region contains a
few plumes, hot and cold, in a partially random motion.
These plumes wander chaotically, but also participate in
an overall counterclockwise motion. In addition, there are
very thin boundary layers, not really visible in the figure,
near the top and bottom walls. The majority of the tem-
perature drop between the bottom and top of the contain-
er occurs within these thermal boundary layers. 

So, the heat flow has created a “machine” containing
many different working parts: boundary layers, mixing
zones, jets, and a central region. Figure 4 is a cartoon of
the machinery at work. To follow the process, start at the
lower left-hand corner of the convective cell. A wind pro-
duces flow from left to right, carrying with it some waves.
Here, the waves are bulges in the height of the thin
boundary layer at the bottom of the cell. As they move, the
waves throw up a hot spray that tends to rise, forming
sheets of hot, upward motion. These sheets break up into
columnar structures that form the plumes shown in fig-
ures 1 and 4. 

As they move across the bottom of the cell, these
structures grow larger, as shown in figure 5. A few plumes
come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
left-hand side, splash on the bottom, and produce hot
waves, thus keeping the motion going indefinitely. The
jets pull the fluid around the container, forming a liquid
flywheel. We have found an intricate motion that has the
seeming purpose of moving heat from the bottom of the
container to the top.

Notice that the depicted motion is counterclockwise.
LEO KADANOFF (leop@uchicago.edu) is a professor in the departments
of physics and mathematics at the University of Chicago.
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lower left-hand corner of the convective cell. A wind pro-
duces flow from left to right, carrying with it some waves.
Here, the waves are bulges in the height of the thin
boundary layer at the bottom of the cell. As they move, the
waves throw up a hot spray that tends to rise, forming
sheets of hot, upward motion. These sheets break up into
columnar structures that form the plumes shown in fig-
ures 1 and 4. 

As they move across the bottom of the cell, these
structures grow larger, as shown in figure 5. A few plumes
come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
left-hand side, splash on the bottom, and produce hot
waves, thus keeping the motion going indefinitely. The
jets pull the fluid around the container, forming a liquid
flywheel. We have found an intricate motion that has the
seeming purpose of moving heat from the bottom of the
container to the top.

Notice that the depicted motion is counterclockwise.
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TURBULENT HEAT FLOW:
STRUCTURES AND SCALING

For very many years, sci-
entists have studied the
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which was taken from a
computer simulation of the
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dane plumes can be seen in
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near the top and bottom walls. The majority of the tem-
perature drop between the bottom and top of the contain-
er occurs within these thermal boundary layers. 
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many different working parts: boundary layers, mixing
zones, jets, and a central region. Figure 4 is a cartoon of
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ures 1 and 4. 
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come loose and move into the central region. Most hit the
right-hand wall and move upward as a jet aimed toward
the top of the cell. As a plume hits the upper wall, it
makes a splash. The splash makes a wave. Each wave
moves along the top, producing a cold spray and thence
cold plumes. The plumes form into a downward jet at the
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Confront the confounding question of asymptotically high Rayleigh
number heat transport in Rayleigh-Bénard convection modeled by
the Boussinesq approximation to the Navier-Stokes equations from
some viewpoints of

• theory (models of the model),
• computation (simulations),
• experiment (laboratory tests),
• analysis (theorems). 

Also remark on use of the word of ultimate vs. asymptotic…

Today



Asymptotic theories

• Malkus, Priestley, Howard:

Marginally stable boundary layer ⇒ 12 =
1
2

67
2678

9/;

• Spiegel v1.0:

Fluid full of free falling blobs ⇒ 12 ~ ?@67 9/A

®®

… prefactor?

678 ≈ 500 ⇒ 12 ≈ .05 679/;

Jinite nonzero ℎ ⟶ ∞ limit…Maximal heat transport …

Finite nonzero R, T → 0 limit …



Asymptotic theories

• Spiegel v2.0:

Blobs lose heat at rate ~ ,
-. ⇒ 01 ~ 2345 6/8

Low Pr …

• Spiegel v2.1:

Blob momentum damps at rate ~ >
-. ⇒ 01 ~ 456/8

High Pr …

®

®



• and dissipation coefficient

ℎ"
#$% & = |∇u|% = +, -. − 1

Asymptotic theories

|∇u|% = +, -. − 1

• Mean power balance:

• Introduce Reynolds number

+1 = 2ℎ
#

& = 3 2
4

ℎ

← 16,78



• and dissipation coefficient?• and dissipation coefficient

!"#$%&' = %) *+ − 1

Asymptotic theories

• Mean power balance:

• Introduce Reynolds number

%& = .ℎ
0

1 = ! .
'

ℎ

• What is the Reynolds number?

%& = %&(%), "#)

! = !(%), "#)

← &6)78



! = !($%, '()! = constant

• and dissipation coefficient?• and constant dissipation coefficient

• What is the Reynolds number?• Suppose free-fall velocity scale 

!'(0$12 = $% 34 − 1

Asymptotic theories

• Mean power balance:

$1 = 7ℎ
9$1 = $1($%, '()$1 = : $%
'(

;/0

⇒ 34 − 1 = :2!× '($% ;/0

Spiegel v1.1!

← 1@%:A

%BB4C1 →

%BB4C1 →



Convection in a can:

Thanks to Susanne Horn and Olga Shishkina

http://www.lfpn.ds.mpg.de/RBC2015/



! = !($%, '()

• and shear flow dissipation coefficient

! ≡ $%(+, − 1)
'(/$01 = ! $0

$0 = 2 $%
'(

3//
• Suppose free-fall velocity scale 

!'(/$01 = $% +, − 1

Asymptotic theories

• Mean power balance:

%55,60 →

%55,60 →

← 09%2:



Turbulent Rayleigh–Bénard convection in gaseous and liquid He
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In this article we deal with the turbulent regimes of Rayleigh–Bénard convection, namely the 2/7
regime and beyond. An experiment with He at low temperature allows us to explore a large
Rayleigh number !Ra" range up to 2!1014, under Boussinesq conditions, while the Prandtl number
!Pr" is equal to and larger than 0.7. Calorimetric measurements evidence a departure from the 2/7
regime above Ra"1011 toward a new regime where the heat transfer is enhanced. Local
measurements with two nearby thermometers allows us to relate this change to a laminar–turbulent
transition of the velocity boundary layer induced by the large-scale flow near the walls of the cell.
The features of the observed new regime match those of the ultimate regime predicted by R.
Kraichnan #Phys. Fluids 5, 1374 !1962"$ at moderate Pr; in particular, our experimental data show
that the thermal boundary layer lies inside the viscous sublayer of the turbulent boundary layer.
© 2001 American Institute of Physics. #DOI: 10.1063/1.1355683$

I. INTRODUCTION

Rayleigh–Bénard convection occurs in a layer of fluid
submitted to a gravity field, heated from the bottom and
cooled at the top. An unstable vertical density gradient
settles across the layer and, provided the driving force—the
buoyancy—overcomes the dissipative mechanisms, triggers
convective motions. !For some fluids, like liquid water be-
low 4 °C and He3–He4 mixtures at low temperature, convec-
tion occurs when the cooling and heating locations are re-
versed. The case of water is of extreme importance in nature.
Otherwise the phenomenon can be studied in the same way."
This situation is encountered in different environments, natu-
ral as well as human made, involving heat exchange.

This physical phenomenon is studied by respect with
suitable dimensionless numbers as the Rayleigh number
!Ra", the main control parameter, the Prandtl number !Pr",
only fluid dependent, and also the aspect ratio !%", cell ge-
ometry dependent !the definition of symbols is grouped in
the Appendix". These numbers are all the more useful as our
study is focused on the turbulent regimes of convection, at
high Ra, where the set of the convection governing equa-
tions, namely the Boussinesq equations, can hardly be
solved.

In order to provide a very well-controlled situation, con-
vection is reproduced in a laboratory within very small sized
cells, in comparison with situations encountered in natural
and industrial environments. This simplification allows us to
study properly the fundamentals of convection.

The scope of this article concerns the turbulent regimes

of convection that start with the so-called 2/7 regime1—Ra
above roughly 107—even if a developed turbulence occurs in
the cell center at slightly lower Ra. Previous studies2 have
proposed the following characteristics for the 2/7 regime.

!i" The Nusselt number !Nu", related to the heat transfer,
and other variables like the standard deviation of tem-
perature fluctuations in the cell center, behave with Ra
as power laws.

!ii" A mean large-scale flow sets over the whole cell.
!iii" The histogram of the temperature fluctuations in the

center exhibits an exponential-shaped curve instead of
a Gaussian one.

The beginning takes place at Ra about 2!107 for Pr
about 0.7 or larger. For smaller Pr like in mercury (Pr
"0.022) it takes place at lower Ra values.3 The low Pr case
(Pr&0.1) will not be discussed here, even if similar results
can be derived.3,4 We shall limit the scope of this article to
moderate or high Pr (Pr#0.6) that match the Pr range of our
experiment performed with He. It is noteworthy that, in case
of cells wider than high !i.e., aspect ratio, %, larger than 1"
the Nu power law behavior starts from lower Ra values such
Ra!5!105, as noticed in Ref. 2.

The outline of this article is the following: The next
section is dedicated to a review of experimental as well as
theoretical works on this topic. Indeed a review by Siggia1
gives a nice overview on the whole problem. However, this
review has stimulated more recent work, stressing apparent
contradictions which could be of importance in the scope of
this paper. We thus prefer to present the whole perspective in
which our work takes place. The third section reports the
results of calorimetric measurements carried out in our ex-
periment. The most striking point is the observation of a new
regime at Ra higher than 1011. In the fourth section we
present the setup to measure locally the temperature fluctua-
tions and the procedure from which is derived a characteris-

a"Present address: Laboratoire de Physique Statistique, Ecole Normale
Supérieure, 24 rue Lhomond, 75231 Paris cedex 05, France.

b"Present address: ENS, Laboratoire de Physique, 46 Allée d’Italie,
69364 Lyon cedex 07, France.

c"Author to whom correspondence should be addressed. Telephone:
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V. FLOW BEHAVIOR IN THE CENTRAL REGION
A. Re vs Ra and Pr behavior

To study Re as a function of Ra, the Pr influence must be
taken into account like for Nu. On the Re–Ra log–log dia-
gram of Fig. 11 are reported points with the same Pr value of
0.7 to avoid Pr influence in a first step. They follow a quite
straight line from 107 up to 6!1012, the highest Ra value at
Pr"0.7. The power law exponent on Ra is close to 0.49 and
no transition is noticed about Ra"1011. In the diagram of
Fig. 12 all the points at Ra larger than 2!1011 are plotted.
To take into account the Pr influence, we assume a power
law dependence Re!Pr#". Various exponents " are tested to
reduce the point scattering. This scattering is due to the large
range of Pr above Ra"1011 #from 0.65 to 6$. The lowest
scattering is obtained for " around 0.70. For this value the
exponent of the Ra power law is consistent with that of Fig.
11, 0.49. Low scattering and Ra’s exponent consistent with
Fig. 11 lead to take 0.70 as the Pr exponent value.

In Fig. 13 all the points of Table III, agreeing with the
Boussinesq conditions according to Sec. III A, have been re-
ported, taking into account Pr influence.

To make a direct comparison with works reported in
Table I the correlation is presented as

Re"5300 Ra*0.49 Pr#0.70 #Ra*"Ra/109$.

The results of the Chicago group are Re"4600(Ra*)0.49 at
Pr about 1, thus in good agreement with us. At Pr"6 our
correlation gives 1510(Ra*)0.49 while Xin et al.19 finds
1930(Ra*)0.50. Again we observe a very reasonable agree-
ment.

Now if we turn into the analysis of the curve, its most
important feature is the absence of any transition from
Ra"107 up to 2!1014. The change in Nu behavior around
Ra"1011 does not reflect in the Re behavior with Ra. On the
contrary we shall see that the time correlation of temperature
fluctuations dramatically reflects it.

B. Temperature differences vs scale

We now analyze the temperature signal coming from
one of our two thermometers. We recall that they are located
at half the radius from the axis of the cell and at an equal
distance from the two plates.

Instead of the power spectrum S(%) that is traditionally
used for characterizing such a signal,12 we shall look at a
quantity that exactly contains the same information:

&'T2("&)T#t$*$#T#t$+2(,

vs the delay time *. Further, through a Taylor frozen turbu-
lence hypothesis, we shall consider that this delay time *
corresponds to a distance r"u* , where u is the velocity we
determined in the previous paragraph.

In Fig. 14 we present the behavior of the logarithmic
derivative:

D ln&'T2("
d ln&'T2(
d ln *

"
d ln&'T2(
d ln r ,

vs ln r, for Rayleigh numbers Ra,1010, i.e., under the tran-
sition. A constant value in this derivative would reveal a
power law behavior of &'T2( vs r. This is systematically the
case for small r, in the dissipative range, where &'T2(!r2.

Several points must be stressed on this series of data.
First D ln&'T2( is zero for r%L , which acts as a correlation
length. L is the same for every Ra, and of the order of 30 cm.
This is reasonable as we observed, as mentioned above, a
correlation between the thermometer and the plates. Second,
D ln&'T2(always follows the same universal curve, whatever

FIG. 11. The Re vs Ra for points with Pr fixed at 0.7. A power law fits the
data with a 0.49 exponent.

FIG. 12. Compensated Re Pr" vs Ra for ""1, 0.5, and 0.70. The lowest
point scattering is obtained with ""0.70. Then, Re behaves like Ra0.49.

FIG. 13. Compensated Re Pr0.7 vs Ra for all points of Table III under
Boussinesq conditions (-.T&0.3).
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Ra, down to the dissipative range that occurs at larger r for
the smaller Ra. This universal curve appears as approaching
a plateau when r goes to zero. This plateau is clearly higher
than the 0.4 value corresponding to the Bolgiano–Obukhov
law. It is close to 0.65, i.e. close to the Kolmogorov 2

3 value,
which is expected for passive scalar turbulence.

We, however, confirm, in agreement with the Chicago
group results, that a 1.4 slope nicely fits the temperature
spectrum on approximately one decade. This shows the in-
adequacy of such fits to determine the asymptotic behaviors.

In Fig. 15 are shown two curves corresponding to Ra
larger than 1011 !full symbols". The shape can be seen as
completely different from below the transition !open sym-
bols": no tendency to a plateau, but a regular growth for
D ln#$T2%when going down the scales, approximately linear
with ln r. However, the correlation length L has always the
same value, close to 30 cm. This dramatic change in the
spatial organization of temperature fluctuations confirms the
existence of a transition.

Note that all the features mentioned occur at larger
scales than the size of our thermometer: 200 &m.

VI. A PROPOSED MECHANISM FOR THE TRANSITION

In this paragraph we shall show that from all dimension-
less numbers !Re, Nu, Ra, Pr" it is possible to deduce the be-

havior of the flow near the plates, i.e., at the level of thermal
boundary layers. The analysis lies in an exact relation be-
tween Nu, Ra and the power dissipated over the cell.

A. Dissipation in the cell vs Re

From the global energy budget the following exact rela-
tion is derived:

!Nu!1 "Ra"
h4

'2 #!grad u"2%.

Here PV"()#!grad u)2% is the dissipated power per unit vol-
ume, averaged over the cell.

Expressed in another way, to bring out the dimensionless
numbers !and ignoring 1 against Nu", the relation gives

NuRa"
)2

'2
h3

)3
)#!grad u "2%h"Pr2 Re3

)#!grad u"2%
u3/h .

We shall examine the behavior of the dimensionless quantity
)#!grad u)2%/u3/h"NuRa/Re3 Pr2 as a function of Re from
our experimental data gathered in Table III. Points corre-
sponding to *T lower than 40 mK have been removed be-
cause they present a larger uncertainty on Re !about 10%
while others are about 3%–4% inaccurate".

In Fig. 16 we can distinguish two regimes.

!i" For Re from about 103 up to 6#104 points well agree
with a Re!1/2 law !!35/!Re".

!ii" Above Re"6#104 the trend is different; the curves
rather feature a plateau.

One can notice that the curve seems Pr independent.
Points above Re"6#104 with Pr"0.7 have been performed
by using liquid He, that is to say, far from the critical point.
It must be emphasized that the points follow the same trend
regardless of experimental conditions !far or close to the
critical point".

The Ra value corresponding to Re!6#104 is found to
be close to 1011 !at Pr"0.7". Obviously, since the relation
between Re, Ra, and Pr does not exhibit a change at Ra
!1011, at the opposite of the Nu vs Ra curve, all other rela-

FIG. 14. Here #$T2%"#„T(t$+)!T(t)…2%; r"u+; u flow velocity !Sec.
IV B". From the right curve to the left one Ra varies from 108 up to 4
#1010.

FIG. 15. Here #$T2%"#„T(t$+)!T(t)…2%; r"u+; u flow velocity !Sec.
IV B"; !, Ra"4#1010; *, Ra%1012.

FIG. 16. Friction coefficient !normalized dissipation" vs Re for points of
Table III under Boussinesq conditions and with *T,40 mK. Points with
different Pr are distinguished.
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Velocity structure functions, scaling, and transitions
in high-Reynolds-number Couette-Taylor flow

Gregory S. Lewis* and Harry L. Swinney†
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Flow between concentric cylinders with a rotating inner cylinder is studied for Reynolds numbers in the
range 23103,R,106 ~Taylor Reynolds numbers, 10,Rl,290) for a system with radius ratio h50.724.
Even at the highest Reynolds number studied, the energy spectra do not show power law scaling ~i.e., there is
no inertial range!, and the dissipation length scale is surprisingly large. Nevertheless, the velocity structure
functions calculated using extended self-similarity exhibit clear power-law scaling. The structure function
exponents zp fit Kolmogorov’s log-normal model within the experimental uncertainty, zp5(p/3)@11(m/
6)(32p)# ~for p<10) with m50.27. These zp values are close to those found in other flows. Measurements
of torque scaling are presented that are an order of magnitude more accurate than those previously reported
@Lathrop et al., Phys Rev. A 46, 6390 ~1992!#. Measurements of velocity in the fluid core reveal the presence
of azimuthal traveling waves up to the highest Reynolds numbers examined. These waves show evidence of a
transition at RT51.33104; this transition was observed previously in measurements of torque, but our wave
velocity and wall shear stress measurements provide the first evidence from local quantities of the transition at
RT . Velocity measurements indicate that at RT there is a change in the coherent structures of the core flow; this
is consistent with our analyses of the scaling of the torque. Our measurements were made at two aspect ratios,
and no significant dependence on aspect ratio was observable for R.RT . @S1063-651X~99!02405-8#

PACS number~s!: 47.27.Jv, 47.55.2t, 47.32.2y

I. INTRODUCTION

The Couette-Taylor system has played an important role
in the development of some of the fundamental concepts of
fluid dynamics. Most studies of this system have examined
instabilities that arise at low to moderate values of the Rey-
nolds number,

R5
Va~b2a !

n
, ~1!

where V is the inner cylinder angular rotation rate, a and b
are the inner and outer cylinder radii, and n is the kinematic
viscosity. The present study focuses on the behavior near and
beyond a transition at RT51.33104; beyond this transition
the fluid is turbulent and no well-defined transitions have
been observed.
Our apparatus was originally designed to determine the

Reynolds number dependence of the torque @1#. That experi-
ment was motivated by a prediction for the behavior of the
torque at high Reynolds number,

G;Ra, ~2!

where a55/3 @2,3# and G is the nondimensional torque, G
5T/rn2L (T is the torque, r is the fluid density, and L is
the length of the inner cylinder!. This scaling is analogous to
the behavior found for Rayleigh-Bénard convection, where

experiments and theory yield a power law for the depen-
dence of the Nusselt number N ~the dimensionless heat trans-
port! on the Rayleigh number Ra ~the dimensionless tem-
perature difference!, N;Ra

2/7 @4#. The previous experiment
on Couette-Taylor turbulence yielded, contrary to expecta-
tions, no region of constant exponent a . The experiment also
revealed the transition at RT , where there was a marked
change in the slope of the exponent a as a function of R.
In this paper we present velocity and wall shear stress

measurements that provide the first evidence from local
quantities of the transition at RT . Also, we present torque
measurements that are an order of magnitude more precise
and accurate than the earlier data @1#. Our results for the
velocity spectra and velocity structure functions indicate that
Couette-Taylor flow is unlike most other turbulent flows—
even at a high Reynolds number, R'106, we observe no
inertial range. However, the structure functions computed by
extended self-similarity ~plotting the pth-order structure
function versus the third-order function! exhibit a power-law
scaling region that enables us to obtain precise values for the
structure function exponents, and these exponent values are
close to those found for other turbulent flows.
The rest of this paper is organized as follows. Section II

describes the experimental apparatus and the measurement
techniques. Section III presents the results from torque mea-
surements and discusses models of torque scaling. Section
IV presents evidence for a transition at RT513 000. Section
V discusses the Reynolds stress and turbulent intensity and
compares the Kolmogorov, Taylor, and dissipation length
scales. Section VI presents the scaling exponents of longitu-
dinal structure functions calculated using extended self-
similarity. Section VII is a discussion. An Appendix presents
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results for probability distribution functions for the wall
shear stress and for velocity differences.

II. EXPERIMENTAL SYSTEM

The experimental system consists of a Couette-Taylor ap-
paratus, drive motor, motor control electronics, temperature
regulation system, and a computer for control and data ac-
quisition. The design considerations and apparatus were de-
scribed in @1#. The description here emphasizes the changes
and additions to that original system @5#.

A. The Couette-Taylor system

The Couette-Taylor apparatus has a stationary clear Plexi-
glas outer cylinder with an inside radius of b522.085 cm
and a stainless steel inner cylinder with an outer radius of
a515.999 cm; thus the gap is b2a56.086 cm and the ra-
dius ratio is h[a/b50.724. To reduce end effects the inner
cylinder is made in three sections with only the 40.65 cm
center section used to measure torque. The total length of the
apparatus is L569.5 cm, which yields for the aspect ratio
G[L/(b2a)511.4. In some experiments the fluid height
was reduced to 60.0 cm (G59.8) by the addition of a spacer
to the top head. In all cases, both ends of the annulus were
stationary.
The end sections of the inner cylinder are rigidly attached

to the drive shaft. The center section of the inner cylinder is
mounted on low friction bearings and is driven through a
strain arm which transmits all of the torque required to turn
the center section. The inner cylinder is rotated by a 2 kW
motor ~PMI model JR25M6CH!, which has zero cogging and
turns smoothly down to zero rotation frequency. ~The motor
used in the previous measurements had speed variations due
to 12 preferred rotor positions; these speed variations were
the dominant feature of wall shear stress measurements on
the inner cylinder.! The motor speed is measured by an op-
tical encoder with 2500 pulses per revolution ~Dynamics Re-
search Corp 25-031-B16-2500!.
We have measured torque for flow states with eight and

ten vortices with G511.4, and for a state with eight vortices
with G59.8. For eight vortices and G511.4, measurements
were made with six different values of the kinematic viscos-
ity ranging from 0.009 68 to 0.208 cm2/s. The 0.009 68
cm2/s fluid was water; the 0.1521 cm2/s fluid was ethylene
glycol; the other fluids ~0.0229, 0.0403, 0.1148, and 0.208
cm2/s) were water-glycerol mixtures. The viscosity was
measured with Cannon-Fenske Routine viscometers with an
accuracy of 60.5%. There was no measurable difference in
the torque for the pure and binary fluids, which indicates that
errors due to concentration gradients in the mixtures are in-
significant.
For the ten-vortex state, measurements were made with

water-glycerol mixtures with viscosities of 0.1148 and 0.203
cm2/s. For the shorter aspect ratio, G59.8, measurements
were made in the eight-vortex state using five fluids with
viscosities ranging from 0.009 68 to 0.208 cm2/s.

B. Temperature measurement and control

Temperature control is important because of the tempera-
ture dependence of viscosity. The working fluid temperature

is controlled to within a few millidegrees Kelvin of the set
point throughout a torque run, while the power dissipated
ranges from about 10 W to 2 kW. Temperature is measured
with Thermometrics Fastip thermistors in direct contact with
the working fluid. Heat is removed from the system via cool-
ing fluid which is circulated in the top and bottom heads of
the apparatus and separated from the working fluid by 1.6
mm thick copper rings.
Since the heat is removed from the ends, we were con-

cerned that axial temperature gradients might cause errors.
For Reynolds numbers below about 4000, where the rotation
rate is low (,1 Hz! and the viscosity is high, there were
axial temperature variations of up to about 0.05 °C between a
thermistor at midheight and another at one-quarter height.
For higher Reynolds numbers, where the turbulent transport
is much higher, the difference between the two thermistors
was less than 0.01 °C.

C. Flow states

States with different numbers of Taylor vortices can be
stable at a given Reynolds number @6#. In our apparatus, we
found that if R was slowly increased from rest, a state with
14 vortices formed at the onset of Taylor vortex flow, Rc
580. With further increase in R, there were transitions to a
12-vortex state at R52000, a ten-vortex state at R56000,
and an eight-vortex state at R520 000; for R.20 000, only

FIG. 1. ~a! Experimental values of nondimensional torque in the
eight-vortex state for G511.4; the average axial wavelength is 2.86
3 the gap width. The viscosities of the fluids used in different runs
are indicated at the top. ~b! Residuals of fit to Eq. ~3!. The solid
curve is a fit to the Prandtl–von Kármán model ~4!.
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The experimental system consists of a Couette-Taylor ap-
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regulation system, and a computer for control and data ac-
quisition. The design considerations and apparatus were de-
scribed in @1#. The description here emphasizes the changes
and additions to that original system @5#.

A. The Couette-Taylor system
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a515.999 cm; thus the gap is b2a56.086 cm and the ra-
dius ratio is h[a/b50.724. To reduce end effects the inner
cylinder is made in three sections with only the 40.65 cm
center section used to measure torque. The total length of the
apparatus is L569.5 cm, which yields for the aspect ratio
G[L/(b2a)511.4. In some experiments the fluid height
was reduced to 60.0 cm (G59.8) by the addition of a spacer
to the top head. In all cases, both ends of the annulus were
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The end sections of the inner cylinder are rigidly attached

to the drive shaft. The center section of the inner cylinder is
mounted on low friction bearings and is driven through a
strain arm which transmits all of the torque required to turn
the center section. The inner cylinder is rotated by a 2 kW
motor ~PMI model JR25M6CH!, which has zero cogging and
turns smoothly down to zero rotation frequency. ~The motor
used in the previous measurements had speed variations due
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Velocity structure functions, scaling, and transitions
in high-Reynolds-number Couette-Taylor flow
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Flow between concentric cylinders with a rotating inner cylinder is studied for Reynolds numbers in the
range 23103,R,106 ~Taylor Reynolds numbers, 10,Rl,290) for a system with radius ratio h50.724.
Even at the highest Reynolds number studied, the energy spectra do not show power law scaling ~i.e., there is
no inertial range!, and the dissipation length scale is surprisingly large. Nevertheless, the velocity structure
functions calculated using extended self-similarity exhibit clear power-law scaling. The structure function
exponents zp fit Kolmogorov’s log-normal model within the experimental uncertainty, zp5(p/3)@11(m/
6)(32p)# ~for p<10) with m50.27. These zp values are close to those found in other flows. Measurements
of torque scaling are presented that are an order of magnitude more accurate than those previously reported
@Lathrop et al., Phys Rev. A 46, 6390 ~1992!#. Measurements of velocity in the fluid core reveal the presence
of azimuthal traveling waves up to the highest Reynolds numbers examined. These waves show evidence of a
transition at RT51.33104; this transition was observed previously in measurements of torque, but our wave
velocity and wall shear stress measurements provide the first evidence from local quantities of the transition at
RT . Velocity measurements indicate that at RT there is a change in the coherent structures of the core flow; this
is consistent with our analyses of the scaling of the torque. Our measurements were made at two aspect ratios,
and no significant dependence on aspect ratio was observable for R.RT . @S1063-651X~99!02405-8#

PACS number~s!: 47.27.Jv, 47.55.2t, 47.32.2y

I. INTRODUCTION

The Couette-Taylor system has played an important role
in the development of some of the fundamental concepts of
fluid dynamics. Most studies of this system have examined
instabilities that arise at low to moderate values of the Rey-
nolds number,

R5
Va~b2a !

n
, ~1!

where V is the inner cylinder angular rotation rate, a and b
are the inner and outer cylinder radii, and n is the kinematic
viscosity. The present study focuses on the behavior near and
beyond a transition at RT51.33104; beyond this transition
the fluid is turbulent and no well-defined transitions have
been observed.
Our apparatus was originally designed to determine the

Reynolds number dependence of the torque @1#. That experi-
ment was motivated by a prediction for the behavior of the
torque at high Reynolds number,

G;Ra, ~2!

where a55/3 @2,3# and G is the nondimensional torque, G
5T/rn2L (T is the torque, r is the fluid density, and L is
the length of the inner cylinder!. This scaling is analogous to
the behavior found for Rayleigh-Bénard convection, where

experiments and theory yield a power law for the depen-
dence of the Nusselt number N ~the dimensionless heat trans-
port! on the Rayleigh number Ra ~the dimensionless tem-
perature difference!, N;Ra

2/7 @4#. The previous experiment
on Couette-Taylor turbulence yielded, contrary to expecta-
tions, no region of constant exponent a . The experiment also
revealed the transition at RT , where there was a marked
change in the slope of the exponent a as a function of R.
In this paper we present velocity and wall shear stress

measurements that provide the first evidence from local
quantities of the transition at RT . Also, we present torque
measurements that are an order of magnitude more precise
and accurate than the earlier data @1#. Our results for the
velocity spectra and velocity structure functions indicate that
Couette-Taylor flow is unlike most other turbulent flows—
even at a high Reynolds number, R'106, we observe no
inertial range. However, the structure functions computed by
extended self-similarity ~plotting the pth-order structure
function versus the third-order function! exhibit a power-law
scaling region that enables us to obtain precise values for the
structure function exponents, and these exponent values are
close to those found for other turbulent flows.
The rest of this paper is organized as follows. Section II

describes the experimental apparatus and the measurement
techniques. Section III presents the results from torque mea-
surements and discusses models of torque scaling. Section
IV presents evidence for a transition at RT513 000. Section
V discusses the Reynolds stress and turbulent intensity and
compares the Kolmogorov, Taylor, and dissipation length
scales. Section VI presents the scaling exponents of longitu-
dinal structure functions calculated using extended self-
similarity. Section VII is a discussion. An Appendix presents
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results for probability distribution functions for the wall
shear stress and for velocity differences.

II. EXPERIMENTAL SYSTEM

The experimental system consists of a Couette-Taylor ap-
paratus, drive motor, motor control electronics, temperature
regulation system, and a computer for control and data ac-
quisition. The design considerations and apparatus were de-
scribed in @1#. The description here emphasizes the changes
and additions to that original system @5#.

A. The Couette-Taylor system

The Couette-Taylor apparatus has a stationary clear Plexi-
glas outer cylinder with an inside radius of b522.085 cm
and a stainless steel inner cylinder with an outer radius of
a515.999 cm; thus the gap is b2a56.086 cm and the ra-
dius ratio is h[a/b50.724. To reduce end effects the inner
cylinder is made in three sections with only the 40.65 cm
center section used to measure torque. The total length of the
apparatus is L569.5 cm, which yields for the aspect ratio
G[L/(b2a)511.4. In some experiments the fluid height
was reduced to 60.0 cm (G59.8) by the addition of a spacer
to the top head. In all cases, both ends of the annulus were
stationary.
The end sections of the inner cylinder are rigidly attached

to the drive shaft. The center section of the inner cylinder is
mounted on low friction bearings and is driven through a
strain arm which transmits all of the torque required to turn
the center section. The inner cylinder is rotated by a 2 kW
motor ~PMI model JR25M6CH!, which has zero cogging and
turns smoothly down to zero rotation frequency. ~The motor
used in the previous measurements had speed variations due
to 12 preferred rotor positions; these speed variations were
the dominant feature of wall shear stress measurements on
the inner cylinder.! The motor speed is measured by an op-
tical encoder with 2500 pulses per revolution ~Dynamics Re-
search Corp 25-031-B16-2500!.
We have measured torque for flow states with eight and

ten vortices with G511.4, and for a state with eight vortices
with G59.8. For eight vortices and G511.4, measurements
were made with six different values of the kinematic viscos-
ity ranging from 0.009 68 to 0.208 cm2/s. The 0.009 68
cm2/s fluid was water; the 0.1521 cm2/s fluid was ethylene
glycol; the other fluids ~0.0229, 0.0403, 0.1148, and 0.208
cm2/s) were water-glycerol mixtures. The viscosity was
measured with Cannon-Fenske Routine viscometers with an
accuracy of 60.5%. There was no measurable difference in
the torque for the pure and binary fluids, which indicates that
errors due to concentration gradients in the mixtures are in-
significant.
For the ten-vortex state, measurements were made with

water-glycerol mixtures with viscosities of 0.1148 and 0.203
cm2/s. For the shorter aspect ratio, G59.8, measurements
were made in the eight-vortex state using five fluids with
viscosities ranging from 0.009 68 to 0.208 cm2/s.

B. Temperature measurement and control

Temperature control is important because of the tempera-
ture dependence of viscosity. The working fluid temperature

is controlled to within a few millidegrees Kelvin of the set
point throughout a torque run, while the power dissipated
ranges from about 10 W to 2 kW. Temperature is measured
with Thermometrics Fastip thermistors in direct contact with
the working fluid. Heat is removed from the system via cool-
ing fluid which is circulated in the top and bottom heads of
the apparatus and separated from the working fluid by 1.6
mm thick copper rings.
Since the heat is removed from the ends, we were con-

cerned that axial temperature gradients might cause errors.
For Reynolds numbers below about 4000, where the rotation
rate is low (,1 Hz! and the viscosity is high, there were
axial temperature variations of up to about 0.05 °C between a
thermistor at midheight and another at one-quarter height.
For higher Reynolds numbers, where the turbulent transport
is much higher, the difference between the two thermistors
was less than 0.01 °C.

C. Flow states

States with different numbers of Taylor vortices can be
stable at a given Reynolds number @6#. In our apparatus, we
found that if R was slowly increased from rest, a state with
14 vortices formed at the onset of Taylor vortex flow, Rc
580. With further increase in R, there were transitions to a
12-vortex state at R52000, a ten-vortex state at R56000,
and an eight-vortex state at R520 000; for R.20 000, only

FIG. 1. ~a! Experimental values of nondimensional torque in the
eight-vortex state for G511.4; the average axial wavelength is 2.86
3 the gap width. The viscosities of the fluids used in different runs
are indicated at the top. ~b! Residuals of fit to Eq. ~3!. The solid
curve is a fit to the Prandtl–von Kármán model ~4!.
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rate is low (,1 Hz! and the viscosity is high, there were
axial temperature variations of up to about 0.05 °C between a
thermistor at midheight and another at one-quarter height.
For higher Reynolds numbers, where the turbulent transport
is much higher, the difference between the two thermistors
was less than 0.01 °C.

C. Flow states

States with different numbers of Taylor vortices can be
stable at a given Reynolds number @6#. In our apparatus, we
found that if R was slowly increased from rest, a state with
14 vortices formed at the onset of Taylor vortex flow, Rc
580. With further increase in R, there were transitions to a
12-vortex state at R52000, a ten-vortex state at R56000,
and an eight-vortex state at R520 000; for R.20 000, only

FIG. 1. ~a! Experimental values of nondimensional torque in the
eight-vortex state for G511.4; the average axial wavelength is 2.86
3 the gap width. The viscosities of the fluids used in different runs
are indicated at the top. ~b! Residuals of fit to Eq. ~3!. The solid
curve is a fit to the Prandtl–von Kármán model ~4!.

5458 PRE 59GREGORY S. LEWIS AND HARRY L. SWINNEY

…………………………   …………………………………….    …….

G = "($%) F $%/



shown in Fig. 5. There is a small increase in specific angular
momentum with radius in both our experiments and those of
Smith and Townsend @13#, but to good approximation it is
constant and given by

Uur
Va2 '

1
2 . ~7!

IV. TRANSITION AT RT513 000

The measurements of torque, a globally averaged property
of the flow, reveal a transition at RT513 000, where there is
a sharp change in the slope of the torque exponent ~Fig. 3!.
Although the transition at RT can be explained as arising
from the development of logarithmic boundary layer profiles
@1,11#, there must also be changes in the structure of the core
region, where the torque is transmitted by the Reynolds
stress ~cf. Sec. V B!. We now examine velocity measure-
ments in the core to search for evidence for the transition at
RT .

A. Azimuthal traveling waves

Azimuthal velocity power spectra obtained on the outflow
boundaries and within a vortex reveal peaks at integer mul-
tiples of a fundamental frequency ~Fig. 6!. Cross correlation
of velocity measurements with two probes at the same radius
and height but separated by 5.5° azimuthally show that the
spectral peaks correspond to azimuthal traveling waves. ~The
peaks are weak or absent on the inflow boundaries.! At low
Reynolds numbers there is a dominant peak, but as the tran-
sition is approached with increasing R, more modes rapidly

FIG. 4. ~a! Comparison of a Prandtl–von Kármán skin friction
law ~5! with the experimental data (s). ~b! Comparison of scaling
exponent from experimental data (d) with fit to Eq. ~6! ~solid line!.
In both graphs fit parameters were M521.81 and N51.56, corre-
sponding to a von Kármán constant of k50.44.

FIG. 5. ~a! Specific angular momentum at cylinder midheight
~an inflow boundary! as a function of radius. ~b! Comparison of
present data (h50.724) for R550 000 (j) and R
5540 000 (d) with data of Smith and Townsend (h52/3) for R
550 000 (m).

FIG. 6. Velocity power spectra for state with eight vortices,
showing the presence of azimuthal traveling waves; all peaks are
close multiples of the lowest frequency peak. Each data set contains
at least 53105 points sampled 40 times per inner cylinder revolu-
tion. Measurements were made at a vortex center: midgap (r519
cm! and one-half vortex above midheight of the cylinder.
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Velocity structure functions, scaling, and transitions
in high-Reynolds-number Couette-Taylor flow
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Flow between concentric cylinders with a rotating inner cylinder is studied for Reynolds numbers in the
range 23103,R,106 ~Taylor Reynolds numbers, 10,Rl,290) for a system with radius ratio h50.724.
Even at the highest Reynolds number studied, the energy spectra do not show power law scaling ~i.e., there is
no inertial range!, and the dissipation length scale is surprisingly large. Nevertheless, the velocity structure
functions calculated using extended self-similarity exhibit clear power-law scaling. The structure function
exponents zp fit Kolmogorov’s log-normal model within the experimental uncertainty, zp5(p/3)@11(m/
6)(32p)# ~for p<10) with m50.27. These zp values are close to those found in other flows. Measurements
of torque scaling are presented that are an order of magnitude more accurate than those previously reported
@Lathrop et al., Phys Rev. A 46, 6390 ~1992!#. Measurements of velocity in the fluid core reveal the presence
of azimuthal traveling waves up to the highest Reynolds numbers examined. These waves show evidence of a
transition at RT51.33104; this transition was observed previously in measurements of torque, but our wave
velocity and wall shear stress measurements provide the first evidence from local quantities of the transition at
RT . Velocity measurements indicate that at RT there is a change in the coherent structures of the core flow; this
is consistent with our analyses of the scaling of the torque. Our measurements were made at two aspect ratios,
and no significant dependence on aspect ratio was observable for R.RT . @S1063-651X~99!02405-8#

PACS number~s!: 47.27.Jv, 47.55.2t, 47.32.2y

I. INTRODUCTION

The Couette-Taylor system has played an important role
in the development of some of the fundamental concepts of
fluid dynamics. Most studies of this system have examined
instabilities that arise at low to moderate values of the Rey-
nolds number,

R5
Va~b2a !

n
, ~1!

where V is the inner cylinder angular rotation rate, a and b
are the inner and outer cylinder radii, and n is the kinematic
viscosity. The present study focuses on the behavior near and
beyond a transition at RT51.33104; beyond this transition
the fluid is turbulent and no well-defined transitions have
been observed.
Our apparatus was originally designed to determine the

Reynolds number dependence of the torque @1#. That experi-
ment was motivated by a prediction for the behavior of the
torque at high Reynolds number,

G;Ra, ~2!

where a55/3 @2,3# and G is the nondimensional torque, G
5T/rn2L (T is the torque, r is the fluid density, and L is
the length of the inner cylinder!. This scaling is analogous to
the behavior found for Rayleigh-Bénard convection, where

experiments and theory yield a power law for the depen-
dence of the Nusselt number N ~the dimensionless heat trans-
port! on the Rayleigh number Ra ~the dimensionless tem-
perature difference!, N;Ra

2/7 @4#. The previous experiment
on Couette-Taylor turbulence yielded, contrary to expecta-
tions, no region of constant exponent a . The experiment also
revealed the transition at RT , where there was a marked
change in the slope of the exponent a as a function of R.
In this paper we present velocity and wall shear stress

measurements that provide the first evidence from local
quantities of the transition at RT . Also, we present torque
measurements that are an order of magnitude more precise
and accurate than the earlier data @1#. Our results for the
velocity spectra and velocity structure functions indicate that
Couette-Taylor flow is unlike most other turbulent flows—
even at a high Reynolds number, R'106, we observe no
inertial range. However, the structure functions computed by
extended self-similarity ~plotting the pth-order structure
function versus the third-order function! exhibit a power-law
scaling region that enables us to obtain precise values for the
structure function exponents, and these exponent values are
close to those found for other turbulent flows.
The rest of this paper is organized as follows. Section II

describes the experimental apparatus and the measurement
techniques. Section III presents the results from torque mea-
surements and discusses models of torque scaling. Section
IV presents evidence for a transition at RT513 000. Section
V discusses the Reynolds stress and turbulent intensity and
compares the Kolmogorov, Taylor, and dissipation length
scales. Section VI presents the scaling exponents of longitu-
dinal structure functions calculated using extended self-
similarity. Section VII is a discussion. An Appendix presents
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Prandtl-von Kármán (a one-parameter closure approximation):

shown in Fig. 5. There is a small increase in specific angular
momentum with radius in both our experiments and those of
Smith and Townsend @13#, but to good approximation it is
constant and given by

Uur
Va2 '

1
2 . ~7!

IV. TRANSITION AT RT513 000

The measurements of torque, a globally averaged property
of the flow, reveal a transition at RT513 000, where there is
a sharp change in the slope of the torque exponent ~Fig. 3!.
Although the transition at RT can be explained as arising
from the development of logarithmic boundary layer profiles
@1,11#, there must also be changes in the structure of the core
region, where the torque is transmitted by the Reynolds
stress ~cf. Sec. V B!. We now examine velocity measure-
ments in the core to search for evidence for the transition at
RT .

A. Azimuthal traveling waves

Azimuthal velocity power spectra obtained on the outflow
boundaries and within a vortex reveal peaks at integer mul-
tiples of a fundamental frequency ~Fig. 6!. Cross correlation
of velocity measurements with two probes at the same radius
and height but separated by 5.5° azimuthally show that the
spectral peaks correspond to azimuthal traveling waves. ~The
peaks are weak or absent on the inflow boundaries.! At low
Reynolds numbers there is a dominant peak, but as the tran-
sition is approached with increasing R, more modes rapidly

FIG. 4. ~a! Comparison of a Prandtl–von Kármán skin friction
law ~5! with the experimental data (s). ~b! Comparison of scaling
exponent from experimental data (d) with fit to Eq. ~6! ~solid line!.
In both graphs fit parameters were M521.81 and N51.56, corre-
sponding to a von Kármán constant of k50.44.

FIG. 5. ~a! Specific angular momentum at cylinder midheight
~an inflow boundary! as a function of radius. ~b! Comparison of
present data (h50.724) for R550 000 (j) and R
5540 000 (d) with data of Smith and Townsend (h52/3) for R
550 000 (m).

FIG. 6. Velocity power spectra for state with eight vortices,
showing the presence of azimuthal traveling waves; all peaks are
close multiples of the lowest frequency peak. Each data set contains
at least 53105 points sampled 40 times per inner cylinder revolu-
tion. Measurements were made at a vortex center: midgap (r519
cm! and one-half vortex above midheight of the cylinder.
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• Chavanne et al. 2001: 

Asymptotic theories

!(#$, &') = ! #* from Prandtl−von Kármán

#* = 9
#$
&'

:/<
! = &'< #*> = #$ ?@ − 1

$BB@C* →

$BB@C* →

← *F$9G

• Parameter free asymptotic prediction: 

H log?@
H log #$ ~

1
2 −

2
ln#$



• Grossmann & Lohse 2011: 

Asymptotic theories

!(#$, &') = ! #* from Prandtl−von Kármán

! 9 &': #*; = #$ <= − 1

$??=@* →

$??=@* →

← *C$DE

• Parameter free asymptotic prediction: (same as Chavanne et al.) 

#* ~ another D×#$J.L

M log<=
M log #$

~
1
2
−

2
ln#$



• Kraichnan 1962: 

Asymptotic theories

!(#$, &') = *+,-.$,.

#/ ln #/ 2/4 = * #$
&'

2/4
! 5 &'4 #/6 = #$ 78 − 1

$--8;/ →

/--/,.=$>>? $--8;/ →

← /A$*.

• Parameter free asymptotic prediction: 

B log78
B log #$ ~ 1

2 − 32
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branch below and the branch above the transition do not
evolve continuously one into the other. Further evidence
for a discontinuous transition comes from an extrapolation
of Reeff in the ultimate state to smaller Ra, which meets the
classical branch at Ra ’ 4! 1012, i.e., well below the
transition range between the two states. We believe that
our measurements revealed the transition from classical
RBC to the ultimate state, and that they show this transition
to be discontinuous.

A large cylindrical sample of height L ¼ 2:24 m and
diameter D ¼ 1:12 m known as the High-Pressure
Convection Facility II (HPCF-II) was placed in an even
larger pressure vessel known as the ‘‘Uboot of Göttingen’’
at the Max Planck Institute for Dynamics and Self
Organization in Göttingen, Germany [24,25]. The Uboot
and HPCF-II were filled with the gas sulfur hexafluoride
(SF6) at pressures up to 19 bars. The HPCF-II was com-
pletely sealed, except for a 2.5 cm inner-diameter tube
which passed through the sidewall at mid height and
permitted the gas to enter the HPCF-II from the Uboot.
One tube end was accurately flush with the inside of the
wall and the other end terminated in a remotely operable
valve. Once filled with the valve open, the desired tem-
peratures of the top and bottom plates were established,
and after equilibration for about 8 hours the valve was
closed and all desired measurements were made.

The Prandtl number Pr # !=" (! is the kinematic vis-
cosity and " the thermal diffusivity) was 0.79 (0.86) near
Ra ¼ 1012 (1015). The measurements were made at several
mean temperatures Tm ¼ ðTt þ TbÞ=2 and at various pres-
sures. The Rayleigh number is given by Ra ¼
#g!TL3="!. Here the isobaric thermal expansion coeffi-
cient #, as well as " and !, were evaluated at Tm, and g is
the acceleration of gravity.

There was a small effect of Tm ' TU on Nu which is
described in Supplemental Material [26] submitted with
this Letter, but the overall shape of Nu(Ra) was not influ-
enced by Tm ' TU. The reduced Nusselt numbers Nured #
Nu=Ra0:312 obtained with Tm ' TU & ' 3 K are shown as
solid black circles in Fig. 1. For Ra< Ra(1 ’ 1013 they are
described well by a power law with $eff ¼ 0:312. As can
be seen in the figure, that power law agrees extremely well
with data from [16– 18] (stars, red) for 109 & Ra & 3!
1012, and with data from [9] (small open circles, blue) for
109 & Ra & 1011. It also agrees well with recent DNS
results [14] (open circles with pluses and error bars, purple
online). For Ra * 1013 the slope of our NuredðRaÞ in the
logarithmic plot, corresponding to $eff ' 0:312, gradually
increased with increasing Ra and reached values corre-
sponding to $eff ’ 0:38 at Ra ¼ Ra(2 ’ 5! 1014. The
value of $eff above Ra(2 is consistent with the prediction
for the ultimate state [5– 7]. An extrapolation from the
largest-Ra data of a power law with $eff ¼ 0:38 [solid
slanting line in Fig. 1(a)] yields an estimate for a transition
point of Ra( ’ 1:4! 1014.

The data of Niemela et al. [16– 18] also show a slight
increase of Nu above the Ra0:312 dependence, starting at Ra
just below 1013. However, they do not seem to have the
resolution to clearly reveal a transition. Indeed the original
authors interpreted them in terms of a single power law
with a classical exponent $eff ’ 0:32 [18] up to the highest
Ra of their experiment. The Chavanne et al. data [9] clearly
show a transition near Ra ¼ 2! 1011, but its origin is still
unknown to us. The DNS data [14] do not show any
transition up to their largest Ra ¼ 2! 1012.
For the determinations of Reeff , two thermistors were

mounted, one above the other and separated by r0 ¼
3:0 cm, at an average height L=4 above the bottom plate.
The thermistors were placed about 1 cm from the side wall
inside the sample. They were used to measure the local
temperatures at a rate of 40 Hz, and it was assumed that
temperature locally is a passive scalar so that its correlation
function is the same as that of the velocity. The two time
autocorrelation functions Cð0; %Þ and the cross-correlation
function Cðr0; %Þ were determined with high precision by
averaging over time intervals of many hours for a given data
point. The correlation functions were used to determine

Veff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ V2

p
and the corresponding Reeff ¼ VeffL=!,

using the elliptic approximation (EA). The EAwas derived
from a systematic second-order Taylor-series expansion of
the space-time velocity correlation function [27,28] and is
well supported by experimental data [29– 31]. The contri-
bution U is the time-averaged vertical velocity component
which turns out to be small compared toV, andV is the sum
of v0 [v

2
0 ¼ 2

R
EðkÞdk and EðkÞ is the energy spectrum of
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FIG. 1 (color online). Nured # Nu=Ra0:312 as a function of Ra
for the ‘‘closed’’ sample. Black solid circles: Tm ' TU & ' 3 K.
Solid line (blue) through the data at the largest Ra corresponds to
$eff ¼ 0:38. Vertical dotted lines: Ra(1 ¼ 1:3! 1013 and Ra(2 ¼
5! 1014. Small stars (red): Ref. [16]. Small open circles (blue):
Ref. [9]. Circles with pluses and error bars (purple): DNS [14].
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Measurements of the Nusselt number Nu and of a Reynolds number Reeff for Rayleigh-Bénard

convection (RBC) over the Rayleigh-number range 1012 & Ra & 1015 and for Prandtl numbers Pr near

0.8 are presented. The aspect ratio ! ! D=L of a cylindrical sample was 0.50. For Ra & 1013 the data

yielded Nu / Ra!eff with !eff ’ 0:31 and Reeff / Ra"eff with "eff ’ 0:43, consistent with classical turbulent
RBC. After a transition region for 1013 & Ra & 5" 1014, where multistability occurred, we found !eff ’
0:38 and "eff ¼ " ’ 0:50, in agreement with the results of Grossmann and Lohse for the large-Ra

asymptotic state with turbulent boundary layers which was first predicted by Kraichnan.
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In a fluid between horizontal parallel plates and heated
from below, turbulent convection (known as Rayleigh-
Bénard convection or RBC) occurs when the temperature
difference "T ¼ Tb $ Tt between the bottom (Tb) and top
(Tt) plates is sufficiently large [1,2]. When a dimensionless
measure of "T known as the Rayleigh number Ra exceeds
a typical valueRa% ¼ Oð1014Þ [3,4], the system is expected
to undergo a transition. Below Ra% the turbulent heat
transport is limited by laminar boundary layers (BLs)
below the top and above the bottom plate. Above Ra% the
shear applied to the BLs by the turbulent interior is ex-
pected to rendered the BLs turbulent as well [5– 7], thus
leading to a different heat-transport mechanism. The state
above Ra% is believed to be asymptotic in the sense that it
will prevail as Ra diverges. For that reason it has been
referred to as the ‘‘ultimate regime’’ [8,9]; we shall call it
the ultimate state (we shall refer to turbulent RBC below
Ra% as the ‘‘classical’’ state). Aside from the intrinsic
interest in the physics of this system, an extrapolation of
the properties from typical experimental ranges Ra & 1012

[1] to Ra ’ 1020 and higher, which is relevant to geo/
astrophysical systems, requires an understanding of the
ultimate state.

Over a decade ago Chavanne et al. [8– 10] measured the
Nusselt number Nu(Ra) (the dimensionless effective ther-
mal conductivity) up to Ra ’ 1015 for a cylindrical sample
of aspect ratio ! ! D=L ¼ 0:50 (D is the diameter and L
the height) using fluid helium near its critical point at about
5 K and 2 bars. Their data reveal a transition in Nu(Ra)
near Ra ¼ 2" 1011 which they interpreted as the transi-
tion near Ra%. However, their Ra at the transition was much
lower than the expected Ra% ¼ Oð1014Þ [3]. For this and
other reasons [11] it seems unlikely to us that their BLs
underwent the transition to turbulence characteristic of the

transition from the classical to the ultimate state. However,
the authors of Refs. [9,13] have a different interpretation
[15] and still claim to have observed the ultimate-state
transition. Also about a decade ago, Niemela et al.
[16– 18] measured Nu(Ra) up to Ra ’ 1017 in a nominally
equivalent experiment, and found no transition. Numerous
other low-temperature experiments were conducted for
! ¼ 0:50 [19– 22], especially by Roche et al. [13]. Some
showed a transition and others did not. For the reasons
given [11] it seems unlikely to us (but, we are told [15], not
to the authors of Refs. [9,13]) that the BL transition to
turbulence associated with the ultimate state was involved
in them.
Here we report measurements of Nu(Ra) and of a

Reynolds number ReeffðRaÞ (to be defined explicitly be-
low) at close to ambient (as opposed to cryogenic) tem-
peratures. Both Nu and Reeff revealed a transition over the
same range of Ra; this range spanned more than a decade
from Ra%1 ’ 1013 to Ra%2 ’ 5" 1014 [4]. For Ra ( Ra%1 we
found Nu / Ra!eff with !eff ’ 0:31 and Reeff / Ra"eff with
"eff ’ 0:43, consistent with numerous measurements and
with predictions for classical RBC below Ra% (cf. [1]). For
Ra> Ra%2 we found !eff ’ 0:38 and "eff ¼ " ’ 0:50, in
agreement with predictions for the ultimate state [5]. For
Ra%1 < Ra< Ra%2 Reeff followed a nonmonotonic and not
always unique complex path. The observed transition
range (as opposed to a characteristic value of Ra%) is not
surprising since the BLs and the shear applied to them by
the turbulent bulk are known to be spatially inhomogene-
ous [23]. The location of this range along the Ra axis is
roughly consistent with the expected values of Ra% [3] for a
shear instability of the BLs. The multistability revealed by
Reeff in the transition range suggests that the transition is
discontinuous in the sense that, for instance, Reeff on the
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about !eff!0.14. For the background dominated regime we
obtain !eff!0.22–0.23. Moreover, once the thermal BL also
becomes fully turbulent, as the kinetic BL is, we have !eff
!0.35–0.42, depending on the size of the Reynolds number
in this regime. The effective scaling exponents "eff in the
scaling relation Re#Ra"eff are "eff!0.41–0.43, "eff
!0.43–0.46 "again depending on the degree of turbulence in
the cell#, and "eff!0.50 for the three respective regimes.

The effective Nu-exponents !eff are consistent with the
exponents found in the three regimes of Fig. 1.23 In this
sense the aim of this paper—to explain the existence of dif-
ferent regimes and to rationalize the findings23—has been
achieved.

We note that a mixture of these three states may also
occur—either temporally or spatially—and therefore any ef-
fective exponent !eff between 0.14 and 0.39 may be possible.
We presently do not understand what physical conditions
push the flow toward one or the other state. We also do not
know why in the experiments in Grenoble15,16,18 beyond Re
$ 1011 only the effective exponent !eff!0.38 is measured.
Such an “early” transition corresponds to a transition shear
Reynolds number Res of less than 200, instead of the value
of 420 given in Ref. 24. In any case, we expect that for very
large Ra, beyond the presently attainable range, where the
turbulence gets extremely strong, this third branch—
corresponding to both turbulent thermal and turbulent kinetic
BLs—is the only one which will survive.

Indeed, for the Taylor–Couette "TC#system, which for-
mally is very much related to RB convection,36 the only
exponent which is measured for strong turbulence is !eff
!0.38.37 Here !eff is the effective scaling exponent of the
angular velocity transport current, normalized by its value in
the laminar case, Nu%, as a function of the Taylor number Ta.
These two quantities correspond to Nu and Ra.36 The reason
that for the TC system only !eff!0.38 is measured presum-
ably is that the forcing in the shear-driven TC flow is much
more efficient than in RB flow and that the angular or azi-
muthal velocity is more closely related to the radial and axial
velocity components by the Navier–Stokes equations. There-
fore, the flow is more turbulent.

V. PREDICTIONS FROM THE THEORY,
CONCLUSIONS, AND OUTLOOK

Our theory not only accounts for the experimentally
found multiple effective scaling of Nu with Ra in the very
large Ra regime Ra& 1011 but also makes predictions,
namely, for the corresponding effective Ra-scaling relations
of the Reynolds number, shown in Fig. 2"b#. The prediction
is that the effective scaling Nu#Ra0.14 coincides with about
Re#Ra0.42, Nu#Ra0.22 with Re#Ra0.45, and Nu#Ra0.38 co-
incides with Re#Ra0.50. We note that multiple scaling con-
nected with phase transitions has recently also been sug-
gested for other closed turbulent flows such as the von
Karman flow.38 Sharp phase transitions between different tur-
bulent states were also reported for rotating Rayleigh–
Bénard flow39 and turbulent magnetohydrodynamic
flow.40–43

A further prediction of our present theory is that the

corrections to the scaling exponents !eff and "eff decrease
with increasing Ra, since the log-corrections then become
smaller.

A next prediction is on the Pr dependence of Nu in a
range of finite, nonasymptotic Pr.

A final prediction is on the velocity and temperature pro-
files. In all three regimes, the mean velocity should follow
the Prandtl log-profile. In the regime of the turbulent thermal
BL, the temperature profile should also have a log-profile,
rather than the steep decay in the thermal BLs toward a con-
stant mean temperature in the bulk which is found for less
violently forced RB flow.

In summary, we have presented a theory for the experi-
mentally observed14,22,23 effective multiple scaling of Nu
with Ra in the beginning of the ultimate Ra regime Ra
$ 1014 and made predictions for the corresponding effective
Re-scaling. We do realize that many questions remain
unanswered—the most pressing one: What physical condi-
tions trigger the flow to be in one or the other state? How do
“mixtures” of different states appear? Is it really only the
state with both turbulent thermal and kinetic BL which will
ultimately survive for even larger Ra?
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FIG. 2. "Color online# Solid black lines: Local scaling exponents
d log Nu /d log Ra "a#and d log Re /d log Ra "b#for the three regimes of
Sec. III A "bottom lines: plume dominated thermal transport in laminar ther-
mal BL#; Sec. III B "middle lines: background dominated thermal transport
in laminar thermal BL#; and Sec. III C "top lines: turbulent thermal BL#for
Ra in the regime 1011–1015. The dashed "red online#lines correspond to the
case for which we have replaced Re1"Ra#by Re2"Ra#=Re1"Ra#/100 in the
calculation of the logarithmic correction factor L"Re#, reflecting the weaker
mean flow beyond the breakdown of the laminar kinetic boundary-layer. For
all cases we have assumed Pr=0.7, b=1, and '̄= '̄(=0.4. lg means log10.
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still laminar-type temperature field, we will of course also
consider the heat transport through a turbulent thermal BL
!Sec. III C" as a third ultimate regime.

A. Plume dominated thermal transport in a laminar
thermal BL

We start from the Prandtl equation,

ux!x! # "!z
2! , !10"

where x is in longitudinal and z in vertical direction. At the
edge of the thermal BL, we have ux#U# /L, where we again
have assumed that the extension $ of the kinetic BL is over
the whole sample—so by definition we are in the regime in
which the thermal BL is nested in the !turbulent" kinetic BL.
If that kinetic BL were laminar, it would be the “infinity
regime” of Ref. 6, but now for the large Reynolds number
the kinetic BL is considered to be turbulent !and sample-
wide". With the estimates !z#1 /##Nu /L and !x#1 /L we
arrive at

Nu # !Re Pr"1/3. !11"

Combining Eqs. !11" and !6" we obtain

Nu # Pr1/8 Ra1/8$L!Re"%−1/8, !12"

Re # Pr−5/8 Ra3/8$L!Re"%−3/8. !13"

Relations !12" and !13" are the final result for the approxi-
mate Ra and Pr dependence of Nu and Re in this plume
dominated ultimate regime with a still !although time depen-
dent" Prandtl–Blasius thermal BL. In Sec. IV we will trans-
late these relations to effective scaling laws.

B. Background dominated thermal transport
in a laminar thermal BL

If the thermal transport in the boundary-layer !BL" is
dominated by the background !bg" fluctuations, one has ac-
cording to Ref. 8

Nu #
&u3!'x!bg !z ! BL"

"%L−1

# Re Pr f(#

$
) # Re Pr

#

$
. !14"

The second line follows from the first line if one uses u3
#Uf!# /$" and !#% scalingwise and order of magnitude
wise, respectively. Since $#L, according to the assumption
of a sample-filling kinetic BL, and since ##L /Nu, we im-
mediately obtain

Nu # !Re Pr"1/2. !15"

Combining Eqs. !15" and !6" we get

Nu # Pr1/5 Ra1/5 $L!Re"%−1/5, !16"

Re # Pr−3/5 Ra2/5 $L!Re"%−2/5. !17"

C. Thermal transport in a turbulent thermal BL

We now come to the case when the temperature BL be-
comes turbulent too. The turbulent thermal diffusivity here
can be approximated as !cf. Ref. 24"

"turb!z" * "̄!u!z . !18"

"̄! is the empirical thermal von Kármán constant; we assume
"̄!* "̄=0.4. Integration of the heat transfer equation with
this ansatz !18" leads to the heat flux,

Nu "%L−1 * − !" + "̄!u!z"!z!!z" . !19"

In the thermal sublayer z& Pr−1 z! a linear temperature pro-
file results, whereas for z' Pr−1 z! the temperature profile is
logarithmic.24,28 In the middle of the cell the respective loga-
rithmic temperature profiles from the top and bottom must
merge and !!z=L /2"=% /2. This relates Nu with %, resulting
in

Nu =

"̄!

2
u!

U
Re Pr

log(Re
u!

U

1
b
) + F!Pr"

. !20"

F!Pr" is an empirical term, expected to be of order of 1 for
nonasymptotic Pr !i.e., neither Pr→( nor Pr→0". In loga-
rithmic precision we then have

Nu # Re Pr L!Re" , !21"

valid for nonasymptotic Pr. Combining Eq. !21" with Eqs.
!6" and !7", we also obtain

Re # Ra1/2 Pr−1/2. !22"

Remarkably, the log-corrections L!Re" cancel in relation
!22" for the Reynolds number. Combining the last two equa-
tions, we obtain

Nu # Ra1/2 Pr1/2 L!Re" , !23"

i.e., the scaling of the pure ultimate regime29 for which no
boundary effects contribute, but now with logarithmic cor-
rections due to the turbulent boundary-layer. Note that the
logarithmic corrections here are slightly different as com-
pared to those in Refs. 16, 19, and 31.

IV. REPLACING THE LOG-CORRECTIONS BY
EFFECTIVE SCALING LAWS

How much the log-corrections affect the effective scal-
ing exponents depends on the absolute values of Ra and Re.
To give the reader an indication of the strength of the log-
corrections in the relevant regime under consideration, in this
section we will calculate the effective scaling exponents
d log Nu /d log Ra and d log Re /d log Ra in the three re-
gimes of the three Secs. III A–III C for Ra in the regime
1011–1015, where the transition to the ultimate regime is ex-
pected.

The results are shown in Fig. 2, where we have assumed
Pr=0.7, b=1, and "̄= "̄!=0.4. If the transport through the
still laminar thermal BL is plume dominated, the local effec-
tive scaling exponent )eff in the scaling relation Nu*Ra)eff is
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about !eff!0.14. For the background dominated regime we
obtain !eff!0.22–0.23. Moreover, once the thermal BL also
becomes fully turbulent, as the kinetic BL is, we have !eff
!0.35–0.42, depending on the size of the Reynolds number
in this regime. The effective scaling exponents "eff in the
scaling relation Re#Ra"eff are "eff!0.41–0.43, "eff
!0.43–0.46 "again depending on the degree of turbulence in
the cell#, and "eff!0.50 for the three respective regimes.

The effective Nu-exponents !eff are consistent with the
exponents found in the three regimes of Fig. 1.23 In this
sense the aim of this paper—to explain the existence of dif-
ferent regimes and to rationalize the findings23—has been
achieved.

We note that a mixture of these three states may also
occur—either temporally or spatially—and therefore any ef-
fective exponent !eff between 0.14 and 0.39 may be possible.
We presently do not understand what physical conditions
push the flow toward one or the other state. We also do not
know why in the experiments in Grenoble15,16,18 beyond Re
$ 1011 only the effective exponent !eff!0.38 is measured.
Such an “early” transition corresponds to a transition shear
Reynolds number Res of less than 200, instead of the value
of 420 given in Ref. 24. In any case, we expect that for very
large Ra, beyond the presently attainable range, where the
turbulence gets extremely strong, this third branch—
corresponding to both turbulent thermal and turbulent kinetic
BLs—is the only one which will survive.

Indeed, for the Taylor–Couette "TC#system, which for-
mally is very much related to RB convection,36 the only
exponent which is measured for strong turbulence is !eff
!0.38.37 Here !eff is the effective scaling exponent of the
angular velocity transport current, normalized by its value in
the laminar case, Nu%, as a function of the Taylor number Ta.
These two quantities correspond to Nu and Ra.36 The reason
that for the TC system only !eff!0.38 is measured presum-
ably is that the forcing in the shear-driven TC flow is much
more efficient than in RB flow and that the angular or azi-
muthal velocity is more closely related to the radial and axial
velocity components by the Navier–Stokes equations. There-
fore, the flow is more turbulent.

V. PREDICTIONS FROM THE THEORY,
CONCLUSIONS, AND OUTLOOK

Our theory not only accounts for the experimentally
found multiple effective scaling of Nu with Ra in the very
large Ra regime Ra& 1011 but also makes predictions,
namely, for the corresponding effective Ra-scaling relations
of the Reynolds number, shown in Fig. 2"b#. The prediction
is that the effective scaling Nu#Ra0.14 coincides with about
Re#Ra0.42, Nu#Ra0.22 with Re#Ra0.45, and Nu#Ra0.38 co-
incides with Re#Ra0.50. We note that multiple scaling con-
nected with phase transitions has recently also been sug-
gested for other closed turbulent flows such as the von
Karman flow.38 Sharp phase transitions between different tur-
bulent states were also reported for rotating Rayleigh–
Bénard flow39 and turbulent magnetohydrodynamic
flow.40–43

A further prediction of our present theory is that the

corrections to the scaling exponents !eff and "eff decrease
with increasing Ra, since the log-corrections then become
smaller.

A next prediction is on the Pr dependence of Nu in a
range of finite, nonasymptotic Pr.

A final prediction is on the velocity and temperature pro-
files. In all three regimes, the mean velocity should follow
the Prandtl log-profile. In the regime of the turbulent thermal
BL, the temperature profile should also have a log-profile,
rather than the steep decay in the thermal BLs toward a con-
stant mean temperature in the bulk which is found for less
violently forced RB flow.

In summary, we have presented a theory for the experi-
mentally observed14,22,23 effective multiple scaling of Nu
with Ra in the beginning of the ultimate Ra regime Ra
$ 1014 and made predictions for the corresponding effective
Re-scaling. We do realize that many questions remain
unanswered—the most pressing one: What physical condi-
tions trigger the flow to be in one or the other state? How do
“mixtures” of different states appear? Is it really only the
state with both turbulent thermal and kinetic BL which will
ultimately survive for even larger Ra?
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FIG. 2. "Color online# Solid black lines: Local scaling exponents
d log Nu /d log Ra "a#and d log Re /d log Ra "b#for the three regimes of
Sec. III A "bottom lines: plume dominated thermal transport in laminar ther-
mal BL#; Sec. III B "middle lines: background dominated thermal transport
in laminar thermal BL#; and Sec. III C "top lines: turbulent thermal BL#for
Ra in the regime 1011–1015. The dashed "red online#lines correspond to the
case for which we have replaced Re1"Ra#by Re2"Ra#=Re1"Ra#/100 in the
calculation of the logarithmic correction factor L"Re#, reflecting the weaker
mean flow beyond the breakdown of the laminar kinetic boundary-layer. For
all cases we have assumed Pr=0.7, b=1, and '̄= '̄(=0.4. lg means log10.
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For what it’s worth …

[1] <https://www.youtube.com/watch?reload=9&v=gp5JCrSXkJY>

There's something happening here
What it is ain't exactly clear

––– S. Stills [1]
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Figure 4. Comparison of our results (black solid circles, 0.796 Pr 6 0.86) with
the data of previous investigations. For the previous work we show data with
Pr < 1 in red, data with 1 < Pr < 2 in green, data with 2 < Pr < 4 in blue, and
data with Pr > 4 in purple. Open circles: Niemela and Sreenivasan [38]. Open
up-pointing triangles: Roche et al [35]. Open squares: Urban et al [40]. The
short vertical dotted line represents Ra⇤

1 = 1.5 ⇥ 1013 as determined for 0 = 0.50
[22, 36].

We also show in figure 3(b), as a short-dashed blue line, the prediction of GL [24]
for Nu(Ra) in the classical state with Pr = 0.80. This prediction is based on two coupled
equations with several parameters that had been determined by fits to experimental data [25] for
0 = 1.00 over the parameter ranges 4. Pr . 34 and 3 ⇥ 107 . Ra . 2 ⇥ 109. One sees that
the comparison with the present data up to Ra = 1013 and for Pr ' 0.80 requires a considerable
extrapolation. Thus, the excellent agreement is indeed remarkable. Not only does it require a
high degree of reliability of the GL equations; it also requires excellent consistency between the
experimental data used to determine the free parameters in these equations and the present data.

4.2. Comparison with published data

In figure 4 we compare our results with other published data for 0 = 1.00 (a detailed comparison
with literature data for 0 = 0.50 is being presented elsewhere [22]). Here too we show Nu in
figure 4(a) and, for higher resolution, Nu/Ra0.321 in figure 4(b). For the literature data we use
red symbols for data with Pr < 1, green symbols for data with 1 < Pr < 2, blue symbols for
data with 2 < Pr < 4, and purple symbols for data with Pr > 4. Our own data span the range
from Pr = 0.79 at the lowest to Pr = 0.86 at the highest Ra.

New Journal of Physics 14 (2012) 063030 (http://www.njp.org/)

Fit to the data with
0.85 ≤ Pr ≤ 0.87
& Ra ≥ 2 x1013

Nu = .0444 xRa0.3393
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The present results are given as solid black circles. The data of Niemela and
Sreenivasan [38] are shown as open circles. For Ra near 1011 they follow a power law with an
exponent near 0.33; but for 3 ⇥ 1011 . Ra . 5 ⇥ 1013 they rise more steeply, only to level off
again for larger Ra to a dependence describable once more by an effective exponent near 0.33.
This behaviour was attributed by the authors [54] to a special type of non-Boussinesq effect near
critical points. Thus the data do not yield reliable parameters of a power law for Nu(Ra) in the
classical region that could be compared with the prediction of GL [24]; according to Niemela
and Sreenivasan [54] the data also do not yield any evidence for a transition to the ultimate state.

The data for the ‘short cell’ of Roche et al [35] are shown as open up-pointing triangles.
They reveal a gradual increase of an effective exponent, starting near Ra = 5 ⇥ 1010. Although
the authors believe that this rise of the exponent is indicative of an ultimate-state transition at
RaU ' 1011, we do not find the evidence convincing. Particularly troublesome is the low value
of RaU; it is unlikely that the BL shear Reynolds-number Res can be high enough to drive the
BLs turbulent at so low a value of Ra [36]. Very recent direct numerical simulations (DNS) for
0 = 1 and Pr = 0.7 [55] suggest that Res ' 65 for Ra = 1011, a value much too low to expect
a shear instability to turbulence (for the higher Pr values of the experiment Res would be even
lower). On the other hand, we do not have an alternative explanation for the rise of �eff indicated
by these data.

A third set of data (open squares in figure 4) was published recently by Urban et al [40].
They extend up to Ra ' 4 ⇥ 1013. Although at constant Pr ' 0.8 one might have hoped to have
reached Ra⇤

1 at that point, Pr also rose significantly at these large Ra, and one expects that Ra⇤

increases significantly with Pr . In any event, no indication of an ultimate-state transition is seen
in these data, nor is one claimed by their authors.

In view of the above it is our view that the ultimate-state transition has not yet been seen
in any of the published data for 0 ' 1.

4.3. Transition toward the ultimate state

Recent measurements [36] for a 0 = 0.50 sample revealed that the transition to the ultimate
state for that aspect ratio occurred over the approximate range from Ra⇤

1 = 1.5 ⇥ 1013 to
Ra⇤

2 = 5 ⇥ 1014. We show those data in figure 5 as open circles and compare them with our new
data for 0 = 1.00 (solid circles). The vertical dotted lines in the figure indicate the locations
of Ra⇤

1 and Ra⇤
2 . In the classical range below Ra⇤

1 both data sets follow a power law, albeit
with the slightly different exponents of 0.312 for 0 = 0.50 and 0.321 for 0 = 1.00. Near Ra⇤

1
both data sets rise above their respective classical-state power laws, and the enhanced scatter of
both data sets reveals the intrinsic irreproducibility of the state of the system in the Ra range
of the transition from the classical to the ultimate state. Although in the classical state the two
systems had slightly different Nusselt numbers, it is remarkable that in the transition region
they display the same Nu values within the resolution allowed by the intrinsic scatter of the two
systems. Unfortunately, in view of the smaller height of the 0 = 1.00 sample, our measurements
are limited to Ra . 2 ⇥ 1014. Thus it is not possible for us to follow the transition all the way
beyond Ra⇤

2 , as was done for 0 = 0.50 with HPCF-II.
Finally we note that an extrapolation of the shear Reynolds numbers obtained from

DNS [55] for 0 = 1.00 and Pr = 0.7 yields Res ' 250 for Ra = Ra⇤
1 = 1.5 ⇥ 1013. This is

a reasonable value for the onset of the BL shear transition to the ultimate state. It is also similar
to the value of Res(Ra⇤

1) deduced from experimental determinations of Re for 0 = 0.50 [36].
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[Phys. Fluids 5 , 1374 (1962)]. Yet, when this transition takes place and how the local flow induces it is not
fully understood. Here, by performing two-dimensional simulations of Rayleigh-Bénard turbulence
covering six decades in Rayleigh number Ra up to 1014 for Prandtl number Pr ¼ 1, for the first time in
numerical simulations we find the transition to the ultimate regime, namely, at Ra" ¼ 1013. We reveal how
the emission of thermal plumes enhances the global heat transport, leading to a steeper increase of the
Nusselt number than the classical Malkus scaling Nu ∼ Ra1=3 [Proc. R. Soc. A 225 , 196 (1954)]. Beyond
the transition, the mean velocity profiles are logarithmic throughout, indicating turbulent boundary layers.
In contrast, the temperature profiles are only locally logarithmic, namely, within the regions where plumes
are emitted, and where the local Nusselt number has an effective scaling Nu ∼ Ra0.38, corresponding to the
effective scaling in the ultimate regime.
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
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fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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regions [see Fig. 2(c)]. The mean temperature and velocity
fields display horizontal symmetry, which enables us to
average them over a single LSR instead of the whole
domain (as the velocity averaged horizontally for the whole
domain will be zero).
Figure 3(a) shows the temporally and spatially averaged

velocity and temperature profiles, performed on one single
LSR, for the following defined parameters: uτ, uþ, huix;t,
Tτ, Tþ, hTix;t, and yþ. The velocity profiles are non-
dimensionalized in terms of uþ and yþ, in wall units, where
uþ ¼ huix;t=uτ and yþ ¼ zuτ=ν. Here uτ is the friction
velocity uτ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν∂zhuix;tjz¼0

p
[42]. Similar to channel,

pipe, and boundary layer flows, we can identify two
distinct layers: a viscous sublayer, where uþ ¼ yþ, fol-
lowed by a logarithmic region, where the velocity profile
follows uþ ¼ ð1=κvÞln yþ þ Bv [42]. The inverse slope

gives κv ¼ 0.4, which is remarkably close to the von
Kármán constant in various 3D canonical wall-bounded
turbulent flows [35,36]. However, the parameter Bv varies
with Ra. With increasing Ra, the logarithmic range grows
in spatial extent, until, at Ra% ¼ 1013, it spans one decade
in yþ. We then express the averaged temperature profile
[Fig. 3(b)] Tþ¼ðTb−hTix;tÞ=Tτ in wall units, where Tb is

Impacting EjectingEjecting

Ejecting ImpactingImpacting

(a)

(b)

(c)

FIG. 2. The instantaneous temperature fields for (a) Ra ¼ 1011

and (b) Ra ¼ 1014. The corresponding movies are shown in the
Supplemental Material [40]. (c) The mean temperature and
velocity field for Ra ¼ 1013. The contours represent the mean
temperature field, while the vectors show the direction of the
velocity, scaled by its magnitude. The plate surfaces have been
divided into equal-sized plume-ejecting and -impacting regions.
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FIG. 3. Mean velocity (a) and temperature (b) profiles in wall
units (uþ for velocity, Tþ for temperature, and yþ for wall
distance) at four Ra. The dashed lines show the viscous sublayer
behavior and the log-layer behavior. A log layer is seen for the
velocity (with inverse slope κv ¼ 0.4) but not for the temperature.
(c) Local temperature profiles averaged in plume-ejecting and
-impacting regions [see Fig. 2(c) for definitions]. The dashed
lines again show the viscous sublayer behavior and the log-layer
behavior. A log layer is seen for the temperature in the plume-
ejecting regions (with inverse slope κθ ¼ 4.0) but not in
impacting regions.
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[Phys. Fluids 5 , 1374 (1962)]. Yet, when this transition takes place and how the local flow induces it is not
fully understood. Here, by performing two-dimensional simulations of Rayleigh-Bénard turbulence
covering six decades in Rayleigh number Ra up to 1014 for Prandtl number Pr ¼ 1, for the first time in
numerical simulations we find the transition to the ultimate regime, namely, at Ra" ¼ 1013. We reveal how
the emission of thermal plumes enhances the global heat transport, leading to a steeper increase of the
Nusselt number than the classical Malkus scaling Nu ∼ Ra1=3 [Proc. R. Soc. A 225 , 196 (1954)]. Beyond
the transition, the mean velocity profiles are logarithmic throughout, indicating turbulent boundary layers.
In contrast, the temperature profiles are only locally logarithmic, namely, within the regions where plumes
are emitted, and where the local Nusselt number has an effective scaling Nu ∼ Ra0.38, corresponding to the
effective scaling in the ultimate regime.
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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the transition starts and even whether there is a transition at
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was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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magnitude short of the expected transitional Ra. Two-
dimensional (2D) RB simulations, though different from
3D ones in terms of integral quantities for small Pr [26,27],
still capture many essential features of 3D RB [27].
Consequently, in recent years, 2D DNS has been widely
used to test theories, not only for normal RB [28,29] but
also for RB in porous media [30]. Although also expensive
at high Ra, now we have the chance to push forward to
Ra ¼ 1014 using 2D simulations as we will show in this
Letter.
Another advantage of DNS is that velocity and temper-

ature profiles can be easily measured, to check whether they
are logarithmic in the ultimate regime, as expected from the
theory. Specifically, for the temperature, only a few local
experimental measurements were available in the near-
sidewall regions of RB cells, which showed logarithmic
profiles [31,32]. Even worse, for the velocity, there is almost
no evidence for the existence of a logarithmic BL, due to the
experimental challenges. For instance, in cylindrical cells
with aspect ratio Γ ¼ Oð1Þ, the mean velocity profile cannot
be easily quantified because of the absence of a stable mean
roll structure [24]. In situations where stable rolls do exist
(e.g., narrow rectangular cells), the highest Ra available are
still far below the critical Ra at which logarithmic velocity
BLs can manifest themselves [4,7].
As DNS provides us with every detail of the flow field

which might be unavailable in experiments, it also enables us
to reveal the links between the global heat transport and the
local flow structures. A few attempts (both 2D and 3D) have
been made in the classical regime, in which logarithmic
temperature BLs were detected, by selectively sampling the
regions where the plumes are ejected to the bulk [31,33].
However, it is still unclear how these local logarithmic BLs
contribute to the attainment of the global heat transport
enhancement during the transition to the ultimate regime.
In this work, we observe the transition to the ultimate

regime in 2D for the first time in DNS, namely, at
Ra$ ¼ 1013, similar as in the 3D RB experiments of
Ref. [21]. DNS also provides the first evidence that the
mean velocity profiles follow the log law of the wall, in
analogy to other paradigmatic turbulent flows [34–36].
Furthermore, we explore the link between the local and
global quantities to reveal the mechanism leading to the
increased scaling exponent beyond the transition.
The simulations have been carried out using a well-

validated second-order finite-difference code [37,38].
The two control parameters are Ra ¼ αgΔL3=ðνκÞ and
Pr ¼ ν=κ, with α being the thermal expansion coefficient, g
the gravitational acceleration, Δ the temperature difference
across a fluid layer of depth L, ν the kinematic viscosity,
and κ the thermal diffusivity. In the simulations, Pr is fixed
at 1 and aspect ratio Γ≡W=L is fixed at 2, whereW is the
width of the domain. With this Γ, it has been found that the
heat flux approximates the heat flux at an infinite aspect
ratio [39]. The boundary conditions are no-slip for the

velocity, a constant temperature for the bottom and top
plates, and periodic horizontally. Nu is calculated from the
relation Nu ¼

ffiffiffiffiffiffiffiffiffiffiffi
Ra Pr

p
huzθiA;t− h∂zθiA;t, with uz being the

vertical velocity, θ the temperature, and h…iA;t the average
over a horizontal plane and time. All the cases were well
resolved. At the highest Ra ¼ 1014, we used a grid with
20480 × 10240 mesh points. For details of the simulations,
we refer to the Supplemental Material [40].
We begin by looking at the heat transport as a function of

Ra. In Fig. 1, we show Nu(Ra) compensated with Ra0.35,
for the range Ra¼½108;1014&. Up to Ra ¼ 1011 (blue
symbol), the effective scaling is essentially the same
(β ≈ 0.29) as has been already observed [27,39,41] in
the classical regime where the BLs are laminar [5,6]. This
trend continues up to the transitional Rayleigh number
Ra$ ¼ 1013 (green symbol). Beyond this, we witness the
start of the transition to the ultimate regime, with a notably
larger effective scaling exponent β ≈ 0.35, as evident from
the plateau in the compensated plot.
Next, to appreciate how the flow structures are different

before and beyond the transition (Ra$), we show the
respective instantaneous temperature fields, see Fig. 2.
The top panel presents a relatively low Ra ¼ 1011 (below
Ra$), while the middle panel shows a high Ra ¼ 1014

(beyond Ra$). At low Ra, intense large scale rolls (LSRs)
are clearly visible. In comparison, at high Ra, the LSR,
although still evident, contains much weaker and smaller
structures. Interestingly, even at the highest Ra, the temper-
ature field still has both plume-ejecting and -impacting
regions. Additionally, these observations indicate that the
spatial extent of plume-ejecting regions do not grow in spite
of the increase in Ra.
We now focus on the mean (space and time) temperature

and velocity fields at the transitional Ra. Remarkably, even
after 500 dimensionless time units, the flow domain still
shows a stable mean roll structure; i.e., the rolls are pinned
with clearly demarcated plume-ejecting and -impacting
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0.015
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Johnston & Doering (2009)

Present data

FIG. 1. Nu(Ra) plot compensated by Ra0.35. The data agree well
with the previous results in the low-Ra regime [39]. The flow
structures of the three colored data points (blue for Ra ¼ 1011,
green for Ra ¼ 1013, and gray for Ra ¼ 1014) are displayed in
Fig. 2.
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The possible transition to the so-called ultimate regime, wherein both the bulk and the boundary layers
are turbulent, has been an outstanding issue in thermal convection, since the seminal work by Kraichnan
[Phys. Fluids 5 , 1374 (1962)]. Yet, when this transition takes place and how the local flow induces it is not
fully understood. Here, by performing two-dimensional simulations of Rayleigh-Bénard turbulence
covering six decades in Rayleigh number Ra up to 1014 for Prandtl number Pr ¼ 1, for the first time in
numerical simulations we find the transition to the ultimate regime, namely, at Ra" ¼ 1013. We reveal how
the emission of thermal plumes enhances the global heat transport, leading to a steeper increase of the
Nusselt number than the classical Malkus scaling Nu ∼ Ra1=3 [Proc. R. Soc. A 225 , 196 (1954)]. Beyond
the transition, the mean velocity profiles are logarithmic throughout, indicating turbulent boundary layers.
In contrast, the temperature profiles are only locally logarithmic, namely, within the regions where plumes
are emitted, and where the local Nusselt number has an effective scaling Nu ∼ Ra0.38, corresponding to the
effective scaling in the ultimate regime.
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate
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of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
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scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
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Figure 2: (a) Compensated plots of (a) Nu/Ra0.294 vs. Ra and (b) Nu/Ra2/7 vs. Ra. If
the data were described by a single power law as claimed by the authors of the comment
the data would be on a straight horizontal line. Clearly, they are not. The dashed lines
show a ±1% error bar zone of the two fits proposed by the authors of the comment, namely
Nu = 0.110 ⇥ Ra0.294 for figure (a) and Nu = 0.138 ⇥ Ra2/7 for figure (b). Again, the data
clearly are not well represented by these fits.

we get figure 2b of this reply. It can be easily seen that the fit proposed by the authors of
the Comment, namely Nu = 0.138⇥Ra2/7 (which would be a straight horizontal line in this
figure), does not work for our data at all; neither can it be extrapolated to Ra = 1013. We
do not understand why the authors call it an “extremely well described” fit.

Comment:
If, as Zhu et al. did, we seek a power law fit to only the final four data points with

1013  Ra  1014, we find Nu = 0.035⇥Ra0.332 with an empirical exponent indistinguishable

from 1/3. Viewed this way these 2D results are reminiscent of previous 3D simulations [4] and

experiments reporting [5] a crossover from Nu ⇠ Ra2/7 to Nu ⇠ Ra1/3 at Ra ⇡ 2⇥ 109 and

1011 respectively. However, the clear deviation of Zhu et al.’s data from pure scaling combined

with the limited range of Ra (one decade) and the small size of the data set (just four points)

over which this 1/3 scaling appears precludes any definitive conclusion.

Response:
Regarding the exponent 1/3 and 0.35, again, figure 2 of the Comment is plotted in a very

biased way (aspect ratio of figure) and on a log-scale on the vertical axis. Both of these
measures taken by the authors of the comment obscure the di↵erences. In figure 3 of this
reply we simply plot the data with the two compensations Ra1/3 and Ra0.35. One can see
that the 0.35 scaling exponent works better than 1/3 scaling exponent, for which the first two
data points are below the fit and the last three data points are above the fit. The superiority
of 0.35 as compared to 1/3 is confirmed by computing the standard deviation (or mean rms)
�1/3 for the last five data points: From the line at constant slope 1/3 we obtain a value that

3

Zhu et al.
(unpublished)
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
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regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
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expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
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scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
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expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
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regime has come only from experimental measurements
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the transition starts and even whether there is a transition at
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that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of

PHYSICAL REVIEW LETTERS 120, 144502 (2018)

0031-9007=18=120(14)=144502(6) 144502-1 © 2018 American Physical Society

about !eff!0.14. For the background dominated regime we
obtain !eff!0.22–0.23. Moreover, once the thermal BL also
becomes fully turbulent, as the kinetic BL is, we have !eff
!0.35–0.42, depending on the size of the Reynolds number
in this regime. The effective scaling exponents "eff in the
scaling relation Re#Ra"eff are "eff!0.41–0.43, "eff
!0.43–0.46 "again depending on the degree of turbulence in
the cell#, and "eff!0.50 for the three respective regimes.

The effective Nu-exponents !eff are consistent with the
exponents found in the three regimes of Fig. 1.23 In this
sense the aim of this paper—to explain the existence of dif-
ferent regimes and to rationalize the findings23—has been
achieved.

We note that a mixture of these three states may also
occur—either temporally or spatially—and therefore any ef-
fective exponent !eff between 0.14 and 0.39 may be possible.
We presently do not understand what physical conditions
push the flow toward one or the other state. We also do not
know why in the experiments in Grenoble15,16,18 beyond Re
$ 1011 only the effective exponent !eff!0.38 is measured.
Such an “early” transition corresponds to a transition shear
Reynolds number Res of less than 200, instead of the value
of 420 given in Ref. 24. In any case, we expect that for very
large Ra, beyond the presently attainable range, where the
turbulence gets extremely strong, this third branch—
corresponding to both turbulent thermal and turbulent kinetic
BLs—is the only one which will survive.

Indeed, for the Taylor–Couette "TC#system, which for-
mally is very much related to RB convection,36 the only
exponent which is measured for strong turbulence is !eff
!0.38.37 Here !eff is the effective scaling exponent of the
angular velocity transport current, normalized by its value in
the laminar case, Nu%, as a function of the Taylor number Ta.
These two quantities correspond to Nu and Ra.36 The reason
that for the TC system only !eff!0.38 is measured presum-
ably is that the forcing in the shear-driven TC flow is much
more efficient than in RB flow and that the angular or azi-
muthal velocity is more closely related to the radial and axial
velocity components by the Navier–Stokes equations. There-
fore, the flow is more turbulent.

V. PREDICTIONS FROM THE THEORY,
CONCLUSIONS, AND OUTLOOK

Our theory not only accounts for the experimentally
found multiple effective scaling of Nu with Ra in the very
large Ra regime Ra& 1011 but also makes predictions,
namely, for the corresponding effective Ra-scaling relations
of the Reynolds number, shown in Fig. 2"b#. The prediction
is that the effective scaling Nu#Ra0.14 coincides with about
Re#Ra0.42, Nu#Ra0.22 with Re#Ra0.45, and Nu#Ra0.38 co-
incides with Re#Ra0.50. We note that multiple scaling con-
nected with phase transitions has recently also been sug-
gested for other closed turbulent flows such as the von
Karman flow.38 Sharp phase transitions between different tur-
bulent states were also reported for rotating Rayleigh–
Bénard flow39 and turbulent magnetohydrodynamic
flow.40–43

A further prediction of our present theory is that the

corrections to the scaling exponents !eff and "eff decrease
with increasing Ra, since the log-corrections then become
smaller.

A next prediction is on the Pr dependence of Nu in a
range of finite, nonasymptotic Pr.

A final prediction is on the velocity and temperature pro-
files. In all three regimes, the mean velocity should follow
the Prandtl log-profile. In the regime of the turbulent thermal
BL, the temperature profile should also have a log-profile,
rather than the steep decay in the thermal BLs toward a con-
stant mean temperature in the bulk which is found for less
violently forced RB flow.

In summary, we have presented a theory for the experi-
mentally observed14,22,23 effective multiple scaling of Nu
with Ra in the beginning of the ultimate Ra regime Ra
$ 1014 and made predictions for the corresponding effective
Re-scaling. We do realize that many questions remain
unanswered—the most pressing one: What physical condi-
tions trigger the flow to be in one or the other state? How do
“mixtures” of different states appear? Is it really only the
state with both turbulent thermal and kinetic BL which will
ultimately survive for even larger Ra?
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The possible transition to the so-called ultimate regime, wherein both the bulk and the boundary layers
are turbulent, has been an outstanding issue in thermal convection, since the seminal work by Kraichnan
[Phys. Fluids 5 , 1374 (1962)]. Yet, when this transition takes place and how the local flow induces it is not
fully understood. Here, by performing two-dimensional simulations of Rayleigh-Bénard turbulence
covering six decades in Rayleigh number Ra up to 1014 for Prandtl number Pr ¼ 1, for the first time in
numerical simulations we find the transition to the ultimate regime, namely, at Ra" ¼ 1013. We reveal how
the emission of thermal plumes enhances the global heat transport, leading to a steeper increase of the
Nusselt number than the classical Malkus scaling Nu ∼ Ra1=3 [Proc. R. Soc. A 225 , 196 (1954)]. Beyond
the transition, the mean velocity profiles are logarithmic throughout, indicating turbulent boundary layers.
In contrast, the temperature profiles are only locally logarithmic, namely, within the regions where plumes
are emitted, and where the local Nusselt number has an effective scaling Nu ∼ Ra0.38, corresponding to the
effective scaling in the ultimate regime.

DOI: 10.1103/PhysRevLett.120.144502

Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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about !eff!0.14. For the background dominated regime we
obtain !eff!0.22–0.23. Moreover, once the thermal BL also
becomes fully turbulent, as the kinetic BL is, we have !eff
!0.35–0.42, depending on the size of the Reynolds number
in this regime. The effective scaling exponents "eff in the
scaling relation Re#Ra"eff are "eff!0.41–0.43, "eff
!0.43–0.46 "again depending on the degree of turbulence in
the cell#, and "eff!0.50 for the three respective regimes.

The effective Nu-exponents !eff are consistent with the
exponents found in the three regimes of Fig. 1.23 In this
sense the aim of this paper—to explain the existence of dif-
ferent regimes and to rationalize the findings23—has been
achieved.

We note that a mixture of these three states may also
occur—either temporally or spatially—and therefore any ef-
fective exponent !eff between 0.14 and 0.39 may be possible.
We presently do not understand what physical conditions
push the flow toward one or the other state. We also do not
know why in the experiments in Grenoble15,16,18 beyond Re
$ 1011 only the effective exponent !eff!0.38 is measured.
Such an “early” transition corresponds to a transition shear
Reynolds number Res of less than 200, instead of the value
of 420 given in Ref. 24. In any case, we expect that for very
large Ra, beyond the presently attainable range, where the
turbulence gets extremely strong, this third branch—
corresponding to both turbulent thermal and turbulent kinetic
BLs—is the only one which will survive.

Indeed, for the Taylor–Couette "TC#system, which for-
mally is very much related to RB convection,36 the only
exponent which is measured for strong turbulence is !eff
!0.38.37 Here !eff is the effective scaling exponent of the
angular velocity transport current, normalized by its value in
the laminar case, Nu%, as a function of the Taylor number Ta.
These two quantities correspond to Nu and Ra.36 The reason
that for the TC system only !eff!0.38 is measured presum-
ably is that the forcing in the shear-driven TC flow is much
more efficient than in RB flow and that the angular or azi-
muthal velocity is more closely related to the radial and axial
velocity components by the Navier–Stokes equations. There-
fore, the flow is more turbulent.

V. PREDICTIONS FROM THE THEORY,
CONCLUSIONS, AND OUTLOOK

Our theory not only accounts for the experimentally
found multiple effective scaling of Nu with Ra in the very
large Ra regime Ra& 1011 but also makes predictions,
namely, for the corresponding effective Ra-scaling relations
of the Reynolds number, shown in Fig. 2"b#. The prediction
is that the effective scaling Nu#Ra0.14 coincides with about
Re#Ra0.42, Nu#Ra0.22 with Re#Ra0.45, and Nu#Ra0.38 co-
incides with Re#Ra0.50. We note that multiple scaling con-
nected with phase transitions has recently also been sug-
gested for other closed turbulent flows such as the von
Karman flow.38 Sharp phase transitions between different tur-
bulent states were also reported for rotating Rayleigh–
Bénard flow39 and turbulent magnetohydrodynamic
flow.40–43

A further prediction of our present theory is that the

corrections to the scaling exponents !eff and "eff decrease
with increasing Ra, since the log-corrections then become
smaller.

A next prediction is on the Pr dependence of Nu in a
range of finite, nonasymptotic Pr.

A final prediction is on the velocity and temperature pro-
files. In all three regimes, the mean velocity should follow
the Prandtl log-profile. In the regime of the turbulent thermal
BL, the temperature profile should also have a log-profile,
rather than the steep decay in the thermal BLs toward a con-
stant mean temperature in the bulk which is found for less
violently forced RB flow.

In summary, we have presented a theory for the experi-
mentally observed14,22,23 effective multiple scaling of Nu
with Ra in the beginning of the ultimate Ra regime Ra
$ 1014 and made predictions for the corresponding effective
Re-scaling. We do realize that many questions remain
unanswered—the most pressing one: What physical condi-
tions trigger the flow to be in one or the other state? How do
“mixtures” of different states appear? Is it really only the
state with both turbulent thermal and kinetic BL which will
ultimately survive for even larger Ra?
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FIG. 2. "Color online# Solid black lines: Local scaling exponents
d log Nu /d log Ra "a#and d log Re /d log Ra "b#for the three regimes of
Sec. III A "bottom lines: plume dominated thermal transport in laminar ther-
mal BL#; Sec. III B "middle lines: background dominated thermal transport
in laminar thermal BL#; and Sec. III C "top lines: turbulent thermal BL#for
Ra in the regime 1011–1015. The dashed "red online#lines correspond to the
case for which we have replaced Re1"Ra#by Re2"Ra#=Re1"Ra#/100 in the
calculation of the logarithmic correction factor L"Re#, reflecting the weaker
mean flow beyond the breakdown of the laminar kinetic boundary-layer. For
all cases we have assumed Pr=0.7, b=1, and '̄= '̄(=0.4. lg means log10.
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The possible transition to the so-called ultimate regime, wherein both the bulk and the boundary layers
are turbulent, has been an outstanding issue in thermal convection, since the seminal work by Kraichnan
[Phys. Fluids 5 , 1374 (1962)]. Yet, when this transition takes place and how the local flow induces it is not
fully understood. Here, by performing two-dimensional simulations of Rayleigh-Bénard turbulence
covering six decades in Rayleigh number Ra up to 1014 for Prandtl number Pr ¼ 1, for the first time in
numerical simulations we find the transition to the ultimate regime, namely, at Ra" ¼ 1013. We reveal how
the emission of thermal plumes enhances the global heat transport, leading to a steeper increase of the
Nusselt number than the classical Malkus scaling Nu ∼ Ra1=3 [Proc. R. Soc. A 225 , 196 (1954)]. Beyond
the transition, the mean velocity profiles are logarithmic throughout, indicating turbulent boundary layers.
In contrast, the temperature profiles are only locally logarithmic, namely, within the regions where plumes
are emitted, and where the local Nusselt number has an effective scaling Nu ∼ Ra0.38, corresponding to the
effective scaling in the ultimate regime.
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Rayleigh-Bénard (RB) flow, in which the fluid is heated
from below and cooled from above, is a paradigmatic
representation of thermal convection, with many features
that are of interest in natural and engineering applications
[1–3]. When the temperature difference between the two
plates (expressed as the dimensionless parameter Rayleigh
number Ra) is large enough, the system is expected to
undergo a transition from the so-called “classical regime”
of turbulence, where the boundary layers (BLs) are of the
laminar type [4–7], to the so-called “ultimate regime,”
where the BLs are of the turbulent type, as first predicted by
Kraichnan [8] and later by others [9–13]. In the classical
regime, the Nusselt number Nu (dimensionless heat trans-
fer) is known to effectively scale as Raβ, with the effective
scaling exponent β ≤ 1=3 [10,11,14–16]. Beyond the
transition to the ultimate regime, the heat transport is
expected to increase substantially, reflected in an effective
scaling exponent β > 1=3 [1,8,12].
Hitherto, the evidence for the transition to the ultimate

regime has come only from experimental measurements
of Nu. In fact, the community is debating at what Ra
the transition starts and even whether there is a transition at
all. For example, Niemela and Sreenivasan [17] observed
that β first increases above 1=3 around Ra ≈ 1014 and then
decreases back to 1=3 again for Ra ≈ 1015. Subsequently,
Urban et al. [18] also reported β≈1=3 for Ra¼½1012;1015$.
However, Chavanne et al. [19,20] found that the effective

scaling exponent β increases to 0.38 for Ra > 2 × 1011. In
the experiments mentioned above, low-temperature helium
was used as the working fluid, and Prandtl number Pr
changes with increasing Ra. In contrast to helium, SF6 has
roughly pressure independent Pr. This allowed He et al.
[21,22] to achieve the ultimate regime more conclusively.
They observed a similar exponent 0.38, but this exponent
was found to start only at a much higher Ra ≈ 1014 (the
transition starts at Ra ≈ 1013). This observation is compat-
ible with the theoretical prediction [10,11] for the onset of
the ultimate regime. It is also consistent with the theoretical
prediction of Refs. [8,12], according to which a logarithmic
temperature and velocity BLs are necessary to obtain an
effective scaling exponent β ≈ 0.38 for that Ra.
The apparent discrepancies among various high-Ra RB

experiments have been attributed to many factors. The
change of Pr, the non-Boussinesq effect, the use of a
constant temperature or constant heat flux condition, the
finite conductivity of the plates, and the sidewall effect can
all play different roles [1,23]. Direct numerical simulations
(DNS), which do not have these unavoidable artifacts as
occurring in experiments, can ideally help to understand the
transition to the ultimate regime, with the strict accordance to
the intended theoretic RB formulations. Unfortunately, high-
Ra simulations in three dimensions (3D) are prohibitively
expensive [24,25]. The highest Rayleigh number achieved in
3D RB simulations is 2 × 1012 [23], which is one order of
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Results from direct numerical simulation (DNS) for three-dimensional Rayleigh–
Bénard convection in a cylindrical cell of aspect ratio 1/2 and Prandtl number
Pr = 0.7 are presented. They span five decades of Rayleigh number Ra from 2 ×106

to 2 ×1011. The results are in good agreement with the experimental data of Niemela
et al. (Nature, vol. 404, 2000, p. 837). Previous DNS results from Amati et al. (Phys. Flu-
ids, vol. 17, 2005, paper no. 121701) showed a heat transfer that was up to 30 % higher
than the experimental values. The simulations presented in this paper are performed
with a much higher resolution to properly resolve the plume dynamics. We find that
in under-resolved simulations the hot (cold) plumes travel further from the bottom
(top) plate than in the better-resolved ones, because of insufficient thermal dissipation
mainly close to the sidewall (where the grid cells are largest), and therefore the Nusselt
number in under-resolved simulations is overestimated. Furthermore, we compare
the best resolved thermal boundary layer profile with the Prandtl–Blasius profile.
We find that the boundary layer profile is closer to the Prandtl–Blasius profile at the
cylinder axis than close to the sidewall, because of rising plumes close to the sidewall.

Key words: direct numerical simulation, plume dynamics, Rayleigh-Bénard
convection, thermal and viscous boundary layers, turbulent convection

1. Introduction
Turbulent Rayleigh–Bénard convection (RBC), continues to be a topic of intense

research (Ahlers, Grossmann & Lohse 2009; Lohse & Xia 2010). The system is relevant
to numerous astrophysical and geophysical phenomena, including convection in the
Arctic ocean, the Earth’s outer core, the interior of gaseous giant planets and the
outer layer of the Sun. Therefore RBC is of interest in a wide range of sciences,
including geology, oceanography, climatology and astrophysics.

For given aspect ratio Γ ≡D/L (D is the cell diameter and L its height) and given
geometry, the nature of RBC is determined by the Rayleigh number Ra = βg#L3/(κν)
and the Prandtl number Pr = ν/κ . Here, β is the thermal expansion coefficient, g
the gravitational acceleration, and #= Tb −Tt the difference between the imposed
temperatures Tb and Tt at the bottom and the top of the sample, respectively,
and ν and κ are the kinematic viscosity and the thermal diffusivity, respectively.

† Email address for correspondence: r.j.a.m.stevens@tnw.utwente.nl
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Figure 1. (a) Compensated Nusselt number versus the Rayleigh number for Pr = 0.7. Purple
stars are the experimental data from Niemela et al. (2000), and the green squares are the
experimental data from Chavanne et al. (2001). The DNS results from Verzicco & Camussi
(2003) and Amati et al. (2005) are indicated in red, and the present DNS results with the
highest resolution are indicated by the black dots. When the vertical error bar is not visible
the error is smaller than the dot size. The results of the under-resolved simulations of this
study are indicated by the blue dots. (b) Sketch of the grid geometry. The cells close to the
sidewall are largest, and therefore this region is least resolved.

Experimental results are controversial (Heslot, Castaing & Libchaber 1987; Chavanne
et al. 1997; Niemela et al. 2000, 2001; Roche et al. 2002; Niemela & Sreenivasan 2003;
Funfschilling et al. 2005; Nikolaenko et al. 2005; Funfschilling, Bodenschatz & Ahlers
2009), so that the asymptotic behavior of Nu(Ra) is yet unclear, and no generally
accepted theory exists in that asymptotic regime (Kraichnan 1962; Spiegel 1971;
Castaing et al. 1989; Shraiman & Siggia 1990; Grossmann & Lohse 2000, 2001, 2002;
Lohse & Toschi 2003; Ahlers et al. 2009).

For more moderate Ra up to 2 × 1014 previous direct numerical simulation (DNS)
by Amati et al. (2005) in a three-dimensional cylindrical cell of aspect ratio 1/2
with Pr = 0.7 showed a higher Nusselt number Nu than measured in experiments
(see figure 1). In order to explain this discrepancy it was suggested by Verzicco &
Sreenivasan (2008) that the experimental conditions are closer to fixed-heat-flux
conditions than fixed-temperature boundary conditions of the horizontal plates.
However, recent two-dimensional simulations by Johnston & Doering (2009) showed
that Nu obtained in simulations with constant-temperature and constant-heat-flux
boundary conditions are identical when Ra ! 5 × 106. In this paper we show that
the Nusselt number obtained in the three-dimensional simulations with constant-
temperature boundary conditions is in good agreement with the experimental data
(see figure 1) when the resolution is sufficiently high.

2. Numerical method and results on the Nusselt number
We numerically solved the three-dimensional Navier–Stokes equations within the

Boussinesq approximation,

Du
Dt

= −∇P +

!
Pr

Ra

"1/2

∇2u + θ ẑ, (2.1)
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highest resolution are indicated by the black dots. When the vertical error bar is not visible
the error is smaller than the dot size. The results of the under-resolved simulations of this
study are indicated by the blue dots. (b) Sketch of the grid geometry. The cells close to the
sidewall are largest, and therefore this region is least resolved.

Experimental results are controversial (Heslot, Castaing & Libchaber 1987; Chavanne
et al. 1997; Niemela et al. 2000, 2001; Roche et al. 2002; Niemela & Sreenivasan 2003;
Funfschilling et al. 2005; Nikolaenko et al. 2005; Funfschilling, Bodenschatz & Ahlers
2009), so that the asymptotic behavior of Nu(Ra) is yet unclear, and no generally
accepted theory exists in that asymptotic regime (Kraichnan 1962; Spiegel 1971;
Castaing et al. 1989; Shraiman & Siggia 1990; Grossmann & Lohse 2000, 2001, 2002;
Lohse & Toschi 2003; Ahlers et al. 2009).

For more moderate Ra up to 2 × 1014 previous direct numerical simulation (DNS)
by Amati et al. (2005) in a three-dimensional cylindrical cell of aspect ratio 1/2
with Pr = 0.7 showed a higher Nusselt number Nu than measured in experiments
(see figure 1). In order to explain this discrepancy it was suggested by Verzicco &
Sreenivasan (2008) that the experimental conditions are closer to fixed-heat-flux
conditions than fixed-temperature boundary conditions of the horizontal plates.
However, recent two-dimensional simulations by Johnston & Doering (2009) showed
that Nu obtained in simulations with constant-temperature and constant-heat-flux
boundary conditions are identical when Ra ! 5 × 106. In this paper we show that
the Nusselt number obtained in the three-dimensional simulations with constant-
temperature boundary conditions is in good agreement with the experimental data
(see figure 1) when the resolution is sufficiently high.

2. Numerical method and results on the Nusselt number
We numerically solved the three-dimensional Navier–Stokes equations within the

Boussinesq approximation,

Du
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= −∇P +
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∇2u + θ ẑ, (2.1)

8
4

9 
7

 
/

,
14

4
6

8
 

1
2

94
7

 
7

 0
9D

9
6.

6
4

1
1

C2
:

8
1

2
94

7
6C

1D
19

12
1

8
 

1
2

94
7

 
7

 

496 R. J. A. M. Stevens, R. Verzicco and D. Lohse

106 108 1010 1012 1014

0.05

0.06

0.07

0.08

0.09

Ra

N
u/

R
a1/

3

(a) (b)

Figure 1. (a) Compensated Nusselt number versus the Rayleigh number for Pr = 0.7. Purple
stars are the experimental data from Niemela et al. (2000), and the green squares are the
experimental data from Chavanne et al. (2001). The DNS results from Verzicco & Camussi
(2003) and Amati et al. (2005) are indicated in red, and the present DNS results with the
highest resolution are indicated by the black dots. When the vertical error bar is not visible
the error is smaller than the dot size. The results of the under-resolved simulations of this
study are indicated by the blue dots. (b) Sketch of the grid geometry. The cells close to the
sidewall are largest, and therefore this region is least resolved.

Experimental results are controversial (Heslot, Castaing & Libchaber 1987; Chavanne
et al. 1997; Niemela et al. 2000, 2001; Roche et al. 2002; Niemela & Sreenivasan 2003;
Funfschilling et al. 2005; Nikolaenko et al. 2005; Funfschilling, Bodenschatz & Ahlers
2009), so that the asymptotic behavior of Nu(Ra) is yet unclear, and no generally
accepted theory exists in that asymptotic regime (Kraichnan 1962; Spiegel 1971;
Castaing et al. 1989; Shraiman & Siggia 1990; Grossmann & Lohse 2000, 2001, 2002;
Lohse & Toschi 2003; Ahlers et al. 2009).

For more moderate Ra up to 2 × 1014 previous direct numerical simulation (DNS)
by Amati et al. (2005) in a three-dimensional cylindrical cell of aspect ratio 1/2
with Pr = 0.7 showed a higher Nusselt number Nu than measured in experiments
(see figure 1). In order to explain this discrepancy it was suggested by Verzicco &
Sreenivasan (2008) that the experimental conditions are closer to fixed-heat-flux
conditions than fixed-temperature boundary conditions of the horizontal plates.
However, recent two-dimensional simulations by Johnston & Doering (2009) showed
that Nu obtained in simulations with constant-temperature and constant-heat-flux
boundary conditions are identical when Ra ! 5 × 106. In this paper we show that
the Nusselt number obtained in the three-dimensional simulations with constant-
temperature boundary conditions is in good agreement with the experimental data
(see figure 1) when the resolution is sufficiently high.

2. Numerical method and results on the Nusselt number
We numerically solved the three-dimensional Navier–Stokes equations within the

Boussinesq approximation,
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Results from direct numerical simulation (DNS) for three-dimensional Rayleigh–
Bénard convection in a cylindrical cell of aspect ratio 1/2 and Prandtl number
Pr = 0.7 are presented. They span five decades of Rayleigh number Ra from 2 ×106

to 2 ×1011. The results are in good agreement with the experimental data of Niemela
et al. (Nature, vol. 404, 2000, p. 837). Previous DNS results from Amati et al. (Phys. Flu-
ids, vol. 17, 2005, paper no. 121701) showed a heat transfer that was up to 30 % higher
than the experimental values. The simulations presented in this paper are performed
with a much higher resolution to properly resolve the plume dynamics. We find that
in under-resolved simulations the hot (cold) plumes travel further from the bottom
(top) plate than in the better-resolved ones, because of insufficient thermal dissipation
mainly close to the sidewall (where the grid cells are largest), and therefore the Nusselt
number in under-resolved simulations is overestimated. Furthermore, we compare
the best resolved thermal boundary layer profile with the Prandtl–Blasius profile.
We find that the boundary layer profile is closer to the Prandtl–Blasius profile at the
cylinder axis than close to the sidewall, because of rising plumes close to the sidewall.

Key words: direct numerical simulation, plume dynamics, Rayleigh-Bénard
convection, thermal and viscous boundary layers, turbulent convection

1. Introduction
Turbulent Rayleigh–Bénard convection (RBC), continues to be a topic of intense

research (Ahlers, Grossmann & Lohse 2009; Lohse & Xia 2010). The system is relevant
to numerous astrophysical and geophysical phenomena, including convection in the
Arctic ocean, the Earth’s outer core, the interior of gaseous giant planets and the
outer layer of the Sun. Therefore RBC is of interest in a wide range of sciences,
including geology, oceanography, climatology and astrophysics.

For given aspect ratio Γ ≡D/L (D is the cell diameter and L its height) and given
geometry, the nature of RBC is determined by the Rayleigh number Ra = βg#L3/(κν)
and the Prandtl number Pr = ν/κ . Here, β is the thermal expansion coefficient, g
the gravitational acceleration, and #= Tb −Tt the difference between the imposed
temperatures Tb and Tt at the bottom and the top of the sample, respectively,
and ν and κ are the kinematic viscosity and the thermal diffusivity, respectively.

† Email address for correspondence: r.j.a.m.stevens@tnw.utwente.nl
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For what it’s worth …

[1] <https://www.youtube.com/watch?reload=9&v=gp5JCrSXkJY>

There's something happening here
What it is ain't exactly clear

––– S. Stills [1]

There's something happening here
What it is ain't exactly clear
There’s a man with a gun over there
Telling me I got to beware



For what it’s worth … Langmuir’s lament

Irving Langmuir earned the
1932 Nobel Prize in Chemistry
for work dealing with the
adsorption of monolayers of
molecules on surfaces. He
spent his career at the General
Electric Company in
Schenectady, New York,
working there from 1909 until
his retirement in 1950. His
research included such
phenomena as thermionic
emission and the properties of
liquid surfaces. Over the
years, Langmuir also explored
the subject of "pathological
science," although he never
published his investigations on
this topic. He died in 1957.

The thing started in this way. On 23 April 1929, Professor
Bergen Davis from Columbia University came up and gave
a colloquium in this Laboratory, in the old building, and it
was very interesting. He told Dr. Whitney and myself and
a few others something about his talk beforehand. He was
very enthusiastic about it and he got us interested in it.
[Langmuir may have remembered this date incorrectly.
The date on a letter Langmuir wrote just a few days after
Davis's talk is 23 April 1930. Willis R. Whitney was
director of the General Electric Research Laboratory.]

Davis and Barnes experiment
I'll show you right on this diagram what kind of thing
happened. [See the figure on page 39]. Davis [and his

colleague Arthur Barnes] produced a beam of alpha rays
from polonium in a vacuum tube. [They] had a parabolic
hot cathode electron emitter with a hole in the middle, and
the alpha rays came through it and could be counted by
scintillations on a zinc sulfide screen with a microscope.
The electrons were focused on [a] plate so that for a
distance there was a stream of electrons moving along
with the alpha particles.

Now you could accelerate the electrons and get them
up to the velocity of the alpha particles. To get an electron
to move with that velocity takes about 590 volts, so if you
put 590 volts [on the grid], accelerating the electrons, the
electrons would travel along with the alpha particles. The
idea of the experiment was that if they moved along
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Symptoms of Pothologicol Science

t>The maximum effect that is observed is produced by a
causative agent of barely detectable intensity, and the
magnitude of the effect is substantially independent of the
intensity of the cause.
[>The effect is of a magnitude that remains close to the
limit of detectability or, many measurements are neces-
sary because of the very low statistical significance of the
results.
t>There are claims of great accuracy.
l>Fantastic theories contrary to experience are suggested.
OCriticisms are met by ad hoc excuses thought up on the
spur of the moment.
>The ratio of supporters to critics rises up to somewhere
near 50% and then falls gradually to oblivion.

great deal of attention. Usually hundreds of papers have
been published on them. Sometimes they have lasted for
15 or 20 years and then they gradually have died away.
Now here are the characteristic rules [see the box above]:
> The maximum effect that is observed is produced by a
causative agent of barely detectable intensity. For exam-
ple, you might think that if one onion root would affect an-
other due to ultraviolet light then by putting on an
ultraviolet source of light you could get it to work better.
Oh no! Oh no\ It had to be just the amount of intensity
that's given off by an onion root. Ten onion roots wouldn't
do any better than one and it didn't make any difference
about the distance of the source. It didn't follow any
inverse square law or anything as simple as that. And so
on. In other words, the effect is independent of the
intensity of the cause. That was true in the mitogenetic
rays and it was true in the N rays. Ten bricks didn't have
any more effect than one. It had to be of low intensity. We
know why it had to be of low intensity: so that you could
fool yourself so easily. Otherwise, it wouldn't work.
Davis-Barnes worked just as well when the filament was
turned off. They counted scintillations.
t> Another characteristic thing about them all is that
these observations are near the threshold of visibility of
the eyes. Any other sense, I suppose, would work as well.
Or many measurements are necessary—many measure-
ments—because of the very low statistical significance of
the results. With the mitogenetic rays particularly,
[people] started out by seeing something that was bent.
Later on, they would take a hundred onion roots and
expose them to something, and they would get the average
position of all of them to see whether the average had been
affected a little bit. . . Statistical measurements of a very
small effect... were thought to be significant if you took
large numbers. Now the trouble with that is this. [Most
people have a habit, when taking] measurements of low
significance, [of finding] a means of rejecting data. They
are right at the threshold value and there are many
reasons why [they] can discard data. Davis and Barnes
were doing that right along. If things were doubtful at all,
why, they would discard them or not discard them
depending on whether or not they fit the theory. They
didn't know that, but that's the way it worked out.

> There are claims of great accuracy. Barnes was going
to get the Rydberg constant more accurately than the
spectroscopists could. Great sensitivity or great specific-
ity—we'll come across that particularly in the Allison
effect.
t> Fantastic theories contrary to experience. In the Bohr
theory, the whole idea of an electron being captured by an

alpha particle when the alpha particles aren't there, just
because the waves are there, [isn't] a very sensible theory.
> Criticisms are met by ad hoc excuses thought up on the
spur of the moment. They always had an answer—always.
> The ratio of the supporters to the critics rises up
somewhere near 50% and then falls gradually to oblivion.
The critics couldn't reproduce the effects. Only the
supporters could do that. In the end, nothing was
salvaged. Why should there be? There isn't anything
there. There never was. That's characteristic of the
effect. Well, I'll go quickly on to some of the other things.

Allison and isotopes
The Allison effect is one of the most extraordinary of all.7

It started in 1927. There were hundreds of papers
published in [journals such as] the Physical Review, the
Journal of the American Chemical Society—hundreds of
papers. Why, they discovered five or six different ele-
ments that were listed in the Discoveries of the Year.
There were new elements discovered—alabamine, virgin-
ium. A whole series of elements and isotopes were
discovered by Allison. [Fred Allison was at the Alabama
Polytechnic Institute.]

The effect was very simple. There is the Faraday
effect, by which a beam of polarized light [is rotated when
it passes] through a liquid which is in a magnetic field.
The plane of polarization is rotated by a longitudinal
magnetic field. Now that idea has been known for a long
time and it has a great deal of importance in connection
with light shutters. At any rate, you can let light through
or not depending upon the magnetic field. Now the
experiment of Allison's was this. [ See the figure on page
47.] They had a glass cell and a coil of wire around it and
[they had] wires coming up here, a Lecher system. [There
was] a spark gap so that a flash of light came through [the
lens] and went through one Nicol prism and then another
one. You would adjust [the second Nicols prism] with a
liquid like water or carbon disulfide or something like that
in the cell so that there was a steady light. If you had a
beam of light and you polarized it and then you turned on a
magnetic field, why you see that you could rotate the plane
of polarization. There would be an increase in the
brightness of the light when you put [on] a magnetic field,
magnetic field.

Now they wanted to find the time delay, how long it
takes [for the Farraday effect to occur]. So they had a
spark, and the same field that produced the spark induced
a current through the coil. By sliding this wire along the
trolley of the Lecher system, they could cause a compen-
sating delay [in the second cell, where the field was
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Numax(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Numax(Pe,� ) will be called

NuMAX(Pe) ⌘ sup
�

{Numax(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes NuMAX is dubbed the
optimal aspect ratio and denoted �opt(Pe). That is, NuMAX(Pe) = Numax(Pe,�opt(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)
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, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and
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The calculus of variations is employed to find steady divergence-free velocity
fields that maximize transport of a tracer between two parallel walls held at fixed
concentration for one of two constraints on flow strength: a fixed value of the
kinetic energy (mean square velocity) or a fixed value of the enstrophy (mean square
vorticity). The optimizing flows consist of an array of (convection) cells of a particular
aspect ratio � . We solve the nonlinear Euler–Lagrange equations analytically for weak
flows and numerically – as well as via matched asymptotic analysis in the fixed energy
case – for strong flows. We report the results in terms of the Nusselt number Nu,
a dimensionless measure of the tracer transport, as a function of the Péclet number
Pe, a dimensionless measure of the strength of the flow. For both constraints, the
maximum transport NuMAX(Pe) is realized in cells of decreasing aspect ratio �opt(Pe)
as Pe increases. For the fixed energy problem, NuMAX ⇠ Pe and �opt ⇠ Pe�1/2, while
for the fixed enstrophy scenario, NuMAX ⇠ Pe10/17 and �opt ⇠ Pe�0.36. We interpret our
results in the context of buoyancy-driven Rayleigh–Bénard convection problems that
satisfy the flow intensity constraints, enabling us to investigate how the transport
scalings compare with upper bounds on Nu expressed as a function of the Rayleigh
number Ra. For steady convection in porous media, corresponding to the fixed energy
problem, we find NuMAX ⇠ Ra and �opt ⇠ Ra�1/2, while for steady convection in a
pure fluid layer between stress-free isothermal walls, corresponding to fixed enstrophy
transport, NuMAX ⇠ Ra5/12 and �opt ⇠ Ra�1/4.
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1. Introduction
Transport and mixing by incompressible flows are ubiquitous phenomena in science

and engineering. In some applications, e.g. cooling or heating, the aim may be to
maximize transport of an advected and diffused quantity. In other problems, such as
pollutant spills, the goal may be to move a substance from one location to another
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Numax(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Numax(Pe,� ) will be called

NuMAX(Pe) ⌘ sup
�

{Numax(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes NuMAX is dubbed the
optimal aspect ratio and denoted �opt(Pe). That is, NuMAX(Pe) = Numax(Pe,�opt(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓xx, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2
z � k2) ✓̂k(z) + ŵk(z) = 0, (2.21)

µ(D2
z � k2) ŵk(z) + 2k2 ✓̂k(z) = 0, (2.22)

where Dz = d/dz and ŵk(z) and ✓̂k(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵk(z) = Ak sin (m⇡z), (2.23)

✓̂k(z) = Bk sin (m⇡z), (2.24)

where m is the vertical wavenumber, and Ak and Bk are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

Ak = (m2⇡2 + k2)Bk. (2.26)

Using equation (2.19), ûk(z) is computed to be

ûk(z) = i
m⇡

k
Ak cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|2

↵
=

✓
A2

k +
m2⇡2

k2
A2

k

◆
= Pe2 ) Ak =

k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

Bk =
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing Ak and Bk, Nu is obtained from (1.15):

Nu = 1 +AkBk = 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Numax(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Numax(Pe,� ), i.e., NuMAX, is achieved at �opt = 1:

NuMAX(Pe) = 1 +
Pe2

4⇡2
. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � Tt)/(Tb � Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � Tt)/(Tb � Tt)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z t

0

⇢
1

�

Z

D
a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|2

↵
, (1.13)

1
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The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D
|v|2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D
|!|2 dx dz =

1

hL

Z

D
|rv|2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D
|v|2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D
|!|2 dx dz =

1

hL

Z

D
|rv|2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including

.
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Numax(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Numax(Pe,� ) will be called

NuMAX(Pe) ⌘ sup
�

{Numax(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes NuMAX is dubbed the
optimal aspect ratio and denoted �opt(Pe). That is, NuMAX(Pe) = Numax(Pe,�opt(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and

Theorem: ()*+, ≤ ./01/3
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � Tt)/(Tb � Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � Tt)/(Tb � Tt)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z t

0

⇢
1

�

Z

D
a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|2

↵
, (1.13)
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Figure 10. The numerically obtained Numax as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Numax (3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. NuMAX) (see equation (3.39)). The thin black dashed line indicates the Pe

1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Numax(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Numax gives

NuMAX(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �opt(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �opt(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
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where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Numax(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

NuMAX(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �opt(Pe) gives

�opt(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1 ⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

NuMAX(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Numax(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger

1
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Figure 5. The numerically obtained Numax as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Numax (2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained NuMAX (2.93). The thin black dashed line indicates the Pe

2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce NuMAX. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠x = 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 x = 0. (2.46)

The computational results suggest the ansatzen

 =  ̄(x) A

✓
1/2 + z

�

◆
A

✓
1/2� z

�

◆
, (2.47)

⇠ = ⇠̄(x) B

✓
1/2 + z

�

◆
B

✓
1/2� z

�

◆
, (2.48)

⌘ = ⌘̄(z) C

✓
1/2 + z

�

◆
C

✓
1/2� z

�

◆
, (2.49)

NuMAX ≤ !Pe2/3

← momentum equation

Rayleigh-Bénard convection

NuMAX ≤  c’Ra1/2⇒
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We consider wall-to-wall transport of a passive tracer by divergence-free velocity vector fieldsu. Given an
enstrophy budget hj∇uj2i ≤ Pe2 we construct steady two-dimensional flows that transport at rates NuðuÞ≳
Pe2=3=ðlog PeÞ4=3 in the large enstrophy limit. Combinedwith the known upper boundNuðuÞ≲ Pe2=3 for any
such enstrophy-constrained flow, we conclude that maximally transporting flows satisfy Nu ∼ Pe2=3 up to
possible logarithmic corrections. Combined with known transport bounds in the context of Rayleigh-Bénard
convection, this establishes that while suitable flows approaching the “ultimate” heat transport scaling
Nu ∼ Ra1=2 exist, they are not always realizable as buoyancy-driven flows.The result is obtainedby exploiting
a connection between the wall-to-wall optimal transport problem and a closely related class of singularly
perturbed variational problems arising in the study of energy-driven pattern formation in materials science.

DOI: 10.1103/PhysRevLett.118.264502

Introduction.—Modeling, measuring, and controlling the
transport properties of incompressible flows is a fundamental
aspect of fluid mechanics, with a myriad of applications in
engineering and the applied sciences. In some cases the
transport of heat or trace concentrations of impurities is
passive; i.e., the thermal energy or mass markers are carried
without essentially altering the flow. In other settings the
transport is active, as is the situation when heat or dissolved
mass alters the fluid density to produce buoyancy forces in
the presence of a gravitational field, or more generally for
momentum transport responsible for the transmission of drag
forces. In thisLetter,we study the primaryproblemof passive
tracer transport between parallel walls by a combination of
molecular diffusion and fluid advection, when the tracer
concentration is set at the walls to determine the maximum
transport increase over diffusion alone that incompressible
flows of a given intensity can induce. The results are of
interest in their own right, but they also have implications for
the active transport problem of buoyancy-driven turbulent
convection.
The mathematical formulation is as follows. The spatial

domain Ω is periodic in x and y with rigid walls at z ¼ 0
and z ¼ 1. The tracer field Tðx; y; z; tÞ, referred to as
temperature, satisfies the advection-diffusion equation

∂tT þ u ·∇T ¼ ΔT ð1Þ

in Ω with boundary conditions Tjz¼0 ¼ 1 and Tjz¼1 ¼ 0,
where u ¼ îu þ ĵvþ k̂w is an arbitrary divergence-free
velocity field with no-slip boundary conditions uj∂Ω ¼ 0.
These are dimensionless variables: lengths are measured in
units of h, time in units of h2=κ, and u in units of κ=h,
where h is the wall-to-wall distance and κ is the thermal
diffusivity. T is measured in units of the temperature drop
across the layer.

The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
convection rolls, but instead more complex designs featur-
ing near-wall recirculation zones whose fine-scale features
are yet to be described.
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in Ω with boundary conditions Tjz¼0 ¼ 1 and Tjz¼1 ¼ 0,
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velocity field with no-slip boundary conditions uj∂Ω ¼ 0.
These are dimensionless variables: lengths are measured in
units of h, time in units of h2=κ, and u in units of κ=h,
where h is the wall-to-wall distance and κ is the thermal
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The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
convection rolls, but instead more complex designs featur-
ing near-wall recirculation zones whose fine-scale features
are yet to be described.

PRL 118, 264502 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
30 JUNE 2017

0031-9007=17=118(26)=264502(5) 264502-1 © 2017 American Physical Society

…

…

2

In this Letter we explore the sharpness of this a pri-
ori upper bound insofar as its scaling is concerned. Our
methods shed light on the nature of maximally transport-
ing flows and make precise what is gained in the context
of bounds in RBC by enforcing the point-wise constraint
(1). To this end we construct steady no-slip incompress-
ible flows {uPe} such that

!

|∇uPe|2
"

≤ Pe2 and Nu(uPe) !
Pe2/3

(logPe)4/3
(4)

for all Pe ≫ 1 and conclude that maximally transporting
incompressible flows achieve Nu ∼ Pe2/3 up to possible
logarithmic corrections. To obtain the result we exploit
an interesting and perhaps somewhat unexpected con-
nection between the wall-to-wall optimal transport prob-
lem and optimal design problems arising in the study of
energy-driven pattern formation in materials science [9].
The rest of this Letter is organized as follows. First we

derive a variational formulation for the transport rate,
and then introduce a Lagrange multiplier for the enstro-
phy constraint to discover a direct analog of Howard’s
variational problem regarding RBC from [4] in the con-
text of wall-to-wall optimal transport. The resulting
problem is reminiscent of questions in materials science,
inspiring construction of the nearly optimal flows. We
end with further discussion of connections between fluid
dynamical and materials science variational problems.

Variational formulation for transport rates – We begin
our analysis of the enstrophy-constrained wall-to-wall op-
timal transport problem (2) by deriving variational for-
mulations for the rate of heat transport. Here we were
inspired by work concerning variational formulations for
the effective diffusivity in periodic homogenization [10].
(See also [11, 12].) The methods laid out there for pe-
riodic domains can be adapted to our wall-to-wall do-
main as well. For our purposes we may restrict attention
to steady two-dimensional (2D) velocity fields. Indeed,
maximal transport in the unsteady 3D case is no less
than the maximum in the steady 2D case.
The deviation θ = T+z−1 from the steady conductive

temperature profile satisfies

u ·∇θ = ∆θ + w (5)

with boundary conditions θ|∂Ω = 0. Then Nu(u)− 1 =
!

|∇θ|2
"

= ⟨wθ⟩ and we can state dual variational formu-
lations for the transport:

Nu(u)− 1 = min
η:η|∂Ω=0

!

|∇η|2
"

+
!

|∇∆−1(−w + u ·∇η)|2
"

(6)

= max
ξ:ξ|∂Ω=0

2 ⟨wξ⟩ −
!

|∇∆−1u ·∇ξ|2
"

−
!

|∇ξ|2
"

(7)

where ∆−1 is the inverse Laplacian operator with Dirich-
let boundary conditions on ∂Ω.

To see these introduce the adjoint to (5) and consider
the pair of equations

±u ·∇θ± = ∆θ± + w.

Then, ξ = 1
2 (θ+ + θ−) and η = 1

2 (θ+ − θ−) satisfy

u ·∇η = ∆ξ + w, (8)

u ·∇ξ = ∆η (9)

and either variable can be eliminated to produce

u ·∇∆−1u ·∇η = ∆η + u ·∇∆−1w, (10)

u ·∇∆−1u ·∇ξ = ∆ξ + w. (11)

These are the Euler-Lagrange equations for the well-
posed problems (6) and (7) so it remains only to verify
that the optimal pair (η, ξ) achieves the desired value of
Nu(u)− 1.
First consider the optimal η. Testing (9) against ξ

and integrating by parts shows that ∇ξ ⊥ ∇η in L2(Ω).
Hence,

Nu(u)− 1 =
!

|∇θ+|2
"

=
!

|∇ξ|2
"

+
!

|∇η|2
"

and as ξ is recovered from η through (8) this verifies the
primal result (6).
Next consider the optimal ξ. A similar integration by

parts argument involving (8) and (11) shows that w ⊥ η
in L2(Ω) and that

⟨wξ⟩ =
!

|∇∆−1u ·∇ξ|2
"

+
!

|∇ξ|2
"

. (12)

Therefore,

Nu(u)− 1 = ⟨wθ+⟩ = ⟨wξ⟩

and combining this with (12) gives the dual result (7).
The change of variables (θ+, θ−) ↔ (η, ξ) is key to

these formulations. This change of variables was also
used in the case of energy-constrained wall-to-wall opti-
mal transport [1] where it was observed that η depends
only on z permitting asymptotic solution of the Euler-
Lagrange equations. Such a simplification does not occur
in the enstrophy-constrained case; nevertheless, we can
still exploit (7) to deduce rigorous lower bounds.

Nearly optimal velocity fields – Introduce a Lagrangemul-
tiplier for the enstrophy constraint and consider

M(λ) = max
u

#

Nu(u)− λ2
!

|∇u|2
"$

for λ≪ 1. Then (7) and straightforward rescalings imply
that

M(λ)− 1 = max
a

%

2a− a2 · min
⟨wξ⟩=1

Eλ

a

(u, ξ)

&

where

Eϵ(u, ξ) =
!

|∇∆−1u ·∇ξ|2
"

+ ϵ
!

|∇u|2 + |∇ξ|2
"

. (13)
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Introduction.—Modeling, measuring, and controlling the
transport properties of incompressible flows is a fundamental
aspect of fluid mechanics, with a myriad of applications in
engineering and the applied sciences. In some cases the
transport of heat or trace concentrations of impurities is
passive; i.e., the thermal energy or mass markers are carried
without essentially altering the flow. In other settings the
transport is active, as is the situation when heat or dissolved
mass alters the fluid density to produce buoyancy forces in
the presence of a gravitational field, or more generally for
momentum transport responsible for the transmission of drag
forces. In thisLetter,we study the primaryproblemof passive
tracer transport between parallel walls by a combination of
molecular diffusion and fluid advection, when the tracer
concentration is set at the walls to determine the maximum
transport increase over diffusion alone that incompressible
flows of a given intensity can induce. The results are of
interest in their own right, but they also have implications for
the active transport problem of buoyancy-driven turbulent
convection.
The mathematical formulation is as follows. The spatial

domain Ω is periodic in x and y with rigid walls at z ¼ 0
and z ¼ 1. The tracer field Tðx; y; z; tÞ, referred to as
temperature, satisfies the advection-diffusion equation

∂tT þ u ·∇T ¼ ΔT ð1Þ

in Ω with boundary conditions Tjz¼0 ¼ 1 and Tjz¼1 ¼ 0,
where u ¼ îu þ ĵvþ k̂w is an arbitrary divergence-free
velocity field with no-slip boundary conditions uj∂Ω ¼ 0.
These are dimensionless variables: lengths are measured in
units of h, time in units of h2=κ, and u in units of κ=h,
where h is the wall-to-wall distance and κ is the thermal
diffusivity. T is measured in units of the temperature drop
across the layer.

The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
convection rolls, but instead more complex designs featur-
ing near-wall recirculation zones whose fine-scale features
are yet to be described.
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and z ¼ 1. The tracer field Tðx; y; z; tÞ, referred to as
temperature, satisfies the advection-diffusion equation

∂tT þ u ·∇T ¼ ΔT ð1Þ
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where h is the wall-to-wall distance and κ is the thermal
diffusivity. T is measured in units of the temperature drop
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The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
convection rolls, but instead more complex designs featur-
ing near-wall recirculation zones whose fine-scale features
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � Tt)/(Tb � Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � Tt)/(Tb � Tt)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z t

0

⇢
1

�

Z

D
a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|2

↵
, (1.13)
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Figure 10. The numerically obtained Numax as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Numax (3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. NuMAX) (see equation (3.39)). The thin black dashed line indicates the Pe

1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Numax(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Numax gives

NuMAX(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �opt(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �opt(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
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where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Numax(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

NuMAX(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �opt(Pe) gives

�opt(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1 ⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

NuMAX(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Numax(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger

1
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of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

NuMAX(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Numax(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger
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Figure 5. The numerically obtained Numax as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Numax (2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained NuMAX (2.93). The thin black dashed line indicates the Pe

2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce NuMAX. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠x = 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 x = 0. (2.46)

The computational results suggest the ansatzen

 =  ̄(x) A

✓
1/2 + z

�

◆
A

✓
1/2� z

�

◆
, (2.47)

⇠ = ⇠̄(x) B

✓
1/2 + z

�

◆
B

✓
1/2� z

�

◆
, (2.48)

⌘ = ⌘̄(z) C

✓
1/2 + z

�

◆
C

✓
1/2� z

�

◆
, (2.49)

!" Pe2/3

(logPe)4/3 ≤ NuMAX ≤ !$Pe2/3
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � Tt)/(Tb � Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � Tt)/(Tb � Tt)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z t

0

⇢
1

�

Z

D
a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|2

↵
, (1.13)
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Figure 10. The numerically obtained Numax as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Numax (3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. NuMAX) (see equation (3.39)). The thin black dashed line indicates the Pe

1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Numax(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Numax gives

NuMAX(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �opt(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �opt(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)

1

c Ra1/2

(logRa)2 ≤ NuMAX ≤  c’Ra1/2

26 P. Hassanzadeh, G. P. Chini and C. R. Doering

where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Numax(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

NuMAX(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �opt(Pe) gives

�opt(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1 ⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

NuMAX(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Numax(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger
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imize the heat transport between the walls, answering these questions for steady 2D
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Figure 5. The numerically obtained Numax as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Numax (2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained NuMAX (2.93). The thin black dashed line indicates the Pe

2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce NuMAX. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠x = 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 x = 0. (2.46)

The computational results suggest the ansatzen

 =  ̄(x) A

✓
1/2 + z

�

◆
A

✓
1/2� z

�

◆
, (2.47)

⇠ = ⇠̄(x) B

✓
1/2 + z

�

◆
B

✓
1/2� z

�

◆
, (2.48)

⌘ = ⌘̄(z) C

✓
1/2 + z

�

◆
C

✓
1/2� z

�

◆
, (2.49)
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The divergence-free time-independent velocity field has been determined so as to
maximise heat transfer between two parallel plates with a constant temperature
difference under the constraint of fixed total enstrophy. The present variational
problem is the same as that first formulated by Hassanzadeh et al. (J. Fluid Mech.,
vol. 751, 2014, pp. 627–662); however, the search range for optimal states has been
extended to a three-dimensional velocity field. A scaling of the Nusselt number
Nu with the Péclet number Pe (i.e., the square root of the non-dimensionalised
enstrophy with thermal diffusion time scale), Nu ⇠ Pe

2/3, has been found in the
three-dimensional optimal states, corresponding to the asymptotic scaling with the
Rayleigh number Ra, Nu ⇠ Ra

1/2, expected to appear in an ultimate state, and
thus to the Taylor energy dissipation law in high-Reynolds-number turbulence. At
Pe ⇠ 100, a two-dimensional array of large-scale convection rolls provides maximal
heat transfer. A three-dimensional optimal solution emerges from bifurcation on the
two-dimensional solution branch at Pe ⇠ 101, and the three-dimensional solution
branch has been tracked up to Pe ⇠ 104 (corresponding to Ra ⇡ 2.7 ⇥ 106). At
Pe & 103, the optimised velocity fields consist of convection cells with hierarchical
self-similar vortical structures, and the temperature fields exhibit a logarithmic-like
mean profile near the walls.

Key words: Bénard convection, mixing enhancement, variational methods

1. Introduction

What is a flow maximising heat transfer? We have explored an answer to this
naive question. For buoyancy-driven convection, i.e. Rayleigh–Bénard convection,
the maximal heat transfer has been discussed for more than half a century (Malkus
1954; Howard 1963; Busse 1969). Kraichnan (1962) has predicted the asymptotic
scaling of the Nusselt number Nu with the Rayleigh number Ra as Nu ⇠ Ra

1/2 with

† Email address for correspondence: motoki@me.es.osaka-u.ac.jp
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In this study, we explore a three-dimensional velocity
field maximizing Nu for fixed Pe. The constrained opti-
mization is relevant to the maximization of the objective
functional

F =
!

wθ − θ∗(x)
"

(u ·∇)θ−∇2θ − w
#

+ p∗(x) (∇ · u)

+
µ

2

$

Pe2 − |∇u|2
%

&

(6)

(see [12]), where p∗(x), θ∗(x) and µ are Lagrange
multipliers. The variables in (6) have been non-
dimensionalized as x = x

′/H, θ = θ′/∆T,u =
u
′/(κ/H), p∗ = p∗′/(ρκ2/H2) and θ∗ = θ∗′/∆T , where ρ

is the mass density of the fluid and θ = T−(1−z) is a tem-
perature fluctuation about a conductive state. Station-
ary points of F are determined by the Euler–Lagrange
equations

δF

δu
≡−∇p∗ + θ∇θ∗ + µ∇2

u+ (θ + θ∗)ez = 0, (7)

δF

δθ
≡(u ·∇)θ∗ +∇2θ∗ + w = 0, (8)

δF

δθ∗
≡−(u ·∇)θ +∇2θ + w = 0, (9)

δF

δp∗
≡∇ · u = 0, (10)

∂F

∂µ
≡
1

2

'

Pe2 − |∇u|2
(

= 0. (11)

Numerical optimization. – Solutions to equations (7)–
(10) depend only on µ for fixed periods (Lx, Ly). For
given µ, the solutions correspond to stationary points of
the alternative functional

G =
!

wθ −
µ

2
|∇u|2

−θ∗(x)
"

(u ·∇)θ−∇2θ − w
#

+ p∗(x) (∇ · u)
&

.(12)

This is because G = F − (µ/2)Pe2 and thus the Euler–
Lagrange equations for G are also given by (7)–(10). In
our previous work [14], we have developed a numerical
approach to find local maxima of a functional kindred
to G by a combination of the steepest ascent method
and the Newton–Krylov method. Using the same proce-
dures, we obtain an optimal state (uopt, θopt, θ∗opt, p

∗

opt)
maximizing G for given µ. Since F has the gradients
common to G, the optimal state gives the maximum

of F at Pe =
'

|∇uopt|2
(1/2

. Thus the optimal states
of F can be obtained without fixing Pe in the pro-
cess of the optimization. Maximal points for a specific
value of Pe (say, Pe0) are calculated by updating µ as
µnew = µ+ϵ(

'

|∇uopt|2
(

−Pe20), taking account of the fact
that the decrease (or increase) in µ corresponds to the in-
crease (or decrease) in Pe, where ϵ is a small positive con-
stant. Equations (7)–(10) are discretized employing the
spectral Galerkin method based on Fourier–Chebyshev
expansions (for more details, see section 3 and appendix
A in [14]).
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FIG. 1. (color online). (a) Nusselt number Nu as a function
of Péclet number Pe in the optimal states. The blue and red
circles denote two-dimensional and three-dimensional optimal
states, respectively. The dashed line indicates the power fit
Nu − 1 = 0.0821Pe2/3 determined in the range 5 × 103 <
Pe < 104. The solid line represents the scaling Nu − 1 =
0.0885Pe2/3 evaluated from the rigorous upper bound Nu−

1 = 0.02634Ra1/2 [8] assuming the identity Pe2 = Ra(Nu−1)
[12]. The inset shows the compensated Nu. (b,c) Nu as a
function of (b) much larger µ (much smaller Pe) and (c) larger
µ (smaller Pe). The blue and red curves respectively show
the two-dimensional and three-dimensional solutions, and the
black one is a conductive solution. The solid (or dashed) curve
denotes an optimal (or saddle) solution.

In this paper, we present the optimal states in
the square wall-parallel domain of (Lx, Ly, Lz) =
(0.5π, 0.5π, 1). The numerical computations are carried
out on 643 grid points for Pe ≤ 5000 and 1283 for
Pe > 5000.

Ultimate scaling. – Figure 1(a) shows the maximal Nu
as a function of Pe. At large Pe (> 103), we observe the
scaling of Nu with Pe, Nu ∼ Pe2/3. The scaling Nu ∼
Pe2/3 corresponds to the ultimate scaling Nu ∼ Ra1/2

in the Rayleigh–Bénard problem, provided that the total
energy budget is given by the Boussinesq equation, that
is Pe2 = Ra(Nu − 1) [12], where Ra= gβ∆TH3/(νκ)
is the Rayleigh number, g and β being the acceleration
due to gravity and the thermal expansion coefficient of
the fluid, respectively. Choosing the reference velocity
as U = (gβ∆TH)1/2, we have the scaling with respect
to the energy dissipation as ν

'

|∇′
u
′|2
(

∼ Pr−1/2U3/H
(ν and Pr being the kinematic viscosity and the Prandtl
number, respectively). Thus the scaling Nu ∼ Pe2/3

means that the energy dissipation normalized by U3/H
is independent of the Reynolds number, in accord with
the Taylor’s scaling view for turbulent energy dissipation.

2

In this study, we explore a three-dimensional velocity
field maximizing Nu for fixed Pe. The constrained opti-
mization is relevant to the maximization of the objective
functional

F =
!

wθ − θ∗(x)
"

(u ·∇)θ−∇2θ − w
#

+ p∗(x) (∇ · u)

+
µ

2

$

Pe2 − |∇u|2
%

&

(6)

(see [12]), where p∗(x), θ∗(x) and µ are Lagrange
multipliers. The variables in (6) have been non-
dimensionalized as x = x

′/H, θ = θ′/∆T,u =
u
′/(κ/H), p∗ = p∗′/(ρκ2/H2) and θ∗ = θ∗′/∆T , where ρ

is the mass density of the fluid and θ = T−(1−z) is a tem-
perature fluctuation about a conductive state. Station-
ary points of F are determined by the Euler–Lagrange
equations

δF

δu
≡−∇p∗ + θ∇θ∗ + µ∇2

u+ (θ + θ∗)ez = 0, (7)

δF

δθ
≡(u ·∇)θ∗ +∇2θ∗ + w = 0, (8)

δF

δθ∗
≡−(u ·∇)θ +∇2θ + w = 0, (9)

δF

δp∗
≡∇ · u = 0, (10)

∂F

∂µ
≡
1

2

'

Pe2 − |∇u|2
(

= 0. (11)

Numerical optimization. – Solutions to equations (7)–
(10) depend only on µ for fixed periods (Lx, Ly). For
given µ, the solutions correspond to stationary points of
the alternative functional

G =
!

wθ −
µ

2
|∇u|2

−θ∗(x)
"

(u ·∇)θ−∇2θ − w
#

+ p∗(x) (∇ · u)
&

.(12)

This is because G = F − (µ/2)Pe2 and thus the Euler–
Lagrange equations for G are also given by (7)–(10). In
our previous work [14], we have developed a numerical
approach to find local maxima of a functional kindred
to G by a combination of the steepest ascent method
and the Newton–Krylov method. Using the same proce-
dures, we obtain an optimal state (uopt, θopt, θ∗opt, p

∗

opt)
maximizing G for given µ. Since F has the gradients
common to G, the optimal state gives the maximum

of F at Pe =
'

|∇uopt|2
(1/2

. Thus the optimal states
of F can be obtained without fixing Pe in the pro-
cess of the optimization. Maximal points for a specific
value of Pe (say, Pe0) are calculated by updating µ as
µnew = µ+ϵ(

'

|∇uopt|2
(

−Pe20), taking account of the fact
that the decrease (or increase) in µ corresponds to the in-
crease (or decrease) in Pe, where ϵ is a small positive con-
stant. Equations (7)–(10) are discretized employing the
spectral Galerkin method based on Fourier–Chebyshev
expansions (for more details, see section 3 and appendix
A in [14]).
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FIG. 1. (color online). (a) Nusselt number Nu as a function
of Péclet number Pe in the optimal states. The blue and red
circles denote two-dimensional and three-dimensional optimal
states, respectively. The dashed line indicates the power fit
Nu − 1 = 0.0821Pe2/3 determined in the range 5 × 103 <
Pe < 104. The solid line represents the scaling Nu − 1 =
0.0885Pe2/3 evaluated from the rigorous upper bound Nu−

1 = 0.02634Ra1/2 [8] assuming the identity Pe2 = Ra(Nu−1)
[12]. The inset shows the compensated Nu. (b,c) Nu as a
function of (b) much larger µ (much smaller Pe) and (c) larger
µ (smaller Pe). The blue and red curves respectively show
the two-dimensional and three-dimensional solutions, and the
black one is a conductive solution. The solid (or dashed) curve
denotes an optimal (or saddle) solution.

In this paper, we present the optimal states in
the square wall-parallel domain of (Lx, Ly, Lz) =
(0.5π, 0.5π, 1). The numerical computations are carried
out on 643 grid points for Pe ≤ 5000 and 1283 for
Pe > 5000.

Ultimate scaling. – Figure 1(a) shows the maximal Nu
as a function of Pe. At large Pe (> 103), we observe the
scaling of Nu with Pe, Nu ∼ Pe2/3. The scaling Nu ∼
Pe2/3 corresponds to the ultimate scaling Nu ∼ Ra1/2

in the Rayleigh–Bénard problem, provided that the total
energy budget is given by the Boussinesq equation, that
is Pe2 = Ra(Nu − 1) [12], where Ra= gβ∆TH3/(νκ)
is the Rayleigh number, g and β being the acceleration
due to gravity and the thermal expansion coefficient of
the fluid, respectively. Choosing the reference velocity
as U = (gβ∆TH)1/2, we have the scaling with respect
to the energy dissipation as ν

'

|∇′
u
′|2
(

∼ Pr−1/2U3/H
(ν and Pr being the kinematic viscosity and the Prandtl
number, respectively). Thus the scaling Nu ∼ Pe2/3

means that the energy dissipation normalized by U3/H
is independent of the Reynolds number, in accord with
the Taylor’s scaling view for turbulent energy dissipation.
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FIG. 3. (color online). (a–d) Optimal states at Péclet number
(a) Pe = 508, (b) Pe = 1006, (c) Pe = 5041 and (d) Pe =
10009. The orange objects show the isosurfaces of T = 0.75.
The white tube-like structures are the isosurfaces of (a) Q =
8.0 × 104, (b) Q = 4.8 × 104, (c) Q = 1.6 × 107 and (d) Q =
1.6×108 (note that only those in the lower half of the domain
are shown for visualization of the near-wall structures). The
contours represent temperature field in the planes x = 0.5π
and y = 0. (e) Energy spectra of the wall-normal velocity
w, kxEw, as a function of the distance to the wall, z and
the wavelength in the x-direction, λx. The dashed diagonal
indicates λx = Lxz.

of the distance to the wall, z and the wavelength in the x-
direction, λx = Lx/kx relevant to the size of the vortical
structures. It can be seen that smaller-scale structures
are generated closer to the wall as Pe is increased. At
Pe = 10009 several spectral peaks are observed along the
‘ridge’ represented by the dashed diagonal λx = Lxz, im-
plying that the optimal velocity fields possess hierarchical
self-similarity. As shown in figure 4(a), the energy spec-
tra scale with the conduction length λθ = (2Nu)−1 in
the close vicinity of the wall. The hierarchical structures
exist down to z/λθ ≈ 1, where the size of the structures
is λx ≈ 5Nu−1. Figure 4(b) shows the mean tempera-
ture profile T as a function of z/λθ. 1−T = z/λθ holds
at z/λθ ≪ 1, where the thermal conduction dominates
over the convection. As the distance to the wall, z in-
creases, the hierarchical vortex structures promote the
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FIG. 4. (color online). (a) Energy spectra kxEw as a function
of z and λx. The distance to the wall, z and the wavelength
in the x-direction, λx are normalized by λθ= (2Nu)−1. The
dashed diagonal indicates λx = Lxz. (b) Mean temperature
profile T as a function of z/λθ. The solid curve indicates
1−T = z/λθ, and the dashed line represents the logarithmic
fit 1−T = 0.0358 ln (z/λθ) + 0.423 determined in the range
2 < z/λθ < 4 at Pe = 10009.

convective heat transfer. In the region 1 ! z/λθ ! 10,
the logarithmic-like temperature profiles are observed at
Pe = 1008, 5041 and 10009. The dashed line indicates
the logarithmic fit 1−T = 0.0358 ln (z/λθ) + 0.423 de-
termined in the range 2 < z/λθ < 4 at Pe = 10009.
Recently, the logarithmic temperature profiles have also
been observed numerically and experimentally in turbu-
lent Rayleigh–Bénard convection [15, 16].

Summary and conclusions. – We have found the three-
dimensional optimal states which lead to the scaling
Nu ∼ Pe2/3 consistent with the ultimate scaling Nu ∼
Ra1/2 in Rayleigh–Bénard convection. The optimal heat
transfer is achieved by three-dimensional convection cells
with smaller-scale vortices attached on the walls. At
large Pe, the optimal velocity field exhibits hierarchical
self-similarity. The large-scale cells mix up the tempera-
ture almost completely around the midplane between the
two walls. Near the walls, meanwhile, self-similar vorti-
cal structures locally enhance heat transfer, and yield
logarithmic mean temperature distribution. Our earlier
optimization [14] for heat transfer in plane Couette flow
provided the optimal velocity fields in which we observed
hierarchical structure consisting of a number of stream-
wise vortex tubes. The logarithmic mean temperature
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1.6×108 (note that only those in the lower half of the domain
are shown for visualization of the near-wall structures). The
contours represent temperature field in the planes x = 0.5π
and y = 0. (e) Energy spectra of the wall-normal velocity
w, kxEw, as a function of the distance to the wall, z and
the wavelength in the x-direction, λx. The dashed diagonal
indicates λx = Lxz.

of the distance to the wall, z and the wavelength in the x-
direction, λx = Lx/kx relevant to the size of the vortical
structures. It can be seen that smaller-scale structures
are generated closer to the wall as Pe is increased. At
Pe = 10009 several spectral peaks are observed along the
‘ridge’ represented by the dashed diagonal λx = Lxz, im-
plying that the optimal velocity fields possess hierarchical
self-similarity. As shown in figure 4(a), the energy spec-
tra scale with the conduction length λθ = (2Nu)−1 in
the close vicinity of the wall. The hierarchical structures
exist down to z/λθ ≈ 1, where the size of the structures
is λx ≈ 5Nu−1. Figure 4(b) shows the mean tempera-
ture profile T as a function of z/λθ. 1−T = z/λθ holds
at z/λθ ≪ 1, where the thermal conduction dominates
over the convection. As the distance to the wall, z in-
creases, the hierarchical vortex structures promote the
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of z and λx. The distance to the wall, z and the wavelength
in the x-direction, λx are normalized by λθ= (2Nu)−1. The
dashed diagonal indicates λx = Lxz. (b) Mean temperature
profile T as a function of z/λθ. The solid curve indicates
1−T = z/λθ, and the dashed line represents the logarithmic
fit 1−T = 0.0358 ln (z/λθ) + 0.423 determined in the range
2 < z/λθ < 4 at Pe = 10009.

convective heat transfer. In the region 1 ! z/λθ ! 10,
the logarithmic-like temperature profiles are observed at
Pe = 1008, 5041 and 10009. The dashed line indicates
the logarithmic fit 1−T = 0.0358 ln (z/λθ) + 0.423 de-
termined in the range 2 < z/λθ < 4 at Pe = 10009.
Recently, the logarithmic temperature profiles have also
been observed numerically and experimentally in turbu-
lent Rayleigh–Bénard convection [15, 16].

Summary and conclusions. – We have found the three-
dimensional optimal states which lead to the scaling
Nu ∼ Pe2/3 consistent with the ultimate scaling Nu ∼
Ra1/2 in Rayleigh–Bénard convection. The optimal heat
transfer is achieved by three-dimensional convection cells
with smaller-scale vortices attached on the walls. At
large Pe, the optimal velocity field exhibits hierarchical
self-similarity. The large-scale cells mix up the tempera-
ture almost completely around the midplane between the
two walls. Near the walls, meanwhile, self-similar vorti-
cal structures locally enhance heat transfer, and yield
logarithmic mean temperature distribution. Our earlier
optimization [14] for heat transfer in plane Couette flow
provided the optimal velocity fields in which we observed
hierarchical structure consisting of a number of stream-
wise vortex tubes. The logarithmic mean temperature
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � Tt)/(Tb � Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � Tt)/(Tb � Tt)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z t

0

⇢
1

�

Z

D
a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|2

↵
, (1.13)
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Figure 10. The numerically obtained Numax as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Numax (3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. NuMAX) (see equation (3.39)). The thin black dashed line indicates the Pe

1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Numax(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Numax gives

NuMAX(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �opt(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �opt(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)

1

Rayleigh-Bénard convection

Can natural buoyancy-driven convection

produce Nu ~ NuMAX ~ Ra1/2 (mod logs)?
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Rayleigh-Bénard convection is the buoyancy-driven
flow of a fluid heated from below and cooled from above.
It is important for a variety of systems in the engineering,
geophysical, and astrophysical sciences, and it has long
served as a fundamental paradigm of nonlinear science,
chaos, and pattern formation. Indeed, the Boussinesq
approximation to the Navier-Stokes equations with the
boundary conditions analyzed in this Letter was
Rayleigh’s original model for calculating conditions for
onset [1], it is the basis of the Lorenz equations [2], and it
formed the foundation of developments in the modern
mathematical theory of amplitude [3] and modulation [4]
equations. Most recently, Rayleigh-Bénard convection has
been the focus of a large body of experimental, computa-
tional, theoretical, and mathematical research aimed at
characterizing the fully turbulent dynamics for application
in geophysical and astrophysical regimes [5].

Convective fluid flow increases vertical heat transport
beyond the purely conductive flux. The dimensionless
enhancement factor, the Nusselt number Nu, is both of
fundamental interest for applications and the natural and
widely recognized measure of the intensity and effective-
ness of the motion. The most basic question for Rayleigh-
Bénard convection is the dependence of Nu on (i) the
strength of the thermal forcing, commonly expressed in
terms of a dimensionless Rayleigh number Ra, (ii) the
material properties of the fluid, which within the
Boussinesq approximation is set by the dimensionless
Prandtl number Pr, the ratio of the fluid’s momentum and
thermal diffusion coefficients, (iii) the geometry, typically
the aspect ratio of the container, and (iv) the boundary
conditions. The connection between these variables is
generally complex and often not even unique, but in the
‘‘ultimate’’ high Rayleigh number regime when the flow is
turbulent, the presumed functional relation between the
Nu, Pr, and Ra is Nu " Pr!Ra". Experiments and simula-
tions with Pr ¼ Oð1Þ and no-slip boundary conditions

suggest a scaling exponent 0:27 & " & 0:40 at the highest
available Ra [5,6]. Various theories suggest (modulo pos-
sible logarithmic corrections) that Nu " Pr1=2Ra1=2 as
Ra ! 1 [7– 9]. Rigorous analyses of the Boussinesq model
with no-slip velocity and isothermal (fixed temperature)
[10,11] or fixed heat flux [12] or mixed temperature [13]
boundary conditions yield upper bounds of the form
Nu ! cRa1=2 with prefactors 0< c <1 independent of
Pr, so " ¼ 1

2 and ! ¼ 1
2 cannot both hold for very large

Pr. The Nu-Ra relation is certainly different at Pr ¼ 1
where theory suggests [14] and analysis proves [15] (mod-
ulo possible logarithmic corrections) that Nu & Ra1=3.
Two-dimensional Rayleigh-Bénard convection displays

many of the physical and turbulent transport features of
three dimensional convection and has long been utilized as
a test-bed for theoretical concepts [16,17]. The effect of
free-slip (no-stress) velocity boundary conditions on de-
veloped turbulent convection has largely been unexplored
although we note that the rigorous scaling bound reported
here was anticipated by recent numerical and perturbative
investigations of transport limits for finite [18] and infinite
[19,20] Prandtl numbers. This Letter bridges that gap with
a proof that Nu ! 0:2891Ra5=12 uniformly in 0< Pr ! 1
for the Boussinesq model in two spatial dimensions with
fixed-temperature and free-slip boundaries. This result
refutes predictions of aNu " Ra1=2 ultimate regime insofar
as the theoretical arguments do not refer specifically to the
boundary conditions or the spatial dimension. This issue is
discussed further in the conclusion section at the end of the
Letter. Meanwhile the proof of the bound is presented in
sufficient detail immediately below for motivated readers
to reproduce the calculation in its entirety. The key new
idea used to derive the result emerged from intuition
developed in numerical studies of upper bounds [18,19]:
implement and exploit the bulk averaged enstrophy
balance available for two-dimensional flows with free-
slip boundaries to decrease the upper bound.
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thermal diffusion coefficients, (iii) the geometry, typically
the aspect ratio of the container, and (iv) the boundary
conditions. The connection between these variables is
generally complex and often not even unique, but in the
‘‘ultimate’’ high Rayleigh number regime when the flow is
turbulent, the presumed functional relation between the
Nu, Pr, and Ra is Nu " Pr!Ra". Experiments and simula-
tions with Pr ¼ Oð1Þ and no-slip boundary conditions

suggest a scaling exponent 0:27 & " & 0:40 at the highest
available Ra [5,6]. Various theories suggest (modulo pos-
sible logarithmic corrections) that Nu " Pr1=2Ra1=2 as
Ra ! 1 [7– 9]. Rigorous analyses of the Boussinesq model
with no-slip velocity and isothermal (fixed temperature)
[10,11] or fixed heat flux [12] or mixed temperature [13]
boundary conditions yield upper bounds of the form
Nu ! cRa1=2 with prefactors 0< c <1 independent of
Pr, so " ¼ 1

2 and ! ¼ 1
2 cannot both hold for very large

Pr. The Nu-Ra relation is certainly different at Pr ¼ 1
where theory suggests [14] and analysis proves [15] (mod-
ulo possible logarithmic corrections) that Nu & Ra1=3.
Two-dimensional Rayleigh-Bénard convection displays

many of the physical and turbulent transport features of
three dimensional convection and has long been utilized as
a test-bed for theoretical concepts [16,17]. The effect of
free-slip (no-stress) velocity boundary conditions on de-
veloped turbulent convection has largely been unexplored
although we note that the rigorous scaling bound reported
here was anticipated by recent numerical and perturbative
investigations of transport limits for finite [18] and infinite
[19,20] Prandtl numbers. This Letter bridges that gap with
a proof that Nu ! 0:2891Ra5=12 uniformly in 0< Pr ! 1
for the Boussinesq model in two spatial dimensions with
fixed-temperature and free-slip boundaries. This result
refutes predictions of aNu " Ra1=2 ultimate regime insofar
as the theoretical arguments do not refer specifically to the
boundary conditions or the spatial dimension. This issue is
discussed further in the conclusion section at the end of the
Letter. Meanwhile the proof of the bound is presented in
sufficient detail immediately below for motivated readers
to reproduce the calculation in its entirety. The key new
idea used to derive the result emerged from intuition
developed in numerical studies of upper bounds [18,19]:
implement and exploit the bulk averaged enstrophy
balance available for two-dimensional flows with free-
slip boundaries to decrease the upper bound.
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Boussinesq approximation is set by the dimensionless
Prandtl number Pr, the ratio of the fluid’s momentum and
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Pr. The Nu-Ra relation is certainly different at Pr ¼ 1
where theory suggests [14] and analysis proves [15] (mod-
ulo possible logarithmic corrections) that Nu & Ra1=3.
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three dimensional convection and has long been utilized as
a test-bed for theoretical concepts [16,17]. The effect of
free-slip (no-stress) velocity boundary conditions on de-
veloped turbulent convection has largely been unexplored
although we note that the rigorous scaling bound reported
here was anticipated by recent numerical and perturbative
investigations of transport limits for finite [18] and infinite
[19,20] Prandtl numbers. This Letter bridges that gap with
a proof that Nu ! 0:2891Ra5=12 uniformly in 0< Pr ! 1
for the Boussinesq model in two spatial dimensions with
fixed-temperature and free-slip boundaries. This result
refutes predictions of aNu " Ra1=2 ultimate regime insofar
as the theoretical arguments do not refer specifically to the
boundary conditions or the spatial dimension. This issue is
discussed further in the conclusion section at the end of the
Letter. Meanwhile the proof of the bound is presented in
sufficient detail immediately below for motivated readers
to reproduce the calculation in its entirety. The key new
idea used to derive the result emerged from intuition
developed in numerical studies of upper bounds [18,19]:
implement and exploit the bulk averaged enstrophy
balance available for two-dimensional flows with free-
slip boundaries to decrease the upper bound.
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Applying the horizontal Fourier transform and introduc-
ing the shorthand D ¼ d

dy , it is evident that positivity ofQ
is equivalent to the positivity of

Q k ¼ kD!̂kk2 þ k2k!̂kk2 þ
a

Ra3=2
kD!̂kk2

þ a

Ra3=2
k2k!̂kk2 þ

b

Ra
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þ Re
!
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Z 1

0
"0v̂k!̂

#
kdy $

aik

Ra1=2

Z 1

0
!̂k!̂

#
kdy

"
(14)

for each horizontal wave number k where k %k is now the
L2 norm on complex valued functions of y 2 ½0; 1' and
Ref%g indicates the real part of a complex quantity. The
Cauchy-Schwarz and Young inequalities imply
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0
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########(
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4Ra
k!̂kk2 þ k2k!̂kk2 (15)

so dropping the manifestly non-negative term kD!̂kk2,
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"
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Restricting a2 < 4b, the task is to dominate the indefinite
boundary layer integrals by the positive definite terms.

The Fourier coefficients of the vertical velocity and
vorticity (suppressing the time dependence) are related by

ik!̂kðyÞ ¼ D2v̂kðyÞ $ k2v̂kðyÞ: (17)

Integrating the modulus squared of both sides with a
simple integration by parts implies

k2k!̂kk22 ¼ kD2vkk2 þ 2k2kDvkk2 þ k4kvkk2: (18)

On the other hand, integration by parts and the Cauchy-
Schwarz and Young inequalities yield

2

3
k2kDv̂kk2 (

1

9
kD2v̂kk22 þ k4kv̂kk2 (19)

so that, combining (18) and (19),
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Boundary conditions on v̂kðyÞ dictate that
Z 1

0
RefDv̂kðyÞgdy ¼ Refv̂kðyÞgky¼1

y¼0 ¼ 0 (21)

so 9y0 2 ð0; 1Þ such that RefDv̂kðy0Þg ¼ 0. The funda-
mental theorem of calculus followed by application of
the Cauchy-Schwarz and Young inequalities imply
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y0

RefD2v̂kðy0ÞgRefDv̂kðy0Þgdy0

(
ffiffiffiffiffiffi
27

p

8k

%
8

9
kRefD2v̂kgk2þ

8

3
k2kRefDv̂kgk2

&
:

(22)

A similar pointwise bound holds for the imaginary part of
Dv̂kðyÞ so its modulus squared satisfies
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9
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Thus, integrating Dv̂k from 0 to y or from 1 $ y to 1 and
applying Hölder’s inequality, it is evident that

jv̂kðyÞj (
33=4

23=2
k1=2 minfy; 1 $ ygk!̂kk: (24)

Because !̂kðyÞ vanishes at y ¼ 0 and 1, applications of
the fundamental theorem of calculus and Cauchy-Schwarz
inequality yield the pointwise bounds
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for 0 ( y ( 1=2 and, for 1=2 ( y ( 1,
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Using (24)–(26), we conclude
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Hence Qk ) 0 is guaranteed by a # small enough that
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Inserting a ¼ 2ffiffiffiffi
15

p and b¼ 1
5 into (28)—chosen to minimize

the prefactor in the bound—and minimizing the suitable #

over k, this is satisfied by choosing # ¼ 24=3%55=12
33=4

Ra$ 5=12

where k ¼ 1
31=4%51=4 Ra

1=4 is the minimizing wave number.

Inserting these # and b into (13) we see that for Ra> 33:57
(actually for Ra> 27

4 $
4)

Nu ( 57=12 , 33=4

213=3
Ra5=12 $ 1

4
& 0:2891Ra5=12: (29)

FIG. 2. Background profile with boundary layers of thickness
0< # ( 1

2 in which "0ðyÞ ¼ $ 1
2# ; "

0ðyÞ - 0 for #<y< 1 $ #.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � Tt)/(Tb � Tt)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � Tt)/(Tb � Tt)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z t

0

⇢
1

�

Z

D
a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|2

↵
, (1.13)
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Figure 10. The numerically obtained Numax as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Numax (3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. NuMAX) (see equation (3.39)). The thin black dashed line indicates the Pe

1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Numax(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Numax gives

NuMAX(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �opt(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �opt(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)

1

Rayleigh-Bénard convection

Can natural buoyancy-driven convection

produce Nu ~ NuMAX ~ Ra1/2 (mod logs)?

Answer (FACT):
5
12 <

6
12 =

1
2 ⟹ Not generally!



• Competing theories for the behavior of !" as #$ → ∞ :

• !" ~ #$(/*
… with some +, dependence ?

• !" ~ +, - #$ (/.

… perhaps with logarithmic corrections ?

• Experiments and DNS are inconclusive:

One experiment (the French) suggests the latter …

but others (American, German) don’t, rather supporting the former.

Both 2D & 3D DNS and 3D experiments suggest Rayleigh number transitions to #$~(/*.

• OTOH there exist incompressible flows of proper intensity capable of /0 ~ 123/4.

• But it isn’t clear if natural buoyancy is capable of sustaining such flows

… and in at least one case, evidently not.

For what it’s worth …
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