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FUNNEL MPC FOR NONLINEAR SYSTEMS WITH RELATIVE DEGREE ONE *

THOMAS BERGER T, DARIO DENNSTADT ¥, ACHIM ILCHMANN?*, AND KARL WORTHMANNY

Abstract. We propose Funnel MPC, a novel Model Predictive Control (MPC) scheme, to track smooth reference signals
with prescribed performance for nonlinear multi-input multi-output systems of relative degree one with stable internal dynamics.
The optimal control problem solved in each iteration of Funnel MPC resembles the basic idea of penalty methods used in
optimization. To this end, we present a new stage cost design to mimic the high-gain idea of (adaptive) funnel control. We
rigorously show initial and recursive feasibility of Funnel MPC without imposing terminal conditions or other requirements like
a sufficiently long prediction horizon.
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1. Introduction. Model Predictive Control (MPC) is a well-established control technique which relies
on the iterative solution of Optimal Control Problems (OCPs), see the textbooks [10,22]. Thanks to its
applicability to multi-input multi-output nonlinear systems and its ability to take control and state constraints
directly into account, it is nowadays widely used and has seen various applications; see, e.g., [21].

A key property for applying MPC is recursive feasibility, meaning that solvability of the OCP at a
particular time instant automatically implies solvability of the OCP at the successor time instant. Often,
suitably designed terminal conditions (cost and constraints) are incorporated in the OCP to be solved at
each time instant to ensure recursive feasibility, see, e.g., [22] and the references therein. However, such
(artificially introduced) terminal conditions complicate the task of finding an initially-feasible solution by
imposing additional state constraints. As a consequence, the domain of the MPC feedback controller might
become significantly smaller. An alternative approach, which is based on so-called cost controllability [6], is
using a sufficiently-long prediction horizon, see, e.g., [5] and the references therein or [8] for an extension to
continuous-time systems. It is worth to be noted that both techniques become significantly more involved in
the presence of time-varying state (or output) constraints.

To overcome these restrictions for a large system class, Funnel MPC (FMPC) was proposed in [3], which
allows for output tracking such that the tracking error evolves in a pre-specified, potentially time-varying
performance funnel. To this end, output constraints were incorporated in the OCP. Then, both initial and
recursive feasibility were rigorously shown by using properties of the system class in consideration — without
imposing additional terminal conditions and independent of the length of the prediction horizon. Moreover,
the range of applied control values and the overall performance were further improved by using a “funnel-like”
stage cost, which penalizes the tracking error and becomes infinite when approaching the funnel boundary.

In the present paper, we show that such funnel-inspired stage cost (slightly modified in comparison to
its predecessor proposed in [3]) automatically ensure initial and recursive feasibility for a class of nonlinear
systems with relative degree one without adding the (artificial) output constraints used in [3]. To this
end, novel optimization-based arguments are employed, which somehow resemble ideas underlying penalty
methods. We are convinced that, in principle, similar techniques may be used to extend the presented analysis
to systems with higher relative degree. This conjecture is substantiated by numerical simulations, for which
FMPC shows superior performance in comparison to both MPC with quadratic stage cost and funnel control.

The novel stage cost used in FMPC is inspired by funnel control. The latter is a model-free output-error
feedback of high-gain type introduced in 2002 by [13], see also the recent work [2] for a comprehensive literature
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overview. The funnel controller is adaptive, inherently robust and allows output tracking for a fairly large
class of systems solely invoking structural assumptions, i.e. stable internal dynamics, known relative degree
with a sign-definite high-frequency gain matrix. Most importantly, tracking is achieved within a prescribed
funnel, that means a prescribed transient behaviour is guaranteed. The funnel controller proved useful for
tracking problems in various applications such as temperature control of chemical reactor models [14], control
of industrial servo-systems [11], underactuated multibody systems [4] and DC-link power flow control [25].
Since funnel control, contrary to MPC, does not use a model of the system, the controller only reacts on
the current system state and cannot “plan ahead”. This often results in high control values and a rapidly
changing control signal with peaks. Furthermore, the controller requires a high sampling rate to stay feasible,
see, e€.g., [3]. In applications, this results in quite demanding hardware requirements.

Instead of guaranteeing that the output signal always evolves within predefined boundaries, previous
results for reference tracking with MPC mostly focus on ensuring asymptotic stability of the tracking error,
see, e.g., [1,17]. These approaches usually modify the optimization problem by adding terminal constraints.
In [1] and [17] asymptotic stability of the tracking error is guaranteed by designing terminal sets and terminal
costs around a specific reference signal. A tracking MPC scheme without such constraints is studied in [16].
The theoretical results for this scheme rely on the usage of a sufficiently long prediction horizon instead.
In order to ensure reference tracking in the presence of disturbances or dynamic uncertainties, tube-based
robust MPC schemes use tubes around the reference signal which always confine the actual system output,
see, e.g., [9,18,20]. These tubes encompass the uncertainties of the system and can usually not be arbitrarily
chosen a priori. By adding terminal costs, terminal sets and constraints to the optimization problem it is
ensured that the system output always evolves within these tubes. In [26,28] complex nonlinear incremental
Lyapunov functions and corresponding incrementally stabilizing feedback is calculated offline in order to
ensure that the control objective is satisfied. For linear systems the tracking of a reference signal within
constant bounds is studied in [7]. This procedure relies on the calculation of robust control invariant (RCI)
sets in order to ensure that state, input and performance constraints are met. An extension of this approach
which also accounts for external disturbances can be found in [29]. These RCI sets, however, are not trivial
to calculate for a given system and the algorithm proposed in 7] may in general not terminate in finite time.

By combining ideas from funnel control with MPC, the resulting Funnel MPC allows tracking of suffi-
ciently smooth reference signals for nonlinear multi-input multi-output systems of relative degree one within
a prescribed performance funnel. FMPC circumvents the shortcomings of both approaches and enables us
to benefit from the best of both worlds: guaranteed feasibility (funnel control), a (slightly) enlarged system
class (regularity of the high gain matrix is sufficient), and superior performance (MPC).

The present paper is organized as follows. We start by formulating the considered control problem and
the MPC algorithm in Section 2. After presenting the considered system class and detailing our structural
assumptions, we present or main result. By using a “funnel-like” stage cost function, it is possible to track a
reference signal within a prescribed funnel with MPC and guarantee initial and recursive feasibility for any
prediction horizon and without any need of terminal or output constraints. After presenting simulations and
promising preliminary results of numerical experiments on an extension of FMPC in Section 3, we carry out
the proof of our main result over several steps in Section 4. Finally, conclusions are drawn in Section 5.

Notation: IN and R denote natural and real numbers, respectively. Ny := INU {0} and R>¢ := [0, 00).
||| denotes a norm in R™. [|A]| denotes the induced operator norm || Al| := sup, = [[Az| for A € R™*™.

GL,,(R) is the group of invertible R™*™ matrices. CP(V,R™) is the linear space of p-times continuously dif-
ferentiable functions f : V — R", where V. C R™ and p € Ng U {oo}. C(V,R") := C°(V,R™). On an interval
I C R, L*°(I,R™) denotes the space of measurable essentially bounded functions f : I — R™ with norm
| fllo = esssup,e; | f()]l, Lis.(I,R™) the space of locally bounded measurable functions, and LP(I,R™)
the space of measurable p-integrable functions with norm |-||,, and with p € IN. Further, W*>(I, R") is

the Sobolev space of all k-times weakly differentiable functions f : I — R™ such that f,..., f*) € L>°(I,R™).

This manuscript is for review purposes only.
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FUNNEL MPC FOR NONLINEAR SYSTEMS WITH RELATIVE DEGREE ONE 3

2. Problem formulation and structural assumptions. We consider control affine multi-input multi-
output systems

o) (1) = F(a(0) + gla®)uld), a(t’) =2
y(t) = hiw(t)),
with t% € R>g, 2° € R”, functions f € C*(R",R"), g € C*(R™",R"*™), h € C*(R™,R™), and control input
function u € LY, (R>o, R™). Note that, both output y and input v have the same dimension. Due to the fact
that the input u does not have to be continuous, we use the generalized notion of Carathéodory solutions for
ordinary differential equations, i.e., a function z : [t°,w) — R", w > t°, with 2(t°) = 2° is a solution of (2.1),
if it is absolutely continuous and satisfies the ODE in (2.1) for almost all ¢t € [t%,w). A (Carathéodory)
solution z : [t° w) — R™ is global, if w = oo and z is a solution of (2.1) on [t°,T) for all T > t°. A
solution z is said to be maximal, if it has no right extension that is also a solution. Any maximal solution

of (2.1) is called the response associated with u and denoted by x(-;t°, 2% u). The response is unique since
the right-hand side of (2.1) is locally Lipschitz in z, cf. [27, § 10, Thm. XX].

2.1. Control objective. Our objective is to design a control strategy which allows output tracking of
a given reference trajectory yref € W1°(R>0, R™) within pre-specified error bounds. To be more precise,
the tracking error t — e(t) := y(t) — yret(t) shall evolve within the prescribed performance funnel

Foi={(t,e) € R0 x R™ | p(t) e <1 }.

This funnel is determined by the choice of the function ¢ belonging to

G:= { © € WH*(Rs, R)

inf o (t) > 0},

see also Figure 1.

Fig. 1: Error evolution in a funnel F, with boundary 1/¢(t).

Note that boundedness of ¢ implies that there exists A > 0 such that 1/¢(¢) > A for all t > 0. Therefore,
signals evolving in F, are not forced to converge to 0 asymptotically. Furthermore, the funnel boundary is not
necessarily monotonically decreasing and there are situations, like in the presence of periodic disturbances,
where widening the funnel over some later time interval might be beneficial. Typically, the specific application
dictates the constraints on the tracking error and thus indicates suitable choices. To achieve that the tracking
error e remains within F,, it is necessary that the solution x of the system (2.1) evolves within the set

D? = { (t,2) € Roo x R | o(t) [|1(x) — prec(®)]] < 1 }.
To simplify notation we denote by Dy the second component of the set D¥ at time ¢ € R>, meaning

(2.2) Df :={z eR" [ p(t)[|h(z) = gret(t)| <1 }.

This manuscript is for review purposes only.
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4 B. BERCER, D. DENNSTADT, A. ILCHMANN, AND K. WORTHMANN

2.2. MPC with quadratic stage cost. The idea of Model Predictive Control (MPC) is, after mea-
suring/obtaining the state z(t) = Z € R™ (¢ > t°) at the current time #, to repeatedly calculate a control
function u* = w*(-; 1, %) minimizing the integral of a state cost ¢ on the time interval [t, + 7] for T > 0 and
implement the computed optimal solution v* to system (2.1) over an interval of length § < T. T and § are
called the prediction horizon and time shift resp. It is clear that necessarily the solution x(-;¢,,u) of the
system (2.1) exists on the whole interval [¢,# + T, i.e., u* has to be an element of the set

Ur(t®,z) == { we L6t + T],R™) | x(t;1,7,u) fulfills (2.1) for all t € [£,£ + 1] }.
When solving the problem of tracking a reference signal y,ef, the stage cost
(2.3) (:Rso X R" xR™ =R,  (t,z,u) — [|(@) — yret(8)]]* + Ao |l

with A, > 0 is usually used. While the term ||h(z) — yref()||* penalizes the distance of the output y = h(z)
to the reference signal ef, the term ||u||* penalizes the control effort. The parameter A, allows to adjust a
suitable trade off between tracking performance and required control effort. Of course, if a reference input
signal e is known, the second summand may be replaced by |[u — uef(t)||?. To guarantee that the tracking
error e evolves within the prescribed funnel one adds the additional constraint

(2.4) Vie [t t+T]: o) ly(t) — yrer(t)] < 1

to the optimization problem, cp. [3]|. To ensure a bounded control signal, one additionally adds the constraint
|lu(t)|| < M for a predefined constant M > 0.

Algorithm 2.1 (MPC).
Given: System (2.1), reference signal y,ef € W (R>0, R™), funnel function ¢ € G, M > 0, t° € R,
2 € DY
Set the time shift § > 0, the prediction horizon T' > §, and the current time =10
Steps:
(a) Obtain a measurement of the state at time ¢ and set 7 := z(%).
(b) Compute a solution u* € L>([t,t + T], R™) of

s 2 2
e mimimze /? ly(t) = et (DI + Au Ju(®)]” d
subject to (t) = f(z(t)) + g(z(t))u(?t),
(2.5) y(t) = h(z(t)),
z(f) =7,
s = ly®) = e (D]
[u@)] < M.

(c¢) Apply the feedback law
welt,t+0) xR* - R™, wu(t,z) =u*(t)

to system (2.1). Increase ¢ by § and go to Step (a).

2.3. Drawbacks of the MPC scheme 2.1. Although the usage of the stage cost ¢ in (2.3) and
constraints (2.4) in Algorithm 2.1 might seem like a canonical choice when solving the reference tracking
problem with MPC, this approach has several drawbacks. In particular, one has to guarantee initial and
recursive feasibility of the MPC Algorithm 2.1. This means, it is necessary to prove that the optimization
problem (2.5) has initially (i.e., at t = tV) and recursively (i.e., at t = t° + n after n steps of Algorithm 2.1) a
solution. First of all, one has to show existence of an L°°-control u bounded by M > 0 which, if applied to a

This manuscript is for review purposes only.



161

162
163
164
165
166
167
168
169
170
171
172

173

175
176
177

178
179

180
181
182
183
184
185

186
184
189
190
191
192

195
196
197

198

FUNNEL MPC FOR NONLINEAR SYSTEMS WITH RELATIVE DEGREE ONE 5

restricted system class of (2.1), guarantees that the error e(t) = y(t) — yrer(t) evolves within the performance
funnel, i.e.,

Ve[t +T]: o) let)ll = () ly(t) — yret ()] < 1.
Or, formulating it slightly differently, one has to show that for t° € R>q, 2° € R"*, M > 0, and 7' > 0 the set

(2.6) UZ(M, 0, 2°) = { u eUp(t® x) |Vt € [t°t°+T): x(t;t°,2° u) € Df, ||ull, < M}

is non-empty. Note that, for U7 (M, 0, 20) # 0, it is necessary that the initial error is contained in the interior
of the funnel, i.e., 2° € D};. Furthermore, one has to show that there exits a solution u* of the optimization
problem (2.5) and this solution is an element of U# (M, %, z°).

To show recursive feasibility, it is further necessary to prove that after applying a solution u* of the
optimal control problem (2.5) at time ¢ = t° + én to the system (2.1) the optimization problem is still well
defined at the next time instant = t®+d(n+1), i.e., the set 4% (M, {, ) is non-empty, where & is the state of
the system at time ¢. To guarantee this recursive feasibility of the MPC scheme in consideration, a sufficiently
long prediction horizon T (see e.g. [5]) or suitable terminal constraints (see e.g. [22]) are usually required
while initial feasibility (i.e. UF(M,t% 2%) # @) is assumed. Moreover, the time-varying (state/output)
constraints (2.4) in the optimization problem (2.5) pose an additional challenge; both for the theoretical
analysis and also from a numerical point of view.

Remark 2.2. Note that for two functions ¢, € G with () > o(t) for all t € [t°,t° 4+ T, we have
UL (M, 0, 2°) CUL(M, 10, 2°).

Before we show how to overcome these drawbacks by a new stage cost in Section 2.5, we introduce the
class of systems our approach is restricted to.

2.4. System class. Throughout this work we assume that system (2.1) has known relative degree r = 1,
i.e., the high-frequency gain matriz

(2.7) [(z):=(Wg)(z) € GL,(R) VzeR"

Additionally, we assume that the distribution’ z + G(x) := im g(x) is involutive, i.e., for all smooth vector
fields 1,19 : R® — R™ with ¢;(z) € G(z) for all z € R™ and 7 = 1,2 we have that the Lie bracket
[11, P2](x) = Y1 (z)2(x) — Ph(x)r (z) satisfies [¢h1, 2](x) € G(x) for all z € R™. Note that for single-input,
single-output systems (i.e., m = 1) the distribution G(z) is always involutive. Then, by [15, Sec. 5.1] there
exists a diffeomorphism ® : R™ — R™ such that the coordinate transformation (y(t),n(t)) = ®(x(t)) puts
the system into Byrnes-Isidori form

(2.8a) y(t) = p(y(t),n(t)) + T (@~ (y(t), (1)) w(t), (y(t*),n(t*) = @°,n°) = (2),
(2.8b) n(t) = q(y(t),n(t)),

where p € CHR™ x R"™™,R™) and ¢ € C}(R™ x R*~™ R"~™). Furthermore, we impose the following
version of a bounded-input, bounded-state (BIBS) condition on the internal dynamics (2.8b):

(29) Ve >03c >0V € Rso YVl € R"™ Vy € LS ([t°, 00), R™) :

17°1] + Wlloo < co = |InC5t%n0°9)|| < e

where (here and throughout the paper) n(-;t%, 7% y) : [t 00) — R"~™ denotes the unique global solution
of (2.8b). Here, the maximal solution n(-;t°,1n°, y) of (2.8b) can indeed be extended to a global solution since
it is bounded by the BIBS condition (2.9), cf. [27, § 10, Thm. XX].

We summarize our assumptions and define the general system class to be considered.

1By a distribution, we mean a mapping from R™ to the set of all subspaces of R".

This manuscript is for review purposes only.
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6 B. BERCER, D. DENNSTADT, A. ILCHMANN, AND K. WORTHMANN

DEFINITION 2.3 (System class). We say that the system (2.1) belongs to the system class N, writ-
ten (f,g,h) € N™, if it has global relative degree r = 1, the distribution x +— im g(z) is involutive, and the
system satisfies the BIBS condition (2.9).

Remark 2.4. Relaxing standard requirements in funnel-control (see e.g. [2,13]), the high-frequency gain
matrix I'(z) does not need to be sign-definite. We only require the much weaker assumption of I'(z) being
invertible.

We further emphasizes that these structural assumptions are sufficient conditions for our results but they
are not necessary. First promising preliminary simulation results show that Funnel MPC can also successfully
applied to a more general system class (see Section 3.2).

2.5. Novel stage cost design. To overcome the drawbacks of the usual approach of solving the ref-
erence tracking problem with MPC, we propose for ¢ € G, yrer € W1 (R0, R™), and design parameter
Ay € R>¢ the usage of the new stage cost function

g@ :Ryo % R"xR™ — RU {OO},
1

(t,x,u) = 1 —@(t)? |h(x) — yret ()|
00, else,

5= LA lul®, () [(x) = pres(t)]] # 1

(2.10)

instead of ¢ as in (2.3) for the MPC Algorithm 2.1. The term 17¢(t)2“h(;)7y "o
the system output to the funnel boundary whereas the parameter \, similarly to £ as in (2.3) influences the

penalization of the control input. Note that we allow for A\, to be 0.
The cost function £, is motivated by the following standard result on funnel control from [13, Thm. 7].

PROPOSITION 2.5. Assume that (f,g,h) € N™, ¢ € G, Yret € WL (R0, R™), t° € R, and 2° € D
Further assume that the high-frequency gain matriz I'(x) as in (2.7) is positive definite for all x € R™. Then
the application of the output feedback u(t) := ppc(t, y(t)) with

P penalizes the distance of

1
L= ()2 |le(t y)II*”

(2'11) IUFC(tv y) = _k(t’ y)e(tv y)a k(t7 y) = e(tv y) =Yy—- yref(t)

to (2.1) leads to the closed-loop initial value problem

. - — o(z y(t) — yre () 2(°) = 20
O =100 = SO0 — o T T

which has a solution, every solution can be extended to a unique global solution x : [t° 00) — R"™, and
x,u,y are bounded with essentially bounded weak derivatives. The tracking error evolves uniformly within the
performance funnel, i.e.,

Je>0Vt>0: |le(t)]| < ot)™! —e.

Remark 2.6. The following holds according to Proposition 2.5:
Vz? e DL IM >0 UL(M,t°,2°) # 0.

Note that in general the bound M depends on f, g, h, ¢, and 2°.

2.6. Main result. We are now in the position to define the Funnel MPC (FMPC) algorithm. It is the
MPC Algorithm 2.1 without the output constraint (2.4) and cost function ¢ as in (2.3) replaced by ¢, as
in (2.10).

Algorithm 2.7 (FMPC).
Given: System (2.1), reference signal y,of € W1 (R>0, R™), funnel function p € G, M > 0, t° € R,

This manuscript is for review purposes only.
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FUNNEL MPC FOR NONLINEAR SYSTEMS WITH RELATIVE DEGREE ONE 7

2% € Df;, and stage cost function £, as in (2.10).
Set the time shift § > 0, the prediction horizon 1" > ¢ and initialize the current time t:=19
Steps:

(a) Obtain a measurement of the state x at f and set 7 := z(%).

(b) Compute a solution u* € L>([t,t + T], R™) of the Optimal Control Problem (OCP)

t+T
(2.12) minimize / Co(t, (61, T, u), u(t)) dt
weL®(Li+T],R™), J§
l[ull .o <M

(¢) Apply the feedback law
(2.13) pett+0) x R® = R™,  pu(t,Z) = u*(t)
to system (2.1). Increase t by 8 and go to Step (a).

We show that the Funnel MPC Algorithm 2.7 is initial and recursive feasible for every prediction horizon
T > 0. Application of FMPC to system (2.1) with (f,g,h) € N™ guarantees output tracking of the of a
reference trajectory yrer € W1 (R0, R™) within a prescribed performance funnel defined by ¢ € G.

THEOREM 2.8. Consider system (2.1) with (f,g,h) € N™. Let ¢ € G, yref € WH®(R0, R™), tY € R>o
and B C D be a bounded set. Then there exists M > 0 such that the FMPC Algorithm 2.7 with T > 0 and
8 > 0 is inatially and recursively feasible for every z° € B, i.e., at time t = t° and at each successor time
t €t® + 6N the OCP (2.12) has a solution. In particular, the closed-loop system consisting of (2.1) and the
FMPC feedback (2.13) has a (not necessarily unique) global solution x : [t°,00) — R™ and the corresponding
mput s given by

upnmpc (t) = u(t, (), te[t,t+0), t et + .
Furthermore, each global solution x with corresponding input upvpc Satisfies:
(Z) VtZtOZ HUFMPC(t)H SM
(ii) The error e =y — yre evolves within the funnel F,, i.c., |e(t)|| < p(t)~* for all t > t°.

Remark 2.9. (a) The OCP (2.12) has neither state nor terminal constraints. Nevertheless, applica-
tion of the FMPC Algorithm 2.7 to the system (2.1) ensures that a global solution of the closed-loop
system exists and the error evolves within the funnel. However, note that this solution is not unique
in general. The reason is that the solution of the OCP (2.12) found in each step may not be unique.
The MPC algorithm has to select a particular optimal control. Then, the solution is unique. In par-
ticular, the derived results show that the stated properties are independent of the particular choice
made within the MPC since they hold for every such solution.

(b) FMPC is initially and recursively feasible for every choice of T > 0. Usually, recursive feasibility
for Model Predictive Control can only be guaranteed when the prediction horizon is sufficiently long
(see, e.g. [5]) or when additional terminal constraints are added to the OCP (see, e.g. [22]). For
FMPC merely the input constraints given by M > 0 must be sufficiently large.

The proof is carried out over several steps in Section 4. In Section 4.1 we first assume that the
set Us (M, t0, 29) is non-empty and prove that the optimization problem (2.12) has a solution u* and this so-
lution is an element of Uf (M, t°, 2°). We further show that the stage cost function £, as in (2.10) guarantees
that application of u* ensures that the output e(t) = y(t) — yrer evolves within the funnel F,. In Section 4.2
we will prove initial and recursive feasibility of the Funnel MPC Algorithm 2.7 by showing that there exits
a M > 0 such that the set % (M, %, 20) is initially (i.e., at t = t°) and recursively (i.e., at t = t° + dn after
n steps of Algorithm 2.7) non-empty.

3. Examples/Simulations.

Ezample 3.1 (Linear system). To illustrate the system class N, we consider the example of a linear
time-invariant system of the form

i(t) = Az(t) + Bu(t), z(t°) ="

3.1) y(t) = Cn(t),

This manuscript is for review purposes only.
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8 B. BERCER, D. DENNSTADT, A. ILCHMANN, AND K. WORTHMANN

where (4, B,C) € R™*™ x R™*™ x R™*™. This linear system has global relative degree r = 1, if
CB € GL,,(R).

It is shown in [12, Lemma 2.1.3] that there exists an invertible matrix V' € R™ such that the coordinate
transformation

O(z) =V = (y,n)

transforms the system (3.1) into the Byrnes-Isidori form

§(t) = Ary(t) + Aan(t) + Tu(t),  (y(t°), n(t")) = (%)

(3.2) n(t) = Asy(t) + Agn(t),

with (A, Ay, Az, Ay) € R™*™ x RM*(n=m) o Rn—m)xm y R(n=m)x(n=m) Tt is well known from the theory
of linear differential equations that, if A4 is Hurwitz, i.e., all of its eigenvalues have negative real part, then
n(+;t%n°, y) is bounded for every y € L®(R>0, R™). The BIBS condition (2.9) is therefore satisfied in this
case.

3.1. Exothermic chemical reaction. To demonstrate the application of the FMPC Algorithm 2.7,
we consider a model of an exothermic chemical reaction which was used in [14] to study funnel control with
input saturation and in [19] to demonstrate the feasibility of the bang-bang funnel controller. The model for
one reactant x1, one product xo and temperature y of the reactor is given by the equations

§(t) = br(z(t), 22(t), y(t) — qy(t) + u(t),
(3.3) 1(t) = ey r(za(t), 22(t), y (1)) + d()" — 21(2)),
(1) = car(1(t), 22(8), y (1)) + d(23' — 22(1)),

with b,d,q € Rsq, c1 <0,c2 € R, 3511“/2 > 0,and r : R>9 X R>0 xRso — R>¢ is a locally Lipschitz continuous

y(
y(

function with r(0,0,¢) = 0 for all ¢ > 0. The reference signal is a constant positive function y..s = y* > 0.

The system (3.3) is already given in Byrnes-Isidori form and has global relative degree » = 1 with positive
_k
high-frequency gain. As in [14] we choose for the function r the Arrhenius law r(z1,22,y) = koe ¥ x1 with

ko, k1 € R~g. Since ¢; < 0, it is easy to see that the subsystem

i1 = (21, T2, y) + d(z — 71),

Bg = cor(wy, o, y) + d(a — ),

satisfies the BIBS condition (2.9), when y is restricted to the set { y € W (R0, R) |Vt >0: y(t) >0 }.
We like to emphasize that the control must guarantee that y is always positive. The objective is to track
the reference signal y,ef by application of the FMPC Algorithm 2.7 such that for a given ¢ € G the error
e(t) := y(t) — yres(t) evolves within the prescribed performance funnel, i.e., ¢(t) |le(t)|] < 1 for all ¢ > 0.

For the simulation we choose the funnel function ¢ € G given by ¢(t) = (100e_2t + 1.5)_17 t >0, and
allow a maximal control value of M = 600, i.e., the input constraints are ||u|| . < 600. As in [14], the initial
data is (29, 29,9°) = (0.02,0.9,270), the reference signal is ..t = y* = 337.1 and the parameters are

ci=—1, co=1, ko=e* k =8700, d=11 ¢=125 z"=1, 2P=0, b=2092.

Due to discretisation, only step functions with constant step length 0.05 were considered for the OCP (2.12)
of the FMPC Algorithm 2.7. The prediction horizon and time shift are selected as T" = 0.5 and § = 0.05,
resp. We further choose the parameter A, = 1 for the stage cost ¢, given by (2.10). The simulation was
performed on the time interval [0, 4] with the MATLAB routine ode45. Although the considered step length
is relatively large, the FMPC Algorithm 2.7 achieves the control objective without further tuning of the
parameter A,. The simulation of the FMPC Algorithm 2.7 applied to the model (3.3) is shown in Figure 2.
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380 \ 550
N y of FMPC u(t) of FMPC ‘
360 N yl'(!f
~ Ny — — Funnel 5007
340
450
=320 s
400
300
280 350
ol d ool
0 0.5 1 1.5 2 25 3 3.5 4 0 0.5 1 1.5 2 2.5 3 3.5 4
time ¢ time ¢
(a) Funnel and system output (b) Input signal

Fig. 2: Simulation of system (3.3) under the feedback law (2.13) of the FMPC Algorithm 2.7.

While Figure 2a shows the output of the system evolving within the funnel boundaries, Figure 2b shows the
corresponding input signal.

Figure 3 shows the system output and the control signal if the classical MPC scheme 2.1 with cost
function ¢ as in (2.3) and constraints (2.4) is applied to system (3.3) instead of the FMPC Algorithm 2.7,
with the same parameters, prediction horizon and discretisation.

380 \ 500
N y of MPC u(t) of MPC
360 . \ ........ Z/rnf
~ — — Funnel 400
340
=320 33001
300
200
280
260 100
0 0.5 1 1.5 2 25 3 3.5 4 0 0.5 1 1.5 2 25 3 3.5 4
time ¢ time ¢
(a) Funnel and system output (b) Input signal

Fig. 3: Simulation of system (3.3) under classical MPC scheme 2.1.

This control does not achieve the control objective since the system output exceeds the funnel boundaries.
Further adaption of the parameter )\, is necessary in order to ensure that MPC with the corresponding
OCP (2.5) is feasible with this prediction horizon and discretisation. Such tuning of parameters in order
to guarantee feasibility is not necessary for the FMPC Algorithm 2.7 since the stage cost function £, is
automatically increasing, if the signal output is close to the funnel boundary.

The original funnel controller proposed in [13] has takes the form
(3.4) (1 . (t

. u(t) = ———————e(t),
L— () lle)]|

To compare the funnel controller (3.4) with the FMPC Algorithm 2.7, we chose the prediction horizon and
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time shift as 7= 1 and § = 0.1, resp. Further the parameter A\, = % for the cost functional £, and a
maximal control value of M = 600 were selected.

3801 5001
360
400F;
340} e
=320 =300
y of FMPC
3001 — - — - y of funnel-control
Yret 200 ¢ — - — - u(t) of funnel control
280 — — Funnel ' u(t) of FMPC
260 . . . . . . . ) 100 . . . . . . . )
0 0.5 1 15 2 2.5 3 3.5 4 0 0.5 1 15 2 2.5 3 3.5 4
time ¢ time ¢
(a) Funnel and tracking errors (b) Input functions

Fig. 4: Simulation of system (3.3) under controller (3.4) and FMPC Algorithm 2.7.

The performance of the funnel controller (3.4) and the FMPC Algorithm 2.7 is depicted in Figure 4. While
Figure 4a shows the tracking error of the two controllers evolving within the funnel boundaries, Figure 4b
shows the respective input signals. It is evident that both control techniques are feasible and achieve the
control objective. The input of signal of the funnel controller starts to oscillate at ¢ = 2 and the amplitude
of this oscillation increases abruptly at ¢ = 3.5. This behavior is caused by a too low sampling rate of the
control signal. A relative error tolerance (RelTol) of 2.5-10~7 was used. With an even higher sampling rate,
this oscillation can be avoided. If a larger error tolerance is used instead, this oscillation behavior worsens.
The funnel controller becomes infeasible if the sampling rate is too low (RelTol > 8-107%). The FMPC
Algorithm 2.7 does not show this problematic behavior. Although FMPC uses a relatively wide step of 0.1
and therefore adapts its control signal significantly less often than the funnel controller, FMPC is feasible
and the output signal evolves within the funnel.

3.2. Mass-on-car system. In this section we like to present some promising preliminary results on an
extension of the FMPC Algorithm 2.7 to a larger systems class. For that we introduce the general notion of
relative degree for system (2.1). Recall that the Lie derivative of h along f is defined by

(Leh) (2 (Z e ) = (@) (a).

ooy TV

and we may successively define L’Jih = Lf(L’;-_lh) with L$h = h. Furthermore, for the matrix-valued

function g we have
(Lgh)(x) = [(Lg, h) (), ..., (Lg,, h)(x)],

where g; denotes the i-th column of g for ¢ = 1,...,m. Then system (2.1) is said to have (global) relative
degree r € N, if

Vie{l,...,r—1} Vo eR": (LyLi 'h)(x) =0 A (LyL} 'h)(z) € GLn(R),
see [15, Sec. 5.1]. The generalized high-frequency gain matriz is defined as

(3.5) (z) := (LgL;—lh) () € GL(R), «€R™
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Ezample 3.2. The linear system (3.1) of Example 3.1 has global relative degree r € IN, if
Vke{l,...,r—1}: CA*"'B=0 A CA"'BecGL,(R).

In other words, the relative degree is the number of times the output has to be differentiated in order for the
input to appear explicitly on the right side of the equation.

For purposes of illustration that Funnel MPC shows promising results for this larger class of systems
with fixed relative degree r € IN we consider the example of a mass-spring system mounted on a car from [24]
and want to compare FMPC with the funnel controller presented in [2]. This example was also examined
in [2] and [3] to compare different versions of funnel control. The mass my moves on a ramp inclined by the
angle ¥ € [0, 7) and mounted on a car with mass my, see Figure 5. It is possible to control the force u acting

Fig. 5: Mass-on-car system.

on the car. The motion of the system is described by the equations

(3 6) mi + mo mao COS(’L9) Z(t) + 0 _ U(t)
’ ma cos(19) ma 5(t) ks(t)+dst)) —\ 0 )’
where z(t) is the horizontal position of the car and s(t) the relative position of the mass on the ramp at time

t. The physical constants k£ > 0 and d > 0 are the coefficients of the spring and damper, resp. The horizontal
position of the mass on the ramp is the output y of the system, i.e.,

y(t) = 2(t) + s(t) cos(¥).

By setting p := ma(mq + maosin?(9)), p1 = % and o = %, the system takes the form (3.1), with

2(t) 0 1 0 0 0 1 77
N A0 |0 0 pekcos(d) pad cos(¥) o Mo o 0
w(t) = s(t) |’ A= 00 0 1 » Bi= 0 , Ci= cos(1)
5(t) 0 0 —(u+mp2)k —(pa+ p2)d —p2 cos(V) 0

It is easy to see that the system has global relative degree r with

r{z 9 e (0,%)

3, v=0
and the scalar high-frequency gain I' = CA" ! B is positive.

We choose the same parameters m; = 4, me = 1, k& = 2, d = 1 and initial values
z(0) = s(0) = 2(0) = $(0) = 0 as in [2]. The objective is tracking of the reference signal yyer : t — cos(t),
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such that for ¢ € G the error function ¢ — e(t) := y(t) — yrer(t) evolves within the prescribed performance
funnel, i.e., ¢(t)||e(t)|| <1 for all t > 0.

Case 1: If 0 < 9 < 7, then the system (3.6) has relative degree r = 2. The funnel controller presented in 2]
takes the form

(3.7)

with a(s) = %_s for s € (—1,1). Due to discretisation, only step functions with constant step length 0.04

are considered for the OCP (2.12) of the FMPC Algorithm 2.7. The prediction horizon and time shift are

selected as T'= 0.6 and § = 0.04, resp. We further choose the parameter A\, = Wlo for the cost functional £,

and allow a maximal control value of M = 30. As in [2], the funnel function ¢(t) = (5= + 0.1)71, t>0,
is chosen and the case ¥ = T is considered. All simulations are performed on the time interval [0, 10] with

the MATLAB routine ode45.

1
\ Y — Yret of FMPC
\ — - — - y — yret Of funnel control
05F \ — — 1/p(t)
AN
] - —— === — —
T\ 0 (Y — - s
> _— - - - /=
/
05} / 20t I u(t) of FMPC
/ . — - — - u(t) of funnel control
-1 / ! ! ! ! L ! ! ! ! |
0 2 4 6 8 10 0 2 4 6 8 10
time ¢ time ¢
(a) Funnel and tracking errors (b) Input functions

Fig. 6: Simulation of system (3.6) with ¥ = 7 under controller (3.7) and FMPC Algorithm 2.7.

The performance of the funnel controller (3.7) and the FMPC Algorithm 2.7 is depicted in Figure 6. While
Figure 6a shows the tracking error of the two controllers evolving within the funnel boundaries, Figure 6b
shows the respective input signals. It is evident that both control techniques are feasible and achieve the
control objective. The error function evolves within the funnel boundaries. The funnel controller is able to
generate a smooth input signal, while the OCP (2.12) of the FMPC Algorithm 2.7 is optimized over step
functions with constant step length 0.04. Nevertheless, it seems that the FMPC Algorithm achieves a more
accurate tracking of the reference signal y.of and, at the same time, exhibits a smaller range of employed
control values. Funnel control tends to change the control values very quickly and the control signal shows
spikes. The FMPC algorithm, however, avoids this due to prediction of the future system behaviour. Similarly
to [3], we observed that feasibility of the funnel controller (3.7) is not maintained for a sampling rate 7 = 5.
Instead 7 = W%o is and turns out to be sufficient. The FMPC Algorithm 2.7 is feasible for both sampling rates.
Since the funnel controller needs a far higher sampling rate than FMPC and needs to be able to adapt its
control signal very quickly whereas FMPC uses constant controls steps with a relatively long length, funnel
control requires much more demanding hardware requirements to stay feasible in application than FMPC as
shown in [3].

When the classical MPC Algorithm 2.1 with OCP (2.5) is applied to the system (3.6) with the same
parameters, prediction rate and step length instead of the FMPC Algorithm 2.7, then the tracking error
leaves the performance funnel and hence the control objective is not achieved (see Figure 7).
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ir .
\ Y — et of FMPC sol |
\ — - — - Y — Yt of MPC i
osl — — el v
X .
2 NS — — i —
T oor R ~———— — < 3
L [ === — —-——
/xd !
05t 1/ -100 !
/ u(t) of FMPC
71 ! - u(t) of MPC
L ‘ ‘ ‘ ‘ asof 1, ‘ ‘ ‘ .
0 2 4 6 8 10 0 2 4 6 8 10
time ¢ time ¢
(a) Funnel and tracking errors (b) Input functions

Fig. 7. Simulation of system (3.6) with ¢ = § under a classical MPC scheme 2.1 with OCP (2.5) and the
FMPC Algorithm 2.7.

A possible explanation may be that the constraint ||y(t) — yrer(t)]] < ﬁ of the OCP (2.5) does not
influence the control value as long as it is satisfied, and when the error is close to the funnel boundary, it
is too late for the controller to react. The controller attempts to compensate this by generating very large
control signals. The FMPC algorithm is able to avoid this behaviour by reacting in advance to a close
funnel boundary, because a small distance is penalized by the stage cost functional. Further adaption of
the parameter )\, a smaller step length, or a longer prediction horizon are necessary in order to guarantee
feasibility of the classical MPC scheme 2.1. Figure 8 depicts the simulation of the classical MPC scheme with
such adapted parameter (A, = ﬁ) in comparison to the FMPC algorithm with the same parameters as
before. With these tuned parameters, the classical MPC 2.1 scheme achieves the control objective and the
error evolves within the funnel boundaries.

1 -
\ Y — Yret of FMPC . u(t) of FMPC
\ — - — -y — Yt of MPC 401 — - — - u(t) of MPC
05F \ — — 1/e®) '
c\‘\ i
E PN~
=
or !/ \ = — = — S
| | .
- / >-ﬁ_ _________
7
/
ost » J/
'
/
1 / 1 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 0 2 4 6 8 10
time ¢ time ¢
(a) Funnel and tracking errors (b) Input functions

Fig. 8: Simulation of system (3.6) with ¥ = F under control of FMPC Algorithm 2.7 and classical MPC 2.1

with OPC (2.5) with A, = 5.

Case 2: If ¥ = 0, then the system (3.6) has relative degree r = 3. The funnel controller from [2] takes the
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form

w(t) = p()e(t) +v(p(t)et) +(p(t)e(t))),
u(t) = —y(w(t)),

where (s) = 1= for s € (=1,1). The OCP (2.12) of the FMPC Algorithm 2.7 is solved over step functions

with constant step length % The prediction horizon is "= 1 and the time shift is § = % We further chose
the parameter A\, = ﬁ for the cost functional £, and allow a maximal control value of M = 30. As in [2],

we choose the funnel function o(t) = (3e=t +0.1)"", t > 0.

(3.8)

1
\ Yy — yref of FMPC 20+ u(t) of FMPC
\ — - — - Y — yref Of funnel control ‘. — - — - u(t) of funnel control
05r \ — — 1/%®)
N
L ~ ~
? 0 / e T ———— — S
> /s - —
i/ 7
05F )
/
A ‘ ‘ ‘ ‘ - ‘ ‘ ‘ ‘ .
0 2 4 6 8 10 0 2 4 6 8 10
time ¢ time ¢
(a) Funnel and tracking errors (b) Input functions

Fig. 9: Simulation of system (3.6) with ¢ = 0 under controller (3.8) and FMPC Algorithm 2.7.

The performance of the funnel controller (3.8) and the FMPC Algorithm 2.7 are depicted in Figure 9.
The results are similar to the first case with relative degree r = 2. Note that the funnel controllers (3.7)
and (3.8) are structurally different due to the altered relative degree r, whereas the FMPC Algorithm 2.7 is
the same in both cases. This is of particular relevance when the relative degree r is not know a priori. The
above simulations suggest that the FMPC Algorithm 2.7 also works for systems with higher relative degree
and exhibits promising performance.

4. Proof of the main result.

4.1. Optimal control problems with funnel-like stage costs. Before proving initial and recursive
and feasibility of Funnel MPC Algorithm 2.1, we show that, by using the stage cost function ¢, as in (2.10),
the optimization problem (2.12) has a solution and that this solution, if applied to the system (2.1), guarantees
that the error e(t) = y(t) — yret(t) evolves within the performance funnel F,. To that end we define, for
T>0,M>0,t"€Rsg, and 2° € R™, the associated Optimal Control Problem (OCP)

tO4T
(4.1) minimize / Co(t, (10,20, u), u(t)) dt.
u€ L ([t°,t°4+T],R™), 10
llull o <M

If the Lebesgue integral in (4.1) does not exist for some u € L>([t%,¢° +T],R™) with |ul| . < M (i.e., both
the Lebesgue integrals of the positive and negative part of £y, (-, z(+;t°, 2%, u), u(-)) are infinite), then its value
is treated as infinity. This may happen when ¢(t) ||h(z(t; 1%, 2°, 1)) — yres(t)|| = 1 for some ¢ € [t°, ¢ +T]. If
the set of all such points does not have Lebesgue measure zero, then the integral is treated as infinity as well.

We like to point out that there is a subtle difference between a Lebesgue integrable function (which
belongs to L') and a function for which the Lebesgue integral exists (which does not need to be in L'). To
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447  make this difference clearer we call a measurable function ¢ : B — R on a Borel set B C R quasi-integrable,
448 if for ¢* := max{(,0} and ¢~ := max{—(,0} at least one of the Lebesgue integrals

149 / (t(t)dt  or / ¢ (t) dt
B B
450 is finite.
451 Proposition 2.5 guarantees that, if the funnel controller (2.11) is applied to the system (2.1) with initial
452 value 20 € Dﬁ), then the tracking error evolves in the interior of the funnel. It is not directly clear that this
453 also holds true if a solution of the optimization problem (4.1) is applied to the system (2.1). If the initial
154 error is inside the funnel, then it might still be possible that the error e touches or even exceeds the boundary
155 and evolves outside of the funnel boundary after some time. In [3] this issue was resolved by appending state
456 constraints to the optimal control problem. In the following we show that such constraints are unnecessary.
457 In fact, if an arbitrary control function u € L*°([t°,t° + T], R™) such that €, (-, z(:;t%, 2% u),u(-)) is quasi-
458 integrable over [t°,tY + T is applied to the system, then it is guaranteed that the error e evolves within the
459  funnel. To show this, an elementary lemma is proved first.
460 LEMMA 4.1. Let T > 0 and g : [0,T] — R be Lipschitz continuous. If fo g (t) >0
161 for all t € [0,T].
462 Proof. First assume that there exists 7 € (0,7) such that g(v) = 0. Choose ¢ > 0 such that
163 (T —¢e,7+¢€) C [0,T)]. Since g is Lipschitz continuous, we have that
464 IC>0Vse(t—e,7+¢e): g(s)=|g(s) —g(T)| < C|s—T1].
465 Therefore,
T 1 T+e 1 T+e 1 £
466 oo>/ —dsZ/ —dsZ/ —— ds = ds = oo,
467 o 9(s) r—e 9(s) r—e Cls—7] — Cls
168 a contradiction. A similar proof applies in the cases 7 =0 and 7 =T. O
469 Remark 4.2. Lemma 4.1 is not true for all uniformly continuous functions in general. Consider the
470  example:
1 1 \/7 1
471 — dx =2 :v‘ =
1 /0 NG 0
472 THEOREM 4.3. Consider system (2.1) with (f,g,h) € N™. Let ¢ € G, Yot € WH>* (R0, R™), M > 0,

173 10 € R0, and 2° € R™ be given such that Uf (M, 9, 2°) # 0. Then the following identities hold:

lull oo < M, (- z(t°, 20 u),u(:)) quasi-integrable on [t°,t° + T
474 UL(M, 0, 2°) = u e Up(t°,
i z’) {u r(t’,2) dft+T (t, 2 (t; 10, 20, u),u(t)) dt < co

- HUH <M 5( (10,20, u), u())
o {UEMT » & ‘ 510,20, u), ())GLl([tO,tO+T],IR)}

476
477 Proof. Given u € U (M, t°,2°), it follows from the definition of U (M, %, z°) that
478 o(t) ||h(x(t; 2, 2% 1)) — yrer (t ||

179 for all t € [t°,t°+T). Define e(t) := h(z(t;t°, 2°, 1)) — yret (t). Due to continuity of h, @, yrer, and z(+;t°, 20, u),
150 there exists e € (0,1) with (t)? [le(t)]|* < 1 —¢ for all £ € [t°,#0 + T]. Then, £y (t, z(t;°, 2%, u), u(t)) > 0 for
481 allt € [t9,t° + T] and

4T 4T
482 / 0o (t,2(t;%, 2%, u),u(t)| dt = /
t t

0 0

1

— = — 1+ A, | 2
o e Al
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t°+T 1
g/ —1+)\u||uiodt§<—1+)\UM2)T<oo.
¢0 9 9

Therefore, £y, (-, x(-;t%, 2%, u),u(-)) € L*([t°,¢" + T],R) and so Uf (M, t°, 2°) is contained in both of the other
two sets in the statement of the theorem.

Let u € Up(t’,z) with |jull, < M and quasi-integrable f,(-,z(-;¢%, 2% u),u(-)) such that
j;t()0+T Co(t,z(t;t°, 20, u), u(t)) dt < oo be given. We now show that the error e(t) := h(z(t;t%, 2% u)) — yre ()
satisfies ¢(t) [|e(t)]| < 1 for all ¢t € [t°t° + T]. We already know 2% € DJ since U7 (M,t°,2°) # 0, ie.,
©(t%) ||e(t°)|| < 1. Assume there exists ¢ € (t°,T] with o(t) [le(t)|| > 1. By continuity of z(-;¢°,2°,u), ¢, h,
and Yo there exists

o~

t:= min{ TE (tO,T] ’ o(r)[le(r)]| =1 }

Note that, (t)|le(t)]] < 1 for all t € t9.7).  Since l,(-,z(-;t°, 2% u),u(-)) is quasi-integrable and
@
(0]
tto +T@,(t,x(t;to,xo,u),u(t))dt < oo it follows that the set { ¢ € [t°t"+T] | o(t)[le(t)] =1 } has
Lebesgue measure zero and

94T
/ (&p(t,m(t;to,xo,u),u(t)))+dt < 00.
t

0

Therefore,

04T 1 9 * B 4T 40 .0 +

o 2”3 10

+
Invoking |luljcc < M, this yields ftt()0+T (W) dt < oo and thus

I - + 0 +
t 1 t 1 t+T 1
—  dt= _ dt < - dt < oo.
/to 1—p(t)? [le(t)]” /to (1 —(t)? ||6(t)||2> a /to (1 — ()2 ||6(L‘)|2> -

Since p € W1 (R0, R) and yyef € Wl’OO(RZO, R™), ¢ and y,er are Lipschitz continuous and bounded on the
interval [t°,7]. Let ® : R™ — R" be a diffeomorphism such that the coordinate transformation ®(z) = (y,7)
puts the system (2.1) into Byrnes-Isidori form (2.8), then g can be written as

g(t) = p(y(t),n() + T (27" (y(t), 0(t))) u(t),

where (y(t),n(t)) = ®(z(t;t°, 20, u)) for t € [t° t° + T]. Since |le(t)|| < @(t)~" for all t € [t°,1], the error e
is bounded and so y is bounded, too. Hence by the BIBS assumption (2.9), applied to § € L>([t°,00), R™)
defined by §(t) = y(t) for t € [t°,#] and §(t) = y(f) for t > ¢, yields that 7(-) := n(-;t°,1° §) is bounded
and since ﬁ|[toﬂ = 77|[t0,ﬂ we have that 7 is bounded on [t°,#]. Thus, since p, I', and ®~! are continuous, 3
is essentially bounded on [t°,#]. This implies the Lipschitz continuity of y. Products and sums of Lipschitz
continuous functions on a compact interval are again Lipschitz continuous. Therefore, 1 — o(-)2 ||le(-)||* =
1—o()2 |ly(-) = yret(+)]|? is Lipschitz continuous on [t°, ] and, according to Lemma 4.1, strictly positive. This
contradicts the definition of . Hence UL (M, t°, 20) contains the third set in the statement of the theorem.
Since the third set is itself contained in the second one the proof is complete. 0

We are now in the position to define for 7' > 0, t° € R>o, 2° € R", and £,, as in (2.10) the cost functional
JE(9,2%)  Loo([t0,4° + TT,R™) — R U {o0},
4T
(4.2) " / Oo(t, (%, 2% u),u(t)) dt, w € Ur(t®,x) and Ly (-, z(+t% 2°% u), u(-)) quasi-integrable
t0

00, otherwise.
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Although we know that for every u € L°([t°,t% + T],R™) there exists a unique maximal solution
x(-5t%, 2% u) : [t° w) — R™ of the system (2.1), this solution might have finite escape time even before t° + T,
i.e., w <%+ T. In this case, and whenever the stage costs €, (-, z(-;°, 2% u),u(-)) are not quasi-integrable,
JA(u;t%,2%) = co. In the following remark we state some immediate consequences of this definition and
Theorem 4.3.

Remark 4.4. The following statements hold under the assumptions of Theorem 4.3:
(i) 0 < JE(u;tY,2°%) < oo for all u € UF (M, 10, 20).
(il) UL(M, 10, 20) = { u e L[t + T),R™) ’ lull o, < M, JE(u;t°,2%) < oo }
(iii) The optimal control problem (4.1) can be reformulated as
minimize JE (u; 10, 20).
ue L™= ([t°,t°+T],R™),
llullo <M

If the initial value 2° is within the set D, then any control u with J7 (u;t%,2°) < co guarantees that, if
applied to the system (2.1), the error e(t) = y(t) —yret (t) remains strictly within the funnel. Since J7 (u; %, 2°)
is positive for all control functions u € Us (M, %, 20), this raises the question as to whether there exists an
optimal u* which minimizes J¥(-;¢°,2°) and is a solution to the optimal control problem (4.1). The answer
is affirmative and shown in the next theorem.

THEOREM 4.5. Consider system (2.1) with (f,g,h) € N™. Let ¢ € G, yret € WH>*(R>0, R™), M > 0,
t% € Rxo, and 2° € Dy, such that UF (M, 9, 20) #£ 0. Then, there exists a function @ € Uf(M,t°, 2°) such
that

JE(u;0,2°) = min JE (u; 1%, 2°) = min T (u; 10, 20).
wels (M,10,20) weL> (19,104 T],R™),
llull o <M

Proof. The proof essentially follows the linea of [23, Prop. 2.2].
To simplify the notation, assume without loss of generality that t° = 0 and consider only the inter-
val [0,7]. It follows from Remark 4.4 that Jf(u;t°,2%) > 0 for all u € UF(M,t°2°). Hence the
infimum J* := inf,cpqe (ar,00 20) JA(u;t0,2°%) exists. Let (ug) € UF(M,t° 2°))N be a minimizing sequence,
meaning J¥ (uy;t°,2%) — J*. By definition of UF (M, 1%, 2%), we have |uy|, < M for all k € IN. Since
Le°([0,T],R™) C L2([0,T],R™), we conclude that (uj) is a bounded sequence in the Hilbert space L?, thus
there exists a function u* € L2([0,T],R™) and a weakly convergent subsequence uy — % (which we do
not relabel). More precisely, ux|j4 — |y weakly in L2([0,¢],R™) for all ¢ € [0,T] as a straightforward
argument shows. We define (z3,) := (z(-;t%, 2%, uy)) € C(]0,T], R™)N as the sequence of associated responses.

Step 1: We show that (zy) is uniformly bounded. By wj € UF(M,t°, 2°) we have xy(t) € DY, ie.,
o(t) [|h(xk(t)) — yret(t)]| < 1 for all ¢ € [0,T]. Set (yr(t),nx(t)) = ®(xx(t)) for t € [0,T] and k € IN, where
® : R™ — R” is a diffeomorphism such that the coordinate transformation ®(x) = (y,n) puts the system (2.1)
into Byrnes-Isidori form (2.8). Since ¢ is positive on [0,T], we obtain

vte[0,T]: fye@l <[h(zr(t)) = yrer (O] + llyrer ()] < s[lépT]sO(t)‘l + lyretll oo = €0
te|0,

and co := o + ||®(2°)|| is independent of k. Hence, by (2.9) there exists ¢; > 0 such that
Vy e L¥(Rx0, R™) 0 lyllec <0 = [In(:;0,7%(0),y)llec < c1-

Extending yj to R>¢ such that ||yx|lc < & then yields that ||nx(t)]| < ¢ for all ¢t € [0, T]. Therefore,

dea ({ (2) enene

for all t € [0,T] and all £ € IN, where K is compact and independent of k. Hence, (z) is uniformly bounded.

lall <éo A [zl < e }) —K
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18 B. BERCER, D. DENNSTADT, A. ILCHMANN, AND K. WORTHMANN

Step 2: We show that (zj) is uniformly equicontinuous. Since the sequence (uy) is bounded, M :=
SUPgen ||ukl ;2 exists. Set Cy := maxyex || f(x)]] and Cs := maxzex ||g(2)||, which exist by continuity of
fand g. Now let € > 0 and define § := min {1, 1(Cy + MC3)}. Let k € IN and t1,t € [0,7] such that
|ta — t1] < 62. Then, using Holder’s inequality in the third estimate,

[k (t2) — zx(t1)] < /t () + gz uxs)] ds

to
<Cilts—ta] + 02/ lu(s)]| ds
t1

< Cry/|ta — ta| + Cov/[ta — ta| [lull -
< Civ/ |t2 —t1| + Oy |t2 —t1|M

< 5(01 + MC2) S g,
which shows that (z) is uniformly equicontinuous.
Step 3: By the Arzela-Ascoli theorem there exists a function z € C([0, 7], R™) and a uniformly convergent

subsequence x, — Z (which we do not relabel). Now we prove that z = x(-;t%, 2%, %), which means to show
that

=z —|—/ f(&(s)) + g(z(s))u(s) ds, ¢ €0,T).
We have .
g (t) = a” +/0 flar(s)) + g(zr(s))ur(s) ds, k€N, t€[0,T],

and since xj, in particular converges pointwise to Z and the sequence (f(xy)) is uniformly bounded as (xy) is
uniformly bounded and f is continuous, the bounded convergence theorem gives that

Vtel0,T]: /0 f(zx(s)) ds —)/O f(z(s)) ds
Therefore, it remains to show
Vte[0,T]: /0 g(zr(s))uk(s) ds —)/O g(Z(s))u(s) ds.

The argument s is omitted in the following. Since ¢(Z) is bounded on [0,7], it is an element of
L2([0, T], R™*™), thus the weak convergence of (uj) implies

Vtel0,T]: / ukds—>/ Z)u ds.

Therefore, using Holder’s inequality in the second estimate we obtain, for all ¢ € [0, T],

| 9(w)ue + g(@)u = g(@)up = g(@)u ds

/ lo(ew) — (@) e ds+H/ Zur — g(2)a ds
(/ 1ot o ) (f ds) +[ [ st@ - g@raas

sup [ (/ lo(ar) — o()|° ds)2+\ [ ot~ gtay as

0
—0 —0

/0 gan)ur — g(z)a ds

IN

\ AN

— 0.
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580 Step 4: We show @ € Uf(M,t°,2°) and JF(u;t°,2%) = J*. To show that ||a|| < M, define the sets
1
590 Am ::{te[O,T] ’ ||a(t)H22M2+E }, m € IN.

591 Let x4, denote the indicator function of the set A,,, then, since ux — u, we have that
592 (uk, XA, W) > = (U, XA, )2 = XA, Ull72-

593  On the other hand, by the Cauchy-Schwarz inequality we have that

594 (ur, X4, W) > < lIxa,urllz2lIxa,, allL2,
595  thus
596 llxa,, @l = ||XAm12||Z21 lim inf(ug, x4,, @) 2 < liminf ||xa,, ug| L2

k—o0 k—ro0
597 and hence
598 / la(t)|? dt < liminf/ g (£)||? dt.

Am koo Ja,

599 Since ||uk|lcc < M we then find the following for all m € IN and k € IN:
600 M(An) :/ 1 ds < m/ a(s)|2 — M2 ds < m/ ()12 = [[us(s)||? ds,
601 A Am Ap,

602 where A denotes the Lebesgue measure, thus

603 0 < A(Ap) < liminfm la(s)|)* = lux(s)||> ds <o0.
— 00

604 Due to the o-continuity of A we get

605 A{teo,T) | Jlu@®)| >M }) =\ ( U Am> = lim A(A4,,) =0.
606 This implies |||, < M. Since JF(uy;t°,2°) = J* = infycye (s, 20) S5 (u;1°,2°) and since the L?-norm is
607 weakly lower semi-continuous, the following holds.

T

608 JE (510, 2°) :/ 0,(t, (1), u(t)) dt
0
T 1 ,
609 = / — 5 — L4+, [la(t)|” dt
o 1—o()?[[h(z(t)) — yret (1)]]
=ily (,2(t))
= on2)? 2
610 = H&a('yx(')ﬁ Lo T Al
) s 1|2 L 2
611 ghknigfuzw(.,xk(.))a |+ liminf A fug 7,
612 < liminf J£ (ug; t°,2°) = J* < oo.
613 k-0

614 According to Theorem 4.3 this yields @ € UF(M,t° 2% and therefore Jf(u;t%2%) =

615 minueu;(M7to)10) J&e(u, to, .’L’O).

616

617 Step 5: We show that J7(u;t",2°) = min, ¢ poe 0 07 gm), J7 (u; 8%, 2°). Since U (M,1°,2°) # 0 by as-
llull o <M

618 sumption this follows from Remark 4.4 (ii) and completes the proof. ]
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4.2. Initial and recursive feasibility. In the following we seek to show initial and recursive feasibility
of the FMPC Algorithm 2.7. For this we need to show that the essential assumption U (M, %, z°%) # (0 of
Theorem 4.5 is initially (i.e., at t = t°) and recursively (i.e., at t = t° 4 dn after n steps of Algorithm 2.7)
satisfied. The main difficulty is to prove the existence of a number M > 0 for which the latter is satisfied for
all initial values within a prescribed bounded set. This is the purpose of the following results.

First observe that applying the funnel controller (2.11) from Proposition 2.5 to the system (2.1) ensures
that the error evolves strictly within the funnel for any initial condition z° € Dﬁ). As stated in Remark 2.6
the funnel controller is bounded. This bound however depends on the initial value 2°. This means that for
every z° € Dﬁ] there exists M > 0 such that U% (M, t%, z°) is non-empty. This raises the question whether it
is possible to find a bound M independent of the initial value z°. The following example shows that this is
not the case in general.

Ezxample 4.6. Consider the two-dimensional linear system

g(t) =n(t) +u(t),  y(0)=0,
i(t) =0, n(0) =n°,

in Byrnes-Isidori form with constant reference signal y,of = 0 and the constant funnel ¢ = 1. Let M > 0
and T > 0 be arbitrary. Although the system satisfies the BIBS condition (2.9) and the initial error e(0) =
Y — yret (0) = 0 lies within the funnel for every n° € R, there exists n° € R such that the error e exceeds the
funnel boundaries at time T for every u € L>([0,T],R) with |lul|cc < M. To see this, choose n° := M + 2,
then

_ 7 o, [T 0_ _ _
e(T)—y(T)—/O 0(s) + u(s) ds = T +/0 ) ds 2T TN =25 1=

The example shows that, in general, there exists no M > 0 such that U3 (M, 0, 29) is non-empty for all
2V e Dﬁ,. However, for a bounded set B C Dﬁ] of initial values, it is possible to find a uniform bound M > 0.

Moreover, M can be chosen independently of 7' > 0. To show this, we denote by yg’rg“ (I) the set of all
functions in C(I, R™) starting at y° € R™ and evolving within the funnel on an interval I C Rx¢ of the form
I = [a,b) with b € (a,00] or I = [a,b] with b € (a, c0):

VY1) = { y € CLR™) [ y(infI) = 4%, VeIt o) Jy(t) — grer(t)] <1 }.

LEMMA 4.7. Consider system (2.1) with (f,g,h) € N™. Let ¢ € G, yret € WH(R30, R™), t° € R>o.
Then for all bounded sets B C R™ there exists a compact set K C R™ such that

0.0 20140 40 0 40 . .40 .0
(4.3) VT >0V (y",n") e BVy e Yov (" +T) Ve e [t°, 0 +T] = (y(t),n(t:t°,n",y)) € K.
Proof. Define
Ne={ 1% y) | @0n") € B,y e e (10,00)) |, =4
By definition of G, ¢ is strictly positive and inf,;>¢¢(t) > 0. Therefore, 1/¢ is bounded. Since clearly
Yret € W (R0, R™) is bounded, every function y € yg;g”([to, 00)) is bounded by
1Wlloe < 19 = tretlloc + Iretlloo < |2+ rerlc -
(oo}

Since B is bounded it follows from the BIBS condition (2.9) that the set N := J,~;0 Ny is also bounded.
Furthermore, the set -

O:=J{yeR™ o)y —pe(®)l <1}

t>t0

is bounded, too. Then the set K := O x N is compact and by definition of N and O we find that (4.3)
holds. ]

This manuscript is for review purposes only.



661
662
663
664
665
666
667

668

669

687

688

FUNNEL MPC FOR NONLINEAR SYSTEMS WITH RELATIVE DEGREE ONE 21

The following result provides a number M > 0 with U7 (M,t°,2%) # () for all initial values z° from any
compact set which satisfies a condition similar to (4.3).

PROPOSITION 4.8. Consider system (2.1) with (f,g,h) € N™. Let ¢ € G, yref € WH(Rx0, R™),
T>0,t"€Rso, 2% € Dj, and ® : R™ — R™ be a diffeomorphism such that the coordinate transformation
®(x) = (y,m) puts the system (2.1) into Byrnes-Isidori form (2.8). Let (y°,n°) = ®(z") and K C R" be a
compact set with

(49 Yy e Vgl (00 + TY Ve € [0+ T) s (y(t)n(tt, ) € K.
If
(45) M 2 G (P + | 3]+ lierlc)

where, with p(-,-) and T'(:) as in (2.7) and (2.8),

Prax := max |, Gmax == max ||T(®@ 1 (y,n))" !,
Joax ey, )l max ([T (y,m)
then UL (M, 10, 20) #£ 0.

Proof. Step 1: We first show the existence of M > 0 satisfying (4.5). Note that p and ' from (2.7)
and (2.8) are continuous and T' is pointwise invertible. Therefore, Pyax and Gax are well-defined. Further-
more, the essential supremum ||g,ef|| is finite, because yrer € W (R, R™). Since ¢ is an element of
W (R0, R), always positive and inf;>q ¢(¢) > 0 the reciprocal ¢ := 1/ is an element of W1 (R>o, R),
too, and in particular ¢ is bounded. Thus, M can be chosen as in (4.5).

Step 2: We construct a control function u and show that u € UF (M, 2%). To this end, define e(t) :=
y(t) — Yret(t) and observe that, since 2% € Df, we have ¢(t°) He(tO)H < 1. The application of the output

feedback
u(t) = D(® (y(0), 1)~ (= (t),0(0) + Pl (0) + e (1))

to the system (2.8) leads to a closed-loop system. If this initial value problem is considered on the inter-
val [t t° 4+ T, then there exists a unique maximal solution (y,7) : [t°,w) — R™ with w € (t°,t° 4+ 7] and if
(y,n) is bounded, then w =t + T, cf. [27, § 10, Thm. XX|. Then we find for all ¢ € [t°, w) that

le(®)l] = / 3(5) — fhrer(s) ds + e(t0)

0

- / p(y(s),0(s)) + T (@ (y(s), 1(5)))u(5) — et (s) ds + e(t°)

0

- /t o(t0)e(t)(s) ds + e(t?)

0

= o) [le)]| v () <w(®).
| S

<1

= [[e)e(t”) (v (t) = »(t")) + ()

This means, the tracking error e remains within the funnel, i.e., (y(t),n(t)) € Df for all ¢ € [t° w). Thus, y
is uniformly bounded by

1Ylloe < My = reflloo + [Yretllog < 19l oo + [[yretllo -

Since the error remains within the funnel, the output y, defined on [t°,w), can be extended to an element
g€ yfrgo([to, t° + T) and so by assumption (4.4) we have

vte[t®w): (yt),nt% 1" y) € K.
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Therefore, (y,7) is bounded and hence w = t° + T and, with the same arguments, (y,7) has a continuous ex-
tension to [tY,t°+T. Furthermore, by definition of u it is clear that |lu||oc < M and hence u € UF (M, t°, z2°),
which completes the proof. O

The result of Proposition 4.8 essentially guarantees initial feasibility of Algorithm 2.7 for all initial values
from a given bounded set, which we will summarize in the following theorem. To further obtain recursive
feasibility we need to ensure that, after the application of a control u from UF (M,t°,2%) over an interval
[tY, ], the set of controls corresponding to the new state value, namely Uf (M, ¢, z(t;t°, 2°, u)), is non-empty
as well.

THEOREM 4.9. Consider system (2.1) with (f,g,h) € N™. Let ¢ € G, yret € WHP(R>o,R™), t° €
R>q, and B C D;% be a bounded set. Then, there exists M > 0 such that

(4.6) Va2’ € BYT >0: UL(M,t°2%) #0
and, furthermore,
(4.7) Va® € BYT, Ty > 0Vu e Uf (M t°,2°) Ve € [t°8° + 1] Uf (M, t,2(t;1°,2° u)) # 0.

Proof. Let ® : R™ — R™ be a diffeomorphism such that the coordinate transformation ®(z) = (y,7n)
puts the system (2.1) into Byrnes-Isidori form (2.8). Fix 2° € B and set (y°,7") := ®(2°). According to
Lemma 4.7 there exists a compact set K such that (4.3) holds. In particular, K satisfies (4.4) for every T' > 0.
Therefore, Proposition 4.8 yields that there exists M > 0, independent of z°, such that U7 (M, t°, 2°) # @ for
all T > 0, which shows (4.6).

If, for any 77 > 0 an arbitrary but fixed control function u € U“T"l (M, 1%, 2) is applied to the system (2.1),
then the output y of the system (i.e., y(-) := h(z(-;t°, 2% u))) evolves within the funnel and is therefore an
element of y;ﬁﬁo([to,to + Ti]). By (4.3), this implies ®(z(¢;t°,2% u)) € K for all t € [t9,¢° + T1]. If, for
any te [t9,t9 + T1], the system is considered on the interval E,tA—&— T] with T, > 0 and the current state
x(tA, t% 20 ) of the system as initial value, then the prerequisites for Proposition 4.8 are still met on the
interval [t,¢ + T3], i.e., K satisfies (4.4) in the sense

Ve VoIt t+Ta)) Ve € [Lt+To] . (§(t),n(t:1,73,9) € K,

where (7,7) == ®(z(£;1°,2° u)) € K. To see this, observe that for any § € y;gqf,ﬂ Ty]) there exists
gy € y;;g”([to,?Jr T3]) with glgziq,) = ¥ and §lz = y (¥ is continuous since y(t) = 7) and we have
n(t;t%,n°, 9) = n(t;z\, n,9) for t € [tA, t+ 1:2], thus the assertion follows from (4.4). Therefore, Proposition 4.8
can again be applied and yields Ufz (M, t,2(t;t°, 2° u)) # (), which completes the proof. d

Ezample 4.10. We revisit Example 3.1 and calculate a number M > 0 satisfying (4.6) and (4.7) to illus-
trate Theorem 4.9 for the linear case. Consider the system (3.2) in Byrnes-Isidori form with (Ay, A2, A3, A4) €
Rm*m x Rmx(n=m) ¢ Rn—m)xm o Rn=m)x(n=m) and 1% € Rsg. Let ¢ € G, yret € WH® (R0, R™) and
define ¥ := 1/¢p. Further, assume that A4 is Hurwitz, i.e., all of its eigenvalues have a negative real part.
Then there exist a > 0, 8 > 1 such that

Ve e R™ Vit >t0: HeA“(t_tU)xH < ﬂe—a(t—to) |zl .

Let N ¢ R(™=™) be an arbitrary, but fixed bounded set. We show that for
Bi={yeR™ | ot |y —pet(t)|| <1 } x N C D

and

M= 0 ((nAln + 2140 1401 ) Qi + Dorllo) + 81421 s Tl + [ 0] _+ ||y'ref||oo>
nOEN o'
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the conditions (4.6) and (4.7) are satisfied. One can see that M is chosen according to inequality (4.5) with
a more accurate estimate for Py ax.-

To this end, let T > 0 and (y°,7°) € B be arbitrary and denote e(t) := y(t) — yret(t). Since the initial
value is inside the funnel, we have ((t°) He (t%) H < 1. If the output feedback

u(t) = ult,y(0),0(0) = T (= Ay (1) = () + @()e(t)i () + Grer (1))

is applied to the system (3.2), then clearly a unique global solution (y,n) : [t, c0) — R™ exists and, as in the
proof of Proposition 4.8, we may calculate that |le(t)|| < ¢ (t) for all t > t°. As a consequence (y(t),n(t)) € Df
for all t > t°, and y is uniformly bounded by

19lloo < 1Y = vretllog + Nretlloe < N¥0llo + et ll oo

Therefore, for ¢ >t we have

t
0
[In(t: %%, y)|| = |le?+ =m0 + /0 (=) A3y (s) ds
t

t
ol + f, o=
t0

t
0 0
< Be” ) sup [|n°| +/ Be™ ) [ Ag )l (1910 + llyretll o) ds
n°eN t0

< HeA4(t—t°)

1Az lly(s)] ds

<8 sup )] + 114al 2 (ol + lgwetllon)
n%eN (6%

As a consequence we see that ||ul|cc < M and thus
VT >0: uelUf(M, % y°n°)) # 0.

and (4.6) is satisfied. If any u € UW(M %, (y°,n°)) is applied to the system (3 2) and the system is then

considered for any 7 € [t°,t° + T] and T > 0 on the interval [¢, 4+ T, then (i ) |le( H < 1 and it can be
similarly shown that the feedback control

a(t) = D7 (= Awy(t) = Aan(t) + D e@ (1) + jrer (1))

leads to an element of M;(M,tA, z(t;t°,2°,u)), by which M satisfies (4.7). Here we like to emphasize that the
estimate for 7 needs to be carried out in terms of t°, i.e., for J(t) := h(z(t;t, z(t;t°, z°, u), 7)) denoting the
output on [£, 7+ 7] and 77 = n(£;t°, 2°, u) we have that

and hence we obtain the same bound for Hn(t;f, 7, @)H as for Hn(t; 0 1o, y)H

We are now in the position to summarize our results by showing initial and recursive feasibility of the
FMPC Algorithm 2.7 and proving Theorem Theorem 2.8.

Proof of Theorem 2.8. Step 1: According to Theorem 4.9, there exits M > 0 satisfying (4.6) and (4.7).
Let Y € B be an arbitrary initial value and T > 4. Since U5 (M, t%,2°) # 0 by (4.6), Theorem 4.5 yields the
existence of some u* € UF (M, 1%, z°) such that J# has a minimum, that is

JE(ur; 0, 20%) = min T (u; 10, 20),

w€ L ([t°,t°+T],R™),
llull oo <M

This manuscript is for review purposes only.
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i.e., @ is a solution of (2.12) for t = t° and hence the FMPC Algorithm 2.7 is initially feasible. Furthermore,
by u* € Uf (M, t°, 2°) we have that the error satisfies ||e(t)|| < ¢(t)~! for all t € [t°,¢0 + §).

Step 2: Let t € t° + 6INg be such that the OCP (2.12) has a solution u* € US(M,t,7) defined on [t, 4 T]
and let z : [t°, 4 §) — R™ be the solution of (2.1) under the FMPC feedback (2.13). We now show that the
OCP also has a solution at the next time step ¢ + d. Since u* is defined on [t,? + T7], the solution z has a
continuous extension to [, + T] and, in particular, 7 := = 2(t+6) is well defined. Wlth urmpc(t) = u(t, x(t))
for t € [t,1 +0), T € t° + 6N, i < 1, the corresponding control input upmpc is well defined on [t°,t 4 6) and
we have z(t) = x(t;t°, ,uFMpc) for all t € [t°,% 4+ 8). Then (4.7) gives that UL(M,t + 6,%) # 0 and by
Theorem 4.5 there exists @ € L{:,f(M,tA—l— 9,Z) such that J¥ has a minimum, that is
JE(ust+6,7) = min JE(ust + 6, 7),

u€ L ([t46,t+6+T],R™),
lull o <M

hence % is a solution of (2.12) on [t+06,t+06+T)|. Under the feedback (2.13), the solution z can
thus be extended to [t°,¢ + 20) and, by definition of U (M,t 4 6,), the corresponding tracking error e
satisfies ||e(t)|| < @(t)~! for all t € [t°,1425). This shows that the FMPC Algorithm 2.7 is recursively feasible.

Step 3: By Step 2 we have shown that system (2.1) under the FMPC feedback (2.13) has a global solution
x: [tY, 00) — R™ and, since urmpc|gzys) € Ug (M, t,z(t)) for all € t° + 6N, we have that (i) and (ii) hold.0

5. Conclusion. In the present paper we have shown that the FMPC scheme proposed in [3], which solves
the problem of tracking a reference signal within a prescribed performance funnel, is initially and recursively
feasible for an arbitrary finite prediction horizon when applied to nonlinear multi-input multi-output systems
with relative degree one and stable internal dynamics. By exploiting concepts from funnel control and using
a new “funnel-like” stage cost function, feasibility is achieved without any need for additional terminal or
explicit output constraints while also being restricted to (a priori) bounded control values. In particular, we
have shown that the additional output constraints in the OCP of FMPC considered in [3] are not required
to infer the feasibility results. We have illustrated the application of the FMPC scheme by a simulation not
only of relative degree one systems — for which feasibility is proved so far — but also of systems with higher
relative degree. The simulations show promising preliminary results for this case, too. It is a subject of future
research to show that FMPC is in fact applicable to a larger class of nonlinear systems with stable internal
dynamics and higher relative degree.

REFERENCES

[1] E. AvypiNErR, M. A. MULLER, AND F. ALLGOWER, Periodic reference tracking for nonlinear systems via model predic-
tive control, in 2016 European Control Conference (ECC), 2016, pp. 2602-2607, https://doi.org/10.1109/ECC.2016.
7810682.

[2] T. BErRGER, A. ILcHMANN, AND E. P. Ryan, Funnel control of nonlinear systems, Math. Control Signals Syst., 33 (2021),
pp. 151-194.

[3] T. BErGER, C. KASTNER, AND K. WORTHMANN, Learning-based Funnel-MPC for output-constrained nonlinear systems,

IFAC-PapersOnLine, 53 (2020), pp. 5177-5182.
T. BERGER, S. Orto, T. REIS, AND R. SEIFRIED, Combined open-loop and funnel control for underactuated multibody
systems, Nonlinear Dynamics, 95 (2019), pp. 1977-1998, https://doi.org/10.1007/s11071-018-4672-5.
[5] A. Boccia, L. GrRUNE, AND K. WORTHMANN, Stability and feasibility of state conmstrained MPC without stabilizing
terminal constraints, Systems & control letters, 72 (2014), pp. 14-21.
[6] J.-M. Coron, L. GRUNE, AND K. WORTHMANN, Model predictive control, cost controllability, and homogeneity, SIAM
Journal on Control and Optimization, 58 (2020), pp. 2979-2996.
[7] S. D1 Cairano AND F. BORRELLI, Reference tracking with guaranteed error bound for constrained linear systems, IEEE
Transactions on Automatic Control, 61 (2016), pp. 2245-2250, https://doi.org/10.1109/TAC.2015.2491738.
[8] W. EsteErHUIZEN, K. WORTHMANN, AND S. STREIF, Recursive feasibility of continuous-time model predictive control
without stabilising constraints, IEEE Control Systems Letters, 5 (2020), pp. 265-270.
[9] P. Faruat anp D. Q. MAvYNE, Getting robustness against unstructured uncertainty: a tube-based mpc approach, IEEE
Transactions on Automatic Control, 59 (2013), pp. 1290-1295.
[10] L. GrUNE AND J. PANNEK, Nonlinear Model Predictive Control: Theory and Algorithms, Springer, London, 2017, https:
//doi.org/10.1007/978-0-85729-501-9.

(4]

This manuscript is for review purposes only.


https://doi.org/10.1109/ECC.2016.7810682
https://doi.org/10.1109/ECC.2016.7810682
https://doi.org/10.1109/ECC.2016.7810682
https://doi.org/10.1007/s11071-018-4672-5
https://doi.org/10.1109/TAC.2015.2491738
https://doi.org/10.1007/978-0-85729-501-9
https://doi.org/10.1007/978-0-85729-501-9
https://doi.org/10.1007/978-0-85729-501-9

825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864

[11]
[12]
[13]
[14]
[15]
[16]

[17]

18]
[19]
[20]
[21]
[22]
23]
[24]
[25]

[26]

> > > > QO

2

> HZ

FUNNEL MPC FOR NONLINEAR SYSTEMS WITH RELATIVE DEGREE ONE 25

. M. Hackr, Non-identifier Based Adaptive Control in Mechatronics—Theory and Application, Springer-Verlag, Cham,
Switzerland, 2017.

. ILcHMANN, Non-Identifier-Based High-Gain Adaptive Control, Springer-Verlag, London, 1993, https://doi.org/10.1007/
BFb0032266.

. ILcumanN, E. P. Ryan, anp C. J. SANGWIN, Tracking with prescribed transient behaviour, ESAIM: Control, Opti-
misation and Calculus of Variations, 7 (2002), pp. 471-493.

. ILcHMANN AND S. TRENN, Input constrained funnel control with applications to chemical reactor models, Syst. Control
Lett., 53 (2004), pp. 361-375.

. Isipori, Nonlinear Control Systems, Springer-Verlag, Berlin, 3rd ed., 1995.

KOHLER, M. A. MULLER, AND F. ALLGOWER, Nonlinear reference tracking: An economic model predictive control
perspective, IEEE Transactions on Automatic Control, 64 (2019), pp. 254-269, https://doi.org/10.1109/TAC.2018.
2800789.

KoOHLER, M. A. MULLER, AND F. ALLGOWER, A nonlinear model predictive control framework using reference generic
terminal ingredients, IEEE Transactions on Automatic Control, 65 (2020), pp. 3576-3583, https://doi.org/10.1109/
TAC.2019.2949350.

. Kourer, R. SororeErTO, M. A. MULLER, AND F. ALLGOWER, A computationally efficient robust model predictive

control framework for uncertain nonlinear systems, IEEE Transactions on Automatic Control, 66 (2020), pp. 794-801.

. LiBERZON AND S. TRENN, The bang-bang funnel controller, in Proc. 49th IEEE Conf. Decis. Control, Atlanta, USA,
2010, pp. 690-695.

. Livon, J. Bravo, T. Aramo, anp E. CamacHo, Robust mpc of constrained monlinear systems based on interval
arithmetic, IEE Proceedings-Control Theory and Applications, 152 (2005), pp. 325-332.

J. QN anD T. A. BADGWELL, A survey of industrial model predictive control technology, Control engineering practice,
11 (2003), pp. 733-764.

. B. Rawrings, D. Q. MAYNE, AND M. DieHL, Model predictive control: theory, computation, and design, vol. 2, Nob

Hill Publishing Madison, WI, 2017.

. SakamoTo, When does stabilizability imply the existence of infinite horizon optimal control in nonlinear systems?,
(2020), https://arxiv.org/abs/2008.13387. arXiv:2008.13387v1.

. SEIFRIED AND W. BLAJER, Analysis of servo-constraint problems for underactuated multibody systems, Mech. Sci., 4
(2013), pp. 113-129.

. SENFELDS AND A. PAUGURS, Flectrical drive DC link power flow control with adaptive approach, in Proc. 55th Int.
Sci. Conf. Power Electr. Engg. Riga Techn. Univ., Riga, Latvia, 2014, pp. 30-33.
SINGH, A. MAJUMDAR, J.-J. SLOTINE, AND M. PavoNE, Robust online motion planning via contraction theory
and convex optimization, in 2017 IEEE International Conference on Robotics and Automation (ICRA), IEEE, 2017,
pp- 5883-5890.

[27] W. WALTER, Ordinary Differential Equations, Springer-Verlag, New York, 1998.
[28] S. Yu, C. MaIERr, H. CHEN, AND F. ALLGOWER, Tube mpc scheme based on robust control invariant set with application

to lipschitz nonlinear systems, Systems & Control Letters, 62 (2013), pp. 194-200.

[29] M. Yuan, C. Manzie, M. Goop, I. SHaMEs, F. KEYNEJAD, AND T. ROBINETTE, Bounded error tracking control for

contouring systems with end effector measurements, in 2019 IEEE International Conference on Industrial Technology
(ICIT), 2019, pp. 66-71, https://doi.org/10.1109/ICIT.2019.8755064.

This manuscript is for review purposes only.


https://doi.org/10.1007/BFb0032266
https://doi.org/10.1007/BFb0032266
https://doi.org/10.1007/BFb0032266
https://doi.org/10.1109/TAC.2018.2800789
https://doi.org/10.1109/TAC.2018.2800789
https://doi.org/10.1109/TAC.2018.2800789
https://doi.org/10.1109/TAC.2019.2949350
https://doi.org/10.1109/TAC.2019.2949350
https://doi.org/10.1109/TAC.2019.2949350
https://arxiv.org/abs/2008.13387
https://doi.org/10.1109/ICIT.2019.8755064

	Introduction
	Problem formulation and structural assumptions
	Control objective
	MPC with quadratic stage cost
	Drawbacks of the MPC scheme 2.1
	System class
	Novel stage cost design
	Main result

	Examples/Simulations
	Exothermic chemical reaction
	Mass-on-car system

	Proof of the main result
	Optimal control problems with funnel-like stage costs
	Initial and recursive feasibility

	Conclusion
	References

