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A few definitions and general properties



The main philosophy...

Koopman operator @ t linear infinite-dimensional
description ]_-% K'f operator
Operator f » K'f = f A concept that is not so new!

acting on an observable space F @f e.g. Lyapunov functions,
\ / HJB equation, Lie derivatives,...
LIFTING
- - -~ -~ -~ -~ -~ ~-"-"-"TT"TT"TT"T T T T T T T T T~ - ~-T-T—~™—° \\
I' Trajectory-oriented o' (z) |
: description : nonlinear finite-dimensional
'Flow map x — ¢*(x) X ! dynamics
I
1

:acting on the state space X C R‘T/ y/



The Koopman operator is a composition operator

f: X — C isan «observable »
with f € F

Discrete-time system ¢ : X — X
Koopman operator = composition operator K f = fopy K :F — F
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Il,Continuous-time system RTx X - X @(t; ) = Sot(') \\I
i semigroup of Koopman operators : (Kt)tzo K 'f = foyt K':F—F i
| K°=1, K'K®>=K'" t5>0 :
'\\ [Koopman, PNAS 1931] )

Finite state space X = {1,..., N} = observable f : {1,...,. N} - C (f € (CN)
KT .CN 5 CN isthe transition matrix of the Markov chain
[Budisic, Mohr and Mezic, Chaos 2012]



A few properties of the semigroup
of Koopman operators (continuous time)

Linearity: K'(aifi +aofe) = a1 K'fi +as K'fo

Infinitesimal generator (Koopman generator)

tf _
Af:thf /
t10 t
A:D(A) = F

[Lasota and Mackey, Chaos, Fractals, and Noise, Springer 1998]

it = F(x)

j‘> Af=F-Vf

Lie derivative

& The semigroup must be strongly continuous: ltilrgllll(tf —fll=0VfeF

Koopman dynamical system

f = Af, f(0) =f, € F = solution f(t) = K'f,



No free lunch: advantages and limitations

) Linearity
=» systematic methods
=>» well-developed theory
=>» spectral analysis

=>» data-driven approach

~ Infinite dimension
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=» inherent difficulties and pitfalls in functional analysis

]
3: =>» scalability issues

=>» approximations and errors




A few definitions and general properties

Let’s first focus on spectral properties

Back to finite dimension

Application #1: stability analysis

Application #2: state estimation



The Koopman operator is linear,
so let’s focus on its spectral properties

-

Koopman eigenfunction ¢y € F l l Aoy = Aoy
Koopman eigenvalue \ € g(A) K'¢y = 6>‘t¢>\
- J

~

[Mezic, Nonlinear Dynamics, 2005]

Koopman mode decomposition

Koopman

mode
rA‘\ regular part

K@) = i! o
j=1

I eigenfunction
]
Pitfall #1: The spectral properties
\ depend on the function space F !

ARGUMENT MODULUS [MW]
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[Susuki and Mezic, IEEE Trans. Power Syst. 2014]




For dissipative systems,

the spectrum

can be decomposed into two parts

Assume that the system admits an attractor A

/ ASTA}
xxxx %{)\} %

=>» captures the ergodic motion on A

=>» e.g. isochrons of limit cycles

\ [AM et Mezic, Chaos 2012] /

/ S{\}

RN

=» captures the asymptotic convergence to A

=>» e.g. « isostables » of equilibria

O
5 4 2 X220 2 -4
\ [AM, Mezic and Moehlis, Physica D 2013]/




Spectral properties reveal geometric properties
of the dynamics: the case of equilibria

Isostables of an equilibrium: level sets of the dominant eigenfunction

04

=» Application to optimal control

Optimal escape - convergence [AM, CDC 2014]

Switching problem [Sootla, AM, and Ernst, Automatica 2018]

Cardiac defibrillation techniques [Wilson and Moehlis, SIAM review 2015]
Deep brain stimulation [Duchet et al., J. Neural Eng. 2021]

Global linearization

v = 02,00, -, 62, (x)) — y=Ay - i

=>» Poincaré linearization theorem / global extension of Harman-Grobman theorem
[Lan and Mezic, Physica D 2013]
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A finite-dimensional approximation is obtained
by « projecting » the operator onto a subspace

: . 1

choose: 1. a basis of functions {1, }j-\f:lthat spans a subspace JF [1
I projection
I

2. a projection operator P : F — Fn

T
PAp;, "

Y;
Koopman matrix:

Compute the matrix representation 4 € RV*Y of the projected generator IPAITN = P(F - V)lT.N
or the matrix representation K € RV*V of the projected semigroup ]PKMITN

Rem.: K ~ 44t

Rem.: 3
Example: X = ax + bx? {?,Dj}jzl = {x, x%,x3}
A—; x x% x3
a b 0 JeAYP,(x) = ax+ bx?
A= |0 2a 2b |« AyY,(x) = 2ax? + 2bx3
components of IP’SVA”%) 0 0 3a |«—Ay;(x) = 3ax3 + 3bx*

in the basis {1); } ;1

spectral properties: eigenvaluesof A = (approximation of) Koopman eigenvalues

eigenvectorsof A =» (approximation of) Koopman eigenfunctions



The finite-dimensional approximation
can be computed from data

Extended dynamic mode decomposition (EDMD) [Williams et al., JNLS 2015]

¢1 (5131)
_ .
Y = gOAt(xk;) ]__>% UAtf \IIX :
¢N ($1)
X @f
[ :) wl (yl)
Lk Lifting of Uy — ;
the data '
(zk, 0= (21)) = (@k, i) YN (Y1)
Ek=1,...,.K

discrete L? projection |:>

Y1 (TK)

YN (.ﬂfK)
Y1 (yYx)

VN (.ZUK)

K= Uyl

Many variants [The multiverse of DMD algorithms, Colbrook, Handbook of Num. Anal. 2024]

Basis functions

Monomials, radial basis functions, neural networks [Li et al., Chaos 2017] [Yeung et al., ACC 2019]

Projection

L? orthogonal, kernel-based EDMD [Williams et al., JNLS 2015],
Analytic EDMD (Taylor projection) [AM and Mezic, SIADS 2026]
Bernstein operator [Yadav and AM, CNSNS 2025]



Approximation errors and convergence rates
can be obtained

]
3\ Pitfall #2: Approximation errors and convergence
)

Methods

Results

References

EDMD

L? convergence

[Korda and Mezic, INLS 2018]

kernel-based EDMD

convergence rates in
Sobolev space

[Nathan et al., CDC 2023]

EDMD convergence rates for finite- | [Zhang and Zuazua, Comptes Rendus
element approximation Mécanique 2023]
EDMD probabilistic error bounds [Niske et al., INLS 2023]

kernel-based EDMD

probabilistic error bounds

[Philipp et al., Appl. Comp. Anal. 2024]

kernel-based EDMD

L* convergence and bounds

[K6hne et al., SIADS 2025]

Bernstein operator

L convergence and bounds

[Yadav and AM, CNSNS 2025]

Analytic EDMD

Analytic RKHS norm /
pointwise convergence

[AM and Mezic, SIADS 2026]




The Koopman approximation yields
linear lifted dynamics

With the lifted state z = ¥(x) = [¢1(X) - -+ YN (X)]

‘nonlinear dynamics ) lifting f linear lifted dynamics
x=F(x) |l > 2= Az
N
n z € R
9 x € R ) \_ < J/
(Pt(xo) “lifting manifold

R™ () Y
/ V RN
e P
3 Pitfall #4: The lifted dynamics is an approximation,
\ unless Fy = span{y;} is invariant (but this is rarely the case in practice!)

Pitfall #5: Reprojecting the lifted state onto the lifting manifold at each step
is equivalent to least-squares regression of the flow map
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Global stability is characterized
in terms of Koopman eigenfunctions

G‘heorem: Assume that X C R"” is a forward invariant connected set. R

The (hyperbolic) fixed point ™ is globally asympt. stable in X iff
(i) R{\,;} <O
(i) there exist . eigenfunctions ¢, € C''(X) withVoy, (%) # 0,

o

Eigenfunctions (yapunov function

4] ' V — \/ 2 2
P .L ] % o3, T o5,
X1° ‘_5&'5 2 \
Drg o |
: e (Contracting metric
T A

M(z,y) = V/]da, (@) = 6x, (W) + o, () — b, ()2

8 g 2 v ow s oG
O e

W,

[AM and Mezic, IEEE TAC 2016] \ J




But validation methods are needed...

SOS methods or adaptative grids can be used [Bierwart and AM, Nonlinear Dynamics 2025]

——DBOA - - .5rd. Taylor ——15rd Tayl. 5 Order 3: 508 Grid_ Order 5: = = -505 M trid
3.5 e . . .
I|
1.75 25 ¢
= 0 > 0
1.75 25
—(}.alg - 5
3. -5 5
! T

KOSTA toolbox (Matlab): https://github.com/FgBierwart/KOSTA-Toolbox

Kernel-based (RKHS) methods for high-dimensional systems (+ probabilistic guarantees)

1 1

0.5 0.5

Zo 50 =>» F.-G. Bierwart’s talk
05 05 on Friday at 11:40am
B I LN (session FrAT6 - Arna 3)



The lifting dynamics can be used
for global stability analysis

Nonlinear dynamics Linear lifted dynamics
x = F(x) : 7z — Az

z = U(x) @

Nonlinear Lyapunov function Quadratic Lyapunov function
V(x) = ¥(x) P¥(x) — V(z) = 27 Pz

Approximation error = perturbation =2 robust control (e.g. small gain theorem)

[AM, Sootla and Mezic, Koopman operator in Systems and Control, Chapter 2]

Other related approaches

Lyapunov equation in infinite dimension [Breiten and Héveler, SICON 2023]

Zubov-Koopman approach [Meng and Liu, IEEE TAC 2025]
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Observability analysis can be performed
with the lifted dynamics or in infinite dimension

Nonlinear dynamics

x = F(x),

y = h(x) € R™

x(0)

=XOERn

z = U(x)
Q =» estimation of the state x %

4 . . . )
Linear lifted dynamics
z=Az, z(0) =z, € RN
y=CTz
. J

=» estimation of the lifted state z

~>

Linear observability analysis
(approximation)

4 Linear dual Koopman system R
f =Af, f(0) =k, €F
y =Cpf =(f,h)

\§ J

=» estimation of an evaluation functional &,

d L st f)=f)Vf

-

\where ¥, are the principal eigenfunctions of A"

Sufficient spectral observability condition

\

(h,)#0 Vke(l,..,n}

[Mohet, AM, and Winkin, arXiv:2503.08345]



State estimation can be performed
with the lifted dynamics or in infinite dimension

Linear |iWamics A 4 Linear dualVan system A
=Az, z(0) = z, E R
iite- gmbensmnal Luenberger observer /f |n|te fhenégo’;nal Lu]é&%)erger"'dbserveﬁ\
or Kalman filter) Y, \ E _ A*f : L(anjc‘ ]) f(O) _
i =» estimation of afn( e)valuatlon functional’k] 4
t

t
}%{% N
fO;\ ; fO

L

[Surana and Banaszuk, NOLCOS 2016]

@rana, CDC 2016] / wohet, AM, and Winkin, arXiv:2503.08345y

=> J. Mohet’s talk today at 15:30 (session WeB7 - Arna 4)
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Input-

output
\ systems _
Real-life onnection

applicati? -~ toclassical
~__

\heory

The rebirth: The data-driven Control “Koopmania”
spectral era methods

Early works in approach
control theory
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    f ↦ K t f = f


    x ↦ 𝜑 t ( x )


  X ⊂  ℝ n


   f . = A f


  f  ( 0 ) =  f 0 ∈ ℱ


  f  ( t ) =  K t  f 0


    lim  t ↓ 0  ‖   K t f − f ‖ = 0     ∀ f ∈ ℱ


  ℱ


  y = (  𝜙   𝜆 1  ( x ) , … ,  𝜙   𝜆 n  ( x ) )


   y . = 𝚲   y


  𝑨 ∈  ℝ  N × N


  ℙ A    ​ |   ℱ N = ℙ  (  𝑭 ⋅ ∇ )    ​ |   ℱ N


  𝑲 ∈  ℝ  N × N


  ℙ  K  Δ t    ​ |   ℱ N


  𝑲 ≈  e  𝑨 Δ t


  A  𝜓 i


  ℙ A  𝜓 i


   𝜓 i


   ℱ N


  𝑨


  𝑨


   x . = a x + b  x 2


  𝑨


  𝑨


     {   𝜓 j }  j = 1 3 =  {  x ,  x 2 ,  x 3 }


  A  𝜓 1  ( x ) = a x + b  x 2


    x         x 2     x 3


  A  𝜓 2  ( x ) = 2 a  x 2 + 2 b  x 3


  a       b           0    


  0     2 a       2 b        


  0       0         3 a        


  A  𝜓 3  ( x ) = 3 a  x 3 + 3 b  x 4


   L 2


   L 2


   L 2


   L ∞


   L ∞


   ℱ N = span {  𝜓 i }


   𝒙 0


     𝝋 t ( 𝒙 0 )


   ℝ n


   ℝ N


   𝒛 0


   e  𝑨 t  𝒛 0


  ≡


   f . =  A ∗ f ,                               f  ( 0 ) =  k   x 0 ∈ ℱ


  y =  C h f = ⟨ f ,   h ⟩


   𝒛 . = 𝑨   𝒛 ,                                 𝒛 ( 0 ) =  𝒛 0 ∈


   ℝ N


  𝒚 =  𝑪 𝑻   𝒛


   x . = F  ( x )
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  y = h  ( x ) ∈  ℝ m


  𝒙
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   ℝ N
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  𝒛


   k 𝒙


     f ^ . =  A ∗  f ^ + L  (   C h  f ^ − y ) ,        f ^  ( 0 ) =  k     x ^ 0  
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  𝒛 ( t )
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  f ( t )

