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Koopman operator
description

Operator 𝑓 ↦ 𝐾𝑡𝑓 = 𝑓
acting on an observable space

LIFTING

The main philosophy…

Trajectory-oriented 
description

linear infinite-dimensional 
operator

nonlinear finite-dimensional
dynamicsFlow map 𝑥 ↦ 𝜑𝑡(𝑥)

acting on the state space 𝑋 ⊂ ℝ𝑛

A concept that is not so new!
e.g. Lyapunov functions, 
HJB equation, Lie derivatives,…



The Koopman operator is a composition operator

is an « observable »

with

[Koopman, PNAS 1931]

Finite state space ➔ observable

[Budisic, Mohr and Mezic, Chaos 2012]

is the transition matrix of the Markov chain

Koopman operator = composition operator

Discrete-time system

semigroup of Koopman operators :

Continuous-time system

-1



A few properties of the semigroup 
of Koopman operators (continuous time)

Infinitesimal generator (Koopman generator)

Linearity:

Lie derivative

Koopman dynamical system

ሶ𝑓 = 𝐴𝑓,   𝑓 0 = 𝑓0 ∈ ℱ ➔ solution 𝑓 𝑡 = 𝐾𝑡𝑓0

[Lasota and Mackey, Chaos, Fractals, and Noise, Springer 1998]

The semigroup must be strongly continuous: lim
𝑡↓0

𝐾𝑡𝑓 − 𝑓 = 0 ∀𝑓 ∈ ℱ



No free lunch: advantages and limitations

Linearity

➔ systematic methods

➔well-developed theory

➔ spectral analysis

➔ data-driven approach

Infinite dimension

➔ inherent difficulties and pitfalls in functional analysis

➔ scalability issues

➔ approximations and errors
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The Koopman operator is linear,
so let’s focus on its spectral properties

Koopman mode decomposition 

Koopman
mode

eigenfunction

regular part 

[Susuki and Mezic, IEEE Trans. Power Syst. 2014]

eigenvalue

Koopman eigenvalue 

Koopman eigenfunction 

[Mezic, Nonlinear Dynamics, 2005]

Pitfall #1: The spectral properties 
depend on the function space ℱ !



For dissipative systems, the spectrum 
can be decomposed into two parts

➔ captures the asymptotic convergence to 

➔ e.g. « isostables » of equilibria

➔ captures the ergodic motion on

➔ e.g. isochrons of limit cycles

Assume that the system admits an attractor

[AM et Mezic, Chaos 2012] [AM, Mezic and Moehlis, Physica D 2013]



Spectral properties reveal geometric properties 
of the dynamics: the case of equilibria

Optimal escape - convergence [AM, CDC 2014]
Switching problem [Sootla, AM, and Ernst, Automatica 2018]
Cardiac defibrillation techniques  [Wilson and Moehlis, SIAM review 2015]
Deep brain stimulation [Duchet et al., J. Neural Eng. 2021]

Isostables of an equilibrium: level sets of the dominant eigenfunction

➔ Application to optimal control

➔ Poincaré linearization theorem / global extension of Harman-Grobman theorem 
[Lan and Mezic, Physica D 2013]

Global linearization

𝑦 = (𝜙𝜆1
𝑥 , … , 𝜙𝜆𝑛

𝑥 ) ሶ𝑦 = 𝚲 𝑦
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components of                  
in the basis

A finite-dimensional approximation is obtained 
by « projecting » the operator onto a subspace 

1. a basis of functions                   that spans a subspace

2. a projection operator 

choose:

Compute the matrix representation 𝑨 ∈ ℝ𝑁×𝑁 of the projected generator ℙ𝐴ȁℱ𝑁
= ℙ 𝑭 ⋅ ∇ ȁℱ𝑁

or the matrix representation  𝑲 ∈ ℝ𝑁×𝑁 of the projected semigroup ℙ𝐾Δ𝑡ȁℱ𝑁

Rem.: 𝑲 ≈ 𝑒𝑨Δ𝑡

i

𝐴𝜓𝑖

ℙ𝐴𝜓𝑖

𝜓𝑖

projection

ℱ𝑁

eigenvalues of 𝑨 ➔ (approximation of) Koopman eigenvalues

eigenvectors of 𝑨 ➔ (approximation of) Koopman eigenfunctions

spectral properties:

Koopman matrix:

Example: ሶ𝑥 = 𝑎𝑥 + 𝑏𝑥2

𝑨

𝑨

𝜓𝑗 𝑗=1

3
= 𝑥, 𝑥2, 𝑥3

𝐴𝜓1 𝑥 = 𝑎𝑥 + 𝑏𝑥2
𝑥 𝑥2 𝑥3

𝐴𝜓2 𝑥 = 2𝑎𝑥2 + 2𝑏𝑥3

𝑎 𝑏 0 
0 2𝑎 2𝑏 

0 0 3𝑎 𝐴𝜓3 𝑥 = 3𝑎𝑥3 + 3𝑏𝑥4



The finite-dimensional approximation 
can be computed from data

Extended dynamic mode decomposition (EDMD) [Williams et al., JNLS 2015]

discrete 𝐿2 projection 

Lifting of 
the data

Many variants [The multiverse of DMD algorithms, Colbrook, Handbook of Num. Anal. 2024]

Basis functions
Monomials, radial basis functions, neural networks [Li et al., Chaos 2017] [Yeung et al., ACC 2019]

Projection
𝐿2 orthogonal, kernel-based EDMD [Williams et al., JNLS 2015], 
Analytic EDMD (Taylor projection) [AM and Mezic, SIADS 2026]

Bernstein operator [Yadav and AM, CNSNS 2025]



Approximation errors and convergence rates 
can be obtained

Methods Results References

EDMD 𝐿2 convergence [Korda and Mezic, JNLS 2018]

kernel-based EDMD convergence rates in 
Sobolev space

[Nathan et al., CDC 2023]

EDMD convergence rates for finite-
element approximation

[Zhang and Zuazua, Comptes Rendus
Mécanique 2023]

EDMD probabilistic error bounds [Nüske et al., JNLS 2023]

kernel-based EDMD probabilistic error bounds [Philipp et al., Appl. Comp. Anal. 2024]

kernel-based EDMD 𝐿∞ convergence and bounds [Köhne et al., SIADS 2025]

Bernstein operator 𝐿∞ convergence and bounds [Yadav and AM, CNSNS 2025]

Analytic EDMD Analytic RKHS norm / 
pointwise convergence

[AM and Mezic, SIADS 2026]

Pitfall #2: Approximation errors and convergence



The Koopman approximation yields 
linear lifted dynamics

With the lifted state 

linear lifted dynamicsnonlinear dynamics lifting

Pitfall #4: The lifted dynamics is an approximation,
unless ℱ𝑁 = span{𝜓𝑖} is invariant (but this is rarely the case in practice!)

𝒙0

𝝋𝑡(𝒙0)

ℝ𝑛

ℝ𝑁

𝒛0

𝑒𝑨𝑡𝒛0
“lifting manifold”

Pitfall #5: Reprojecting the lifted state onto the lifting manifold at each step 
is equivalent to least-squares regression of the flow map
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Global stability is characterized
in terms of Koopman eigenfunctions 

Theorem: Assume that                  is a forward invariant connected set. 
The (hyperbolic) fixed point      is globally asympt. stable in      iff
(i) 
(ii) there exist     eigenfunctions                            with 

Eigenfunctions Lyapunov function

[AM and Mezic, IEEE TAC 2016]

Contracting metric



But validation methods are needed…

SOS methods or adaptative grids can be used [Bierwart and AM, Nonlinear Dynamics 2025]

KOSTA toolbox (Matlab): https://github.com/FgBierwart/KOSTA-Toolbox

Kernel-based (RKHS) methods for high-dimensional systems (+ probabilistic guarantees)

➔ F.-G. Bierwart’s talk 
on Friday at 11:40am
(session FrAT6 - Árna 3)



The lifting dynamics can be used 
for global stability analysis

Quadratic Lyapunov functionNonlinear Lyapunov function

Linear lifted dynamicsNonlinear dynamics

[AM, Sootla and Mezic, Koopman operator in Systems and Control, Chapter 2]

Approximation error ≡ perturbation ➔ robust control (e.g. small gain theorem)

Other related approaches

Lyapunov equation in infinite dimension [Breiten and Höveler, SICON 2023]

Zubov-Koopman approach [Meng and Liu, IEEE TAC 2025]
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Observability analysis can be performed 
with the lifted dynamics or in infinite dimension

ሶ𝑓 = 𝐴∗𝑓,  𝑓 0 = 𝑘𝑥0
∈ ℱ

𝑦 = 𝐶ℎ𝑓 = ⟨𝑓, ℎ⟩

Linear dual Koopman systemLinear lifted dynamics

ሶ𝒛 = 𝑨 𝒛,  𝒛(0) = 𝒛0 ∈ ℝN

𝒚 = 𝑪𝑻 𝒛

ሶ𝑥 = 𝐹 𝑥 , 𝑥 0 = 𝑥0 ∈ ℝ𝑛

𝑦 = ℎ 𝑥 ∈ ℝ𝑚

Nonlinear dynamics

➔ estimation of the state 𝒙

➔ estimation of the lifted state 𝒛 ➔ estimation of an evaluation functional 𝑘𝑥

[Mohet, AM, and Winkin, arXiv:2503.08345]

s.t. 𝑘𝑥, 𝑓 = 𝑓 𝑥 ∀𝑓

Linear observability analysis 
(approximation)

Sufficient spectral observability condition

ℎ, 𝜓𝜆𝑘
≠ 0 ∀𝑘 ∈ {1, … , 𝑛}

where 𝜓𝜆𝑘
are the principal eigenfunctions of 𝐴∗



State estimation can be performed 
with the lifted dynamics or in infinite dimension

ሶ𝑓 = 𝐴∗𝑓,  𝑓 0 = 𝑘𝒙0
∈ ℱ

𝑦 = 𝐶ℎ𝑓 = ⟨𝑓, ℎ⟩

Linear dual Koopman systemLinear lifted dynamics

ሶ𝒛 = 𝑨 𝒛,  𝒛(0) = 𝒛0 ∈ ℝN

𝒚 = 𝑪𝑻 𝒛

➔ estimation of the lifted state 𝒛 ➔ estimation of an evaluation functional 𝑘𝒙

[Surana and Banaszuk, NOLCOS 2016] 
[Surana, CDC 2016] [Mohet, AM, and Winkin, arXiv:2503.08345]

ሶመ𝑓 = 𝐴∗ መ𝑓 + 𝐿 𝐶ℎ
መ𝑓 − 𝑦 ,  መ𝑓 0 = 𝑘 ො𝑥0 

Finite-dimensional Luenberger observer 
(or Kalman filter)

Infinite-dimensional Luenberger observer 

ℝ𝑁

𝒛(𝑡)
𝒛0

ො𝒛0

ො𝒛(𝑡)

ℋ

𝑓0
መ𝑓0

መ𝑓(𝑡)
𝑓(𝑡)

➔ J. Mohet’s talk today at 15:30 (session WeB7 - Árna 4)
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SO WHAT’S NEXT?
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    f ↦ K t f = f


    x ↦ 𝜑 t ( x )


  X ⊂  ℝ n


   f . = A f


  f  ( 0 ) =  f 0 ∈ ℱ


  f  ( t ) =  K t  f 0


    lim  t ↓ 0  ‖   K t f − f ‖ = 0     ∀ f ∈ ℱ


  ℱ


  y = (  𝜙   𝜆 1  ( x ) , … ,  𝜙   𝜆 n  ( x ) )


   y . = 𝚲   y


  𝑨 ∈  ℝ  N × N


  ℙ A    ​ |   ℱ N = ℙ  (  𝑭 ⋅ ∇ )    ​ |   ℱ N


  𝑲 ∈  ℝ  N × N


  ℙ  K  Δ t    ​ |   ℱ N


  𝑲 ≈  e  𝑨 Δ t


  A  𝜓 i


  ℙ A  𝜓 i


   𝜓 i


   ℱ N


  𝑨


  𝑨


   x . = a x + b  x 2


  𝑨


  𝑨


     {   𝜓 j }  j = 1 3 =  {  x ,  x 2 ,  x 3 }


  A  𝜓 1  ( x ) = a x + b  x 2


    x         x 2     x 3


  A  𝜓 2  ( x ) = 2 a  x 2 + 2 b  x 3


  a       b           0    


  0     2 a       2 b        


  0       0         3 a        


  A  𝜓 3  ( x ) = 3 a  x 3 + 3 b  x 4


   L 2


   L 2


   L 2


   L ∞


   L ∞


   ℱ N = span {  𝜓 i }


   𝒙 0


     𝝋 t ( 𝒙 0 )


   ℝ n


   ℝ N


   𝒛 0


   e  𝑨 t  𝒛 0


  ≡


   f . =  A ∗ f ,                               f  ( 0 ) =  k   x 0 ∈ ℱ


  y =  C h f = ⟨ f ,   h ⟩


   𝒛 . = 𝑨   𝒛 ,                                 𝒛 ( 0 ) =  𝒛 0 ∈


   ℝ N


  𝒚 =  𝑪 𝑻   𝒛


   x . = F  ( x )


                                      x  ( 0 ) =  x 0 ∈  ℝ n


  y = h  ( x ) ∈  ℝ m


  𝒙


  𝒛


   k x


   ⟨   k x , f ⟩ = f  ( x )   ∀ f


   ⟨  h ,  𝜓   𝜆 k ⟩ ≠ 0       ∀ k ∈ { 1 , … , n }


   𝜓   𝜆 k


   A ∗


   f . =  A ∗ f ,                               f  ( 0 ) =  k   𝒙 0 ∈ ℱ


  y =  C h f = ⟨ f ,   h ⟩


   𝒛 . = 𝑨   𝒛 ,                                 𝒛 ( 0 ) =  𝒛 0 ∈


   ℝ N


  𝒚 =  𝑪 𝑻   𝒛


  𝒛


   k 𝒙


     f ^ . =  A ∗  f ^ + L  (   C h  f ^ − y ) ,        f ^  ( 0 ) =  k     x ^ 0  


   ℝ N


  𝒛 ( t )


   𝒛 0


     𝒛 ^ 0


   𝒛 ^ ( t )


  ℋ


   f 0


     f ^ 0


   f ^ ( t )


  f ( t )

