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The Koopman composition operator for autonomous systems

Autonomous system xt+1 = F0(xt), F0 : X → X , with
observables φ ∈ Hx := L2(X , µx).

Koopman (composition) operator, linear in φ:

(CF0φ)(x) = φ ◦ F0(x) , CF0 : Hx → Hx .

Well-posedness (invariance)

φ ◦ F0 ∈ Hx , ∀φ ∈ Hx .

B.O. Koopman, PNAS, 1931.

Classical setting: F0 measure-preserving and bijective ⇒ CF0 unitary ⇒ invariance.
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Koopman model: Exact infinite-dimensional lifted dynamics
Lift the state with a basis {ψi ,x}i≥1 of Hx :

Ψx(x) =

ψ1,x(x)
ψ2,x(x)

...

 , zt := Ψx(xt).

Lifted dynamics: the composition operator applied entrywise

zt+1 =
(
CF0Ψx

)
(xt) = Ψx ◦ F0(xt) = Kzt

• An exact representation, linear in the observables, of the nonlinear map F0;

• Orthonormal basis of L2(X , µx) and boudedness of CF0 enables convergence of
data-driven finite-dimensional Koopman models to K.1

1
M. Korda & I. Mezić, J. Nonlinear Sci. 28:687–710, 2018.
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Koopman model: The lifting picture

zt zt+1

xt xt+1

zt+1 = K zt (linear)

xt+1 = F0(xt) (nonlinear)

lift Ψx decode D

The nonlinear F0 becomes exactly linear on the lifted state; the picture every controlled extension

will try to preserve.
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Overview of the discussed approaches

For xt+1 = F (xt , ut) the autonomous construction does not apply directly. We analyze existing
approaches using the same 3 aspects: 1) the composition operator (domain/codomain); 2) the
invariance property; and 3) the Koopman model class.

(i) linear
one K on
X × ℓ(U)

z+ = Az + Bu

(ii) bilinear
m+1 frozen Ku

z+ = Az + Bu +
∑

i Nizui

(iii) KCF
the family
{Ku}u∈U

z+ = A(u) z

(iv) GeKo
one K on
Hx ⊗Hu

z+ = K(z ⊗ v)

Korda–Mezić ’18 Goswami–Paley ’17–’22 Haseli–Cortés ’25–’26 Lazar ’25–’26

If the technical details get too dense, hang on for “The lifting picture”. For full derivations we refer
to the cited papers.
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(i) Linear Koopman models: lifting with infinite input sequences

1. Composition operator (Korda–Mezić, Automatica, 2018)

Extended state χ := (x ,u) ∈ X × ℓ(U), u = (u0, u1, . . .) an infinite input sequence; extended
dynamics χt+1 = S(χt) :=

(
F (xt ,ut(0)), σut

)
with the left shift (σu)(i) := u(i + 1). Koopman

operator on extended observables:

(Kϕ)(χ) = ϕ ◦ S(χ) , K : H → H, H = L2
(
X × ℓ(U), µχ

)
,

Key idea: appending the future inputs makes the dynamics autonomous again, so the classical
construction applies verbatim on the extended space.
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(i) Linear Koopman models: structure of K and the finite model

2. Assumptions and the structure of K
Restrict to the subspace spanned by state-only observables ψi,x(x) and the first input coordinate
u(0). On this subspace, the L2(µχ)-orthogonal projection of K (its compression PVK|V ) is
block-structured:[

Ψx(xt+1)
ut+1(0)

]
≈

[
A B
∗ ∗

] [
Ψx(xt)
ut(0)

]
⇒ only the state rows [A B ] are kept.

The shifted input coordinates are not modeled: future inputs are decision variables or known.

3. Finite-dimensional model

zt+1 = Azt + But , xt = Dzt .
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(i) Linear Koopman models: the lifting picture

zt zt+1

xt xt+1

zt+1 = Azt + But (linear)

xt+1 = F (xt , ut) (nonlinear)

lift Ψx decode D

One linear map on the lifted state; the input enters additively, unlifted.

Convergence? functions linear in unlifted u do not form a basis in general. Convergence to an exact

Koopman form is not guaranteed.
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(ii) Bilinear Koopman models: constant-input operators

1. Composition operator(s)

Fix (freeze) u ∈ U and set Fu := F (·, u): each constant-input system x+ = Fu(x) is autonomous,
with Koopman operator

(Kuφ)(x) = φ ◦ Fu(x) , Ku : Hx → Hx (one operator per u).

2. Underlying assumptions

• Control-affine dynamics: ẋ = f0(x) +
∑m

j=1 gj(x)uj ;

• the Koopman generator of the frozen flow Kt
u, Luφ := limt↘0

1
t (Kt

uφ− φ) = ∇φ⊤fu pointwise,
is affine in u: Lu = L0 +

∑
j uj(Lej − L0) ⇒ exact bilinear lifted ODE

ż = Az + Bu +
∑

j Njz uj (Goswami & Paley, TAC, 2022);

• discrete time: KTs
u = eTsLu , and the exponential of an affine map is not affine: bilinearity holds

up to O(T 2
s ), exact as Ts → 0.
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(ii) Bilinear Koopman models: SafEDMD and the finite model

Discrete-time bilinear surrogate (SafEDMD)

Use only m+1 members of the constant-input family, K0,Ke1 , . . . ,Kem , learned from data generated
with the frozen inputs u = 0 and u = ej , and interpolate affinely: Ku ≈ K0 +

∑m
j=1 uj

(
Kej −K0

)
.

Interpolated Koopman generators/operators: Peitz, Otto & Rowley, SIAM JADS 19(3), 2020.

3. Finite-dimensional model

zt+1 = Azt + But +
m∑
j=1

Nj zt uj,t

Guarantees: proportional error bounds w.r.t. ∥x∥, ∥u∥ enable controller design with closed-loop guarantees; the

control-affine assumption is structural; non-affine input maps are not directly captured. Strässer, Schaller,

Worthmann, Berberich & Allgöwer, “SafEDMD,” Automatica 185:112732, 2026.
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(ii) Bilinear Koopman models: the lifting picture

zt zt+1

xt xt+1

z+ = Az + Bu +
∑

j Nj z uj

xt+1 = F (xt , ut) (nonlinear)

lift Ψx decode D

Convergence? yes for input-affine dynamics: it requires exact bilinearization in u and Ts → 0.
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(iii) Koopman control family: all constant-input operators at once

1. Composition operator(s)

The Koopman control family (KCF) is the same constant-input family as in (ii), now taken in its
entirety:

{Ku}u∈U , Kuφ = φ ◦ Fu , Ku : F → F ∀u ∈ U,

F : one common linear space of state observables φ : X → K (not functions of (x , u)), invariant under every

frozen-input composition: φ ◦ Fu ∈ F ∀u; F ⊆ L2(X , µx ).

2. Underlying assumption: a common invariant subspace

V ⊂ F is invariant under the KCF if Kuφ ∈ V for all φ ∈ V , u ∈ U. Theorem (Haseli–Cortés): the
KCF admits a finite-dimensional common invariant subspace V = span(Ψ) iff the dynamics admit
the input-state separable form

Ψ(x+) = A(u)Ψ(x), A : U → Kn×n.

M. Haseli & J. Cortés, Automatica 185:112722, 2026.
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(iii) Koopman control family: normal subspaces and the finite model

Constructing A(u) via the augmented operator

Augmented system (x+, u+) = (F (x , u), u) with operator Kaug on Faug. If a normal

subspace Υ(x , u) =

[
I

G (u)

]
Ψ(x) is invariant under Kaug, then V = span(Ψ) is

KCF-invariant.

3. Finite-dimensional model

Ψ(x+) =
(
A11 + A12 G (u)

)
Ψ(x)

The input enters through a general matrix-valued G (u).

Special cases: linear (z+ = Az + Bu) and bilinear lifted models are input-state separable with

particular G (u); exactness hinges on the existence of the common invariant subspace, quantified by

invariance proximity (later).
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(iii) Koopman control family: the lifting picture

zt zt+1

xt xt+1

zt+1 = (A11 + A12G (ut)) zt

xt+1 = F (xt , ut) (nonlinear)

lift Ψx decode D

Convergence? adding more observables does not improve invariance in general; one settles for

approximate invariant subspaces and Koopman forms.

So far, a discrepancy w.r.t. the classical Koopman operator is apparent: the observables basis and

underlying natural convergence mechanism is missing.
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(iv) Generalized Koopman (GeKo) operator: the main idea

For a controlled system xt+1 = F (xt , ut), F : X ×U → X , lift the state in Hx and the input
in Hu independently, and compose with F :

(CFφ)(x , u) := φ ◦ F (x , u) , CF : Hx → H, H = Hx ⊗Hu
∼= L2(X × U, µx ⊗ µu).

Generalized invariance condition

φ ◦ F ∈ H = Hx ⊗Hu, ∀φ ∈ Hx .

Key change: the image φ ◦ F depends on x and u, so the target space is no longer Hx but H.

Key feature: the input u is not treated as an artificial state or parameter of the dynamics.

18 / 54



Lifted observables

Stack the observables into lifted vectors:

Ψx(x) = col(ψ1,x(x), ψ2,x(x), . . .), Ψu(u) = col(ψ1,u(u), ψ2,u(u), . . .),

and form the product lifting

Ψ(x , u) := Ψx(x)⊗Ψu(u) = col(ψ1, ψ2, . . .), ψl = ψi ,x ψj ,u .

Goal: prove that there exists an exact lifted dynamics Ψx(F (x , u)) = KΨ(x , u).
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Intermezzo: Riesz bases

A sequence {ψi}i≥1 is a Riesz basis of a Hilbert space G if, for
constants 0 < α ≤ β <∞,

α
∑
i

|ci |2 ≤
∥∥∥∑

i

ciψi

∥∥∥2
G
≤ β

∑
i

|ci |2, ∀(ci ) ∈ ℓ2.

Synthesis operators of the Riesz bases, both bounded and

boundedly invertible:

Wx : ℓ2 → Hx , Wxc =
∑
i

ciψi ,x ; W : ℓ2 → H, Wd =
∑
j

djψj .

F. Riesz
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Explicit form: K = QxR
−1

Result (existence and form)

If {ψi ,x}, {ψi ,u} are Riesz bases of Hx , Hu and ψi ,x ◦ F ∈ H for all i , then R is invertible
and K = QxR

−1.

R =

⟨ψ1, ψ1⟩H ⟨ψ1, ψ2⟩H · · ·
⟨ψ2, ψ1⟩H ⟨ψ2, ψ2⟩H · · ·

...
...

. . .

 , Qx =

⟨ψ1,x ◦F , ψ1⟩H ⟨ψ1,x ◦F , ψ2⟩H · · ·
⟨ψ2,x ◦F , ψ1⟩H ⟨ψ2,x ◦F , ψ2⟩H · · ·

...
...

. . .


R is the Gram matrix of the product basis; these inner products can be approximated from data.2

2Builds on the construction for autonomous systems by H. H. Asada, “Global, unified representation of
heterogeneous robot dynamics using composition operators: a Koopman direct encoding method,” IEEE/ASME
Trans. Mechatronics 28(5):2633–2644, 2023.
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Relation between K (K0) and CF (CF0
)

ℓ2 ℓ2

Hx Hx

K⊤
0

Wx Wx

CF0

Autonomous: K⊤
0 = W−1

x CF0Wx

ℓ2 ℓ2

Hx H = Hx ⊗Hu

K⊤

Wx W

CF

With control input : K⊤ = W−1CF Wx
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Coordinate representation of CF

From composition operator to matrix K
With the standard ℓ2 basis {ei}, synthesis acts by Wxei = ψi ,x , Wej = ψj . Since
ψi ,x ◦F =

∑
j Kij ψj (coordinates = the i-th row of K),

CFWxei =
∑
j

Kij ψj = W
∑

j Kij ej︸ ︷︷ ︸
= K⊤ei

= W K⊤ei .

Since the above relation is valid for all i it follows that:

CFWx = W K⊤ =⇒ K⊤ = W−1CF Wx .

Above CFWx denotes operator composition, and W−1CFWx , the coordinate representation, is the

operator analogue of a change of basis.
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(iv) GeKo: the lifting picture

zt ⊗ vt zt+1

(xt , ut) xt+1

zt+1 = K (zt ⊗ vt)

xt+1 = F (xt , ut) (nonlinear)

lift Ψx ⊗Ψu decode D

Both states and inputs are lifted (vt = Ψu(ut)); one exact linear bounded operator. Convergence?

24 / 54



GeKo: strong operator convergence

Operator convergence (nz , nv → ∞)

K(nz ,nv ) = ΠnzKΠnz ,nv with oblique Petrov–Galerkin projections (Riesz, not orthonormal);
the projections factor, Πnz ,nv = Πx

nz ⊗ Πu
nv , and are uniformly bounded by

√
β/α, hence

K(nz ,nv )c −Kc = ΠnzK(Πnz ,nv − I )c + (Πnz − I )Kc → 0.

K(nz ,nv ) −→ K (strong operator convergence)

Applicable to non-measure-preserving, general F (x , u) and Riesz dictionaries.

Mirrors the convergence proof for the autonomous case3: without u (H = Hx , K0, CF0) the same

Galerkin projection argument recovers classical EDMD convergence.

3
M. Korda & I. Mezić, J. Nonlinear Sci. 28:687–710, 2018.
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Relevant implication: a nested model-class hierarchy

Linear and bilinear models satisfy HL ⊂ HB ⊂ H. All models share the output projection
Πnz ; only the domain projection differs: KL = ΠnzKΠL, KB = ΠnzKΠB , K = ΠnzKΠnz ,nv .

1

z

u

z⊗ u
v

z⊗ v

wG = z⊗ v

HL HB

H
HL

linear

HB  bilinear

H

HL ⊂HB ⊂H=L 2(X×U)

Monotone floors εL ≥ εB ≥ ε enable data-driven Koopman model-class selection.
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The four routes at a glance

Approach Operator: domain →
codomain

Key assumption Finite model

Linear K : H → H on X × ℓ(U) exact iff F linear in the lifted
coordinates

z+ = Az + Bu

Bilinear family {K0,Ke1 , . . . ,Kem}
on Hx

control-affine F ; Ts → 0 z+ = Az + Bu +
∑

j Njzuj

KCF family {Ku}u∈U : F → F common finite-dim. invariant
subspace

Ψ(x+) = A(u)Ψ(x)

GeKo single CF : Hx → Hx ⊗Hu bounded R–N derivative;
Riesz bases

z+ = K(z ⊗ v)

Note: with full coupling (KCF) or sparsity (GeKo) the two finite forms can be rendered structurally identical; infinite

dim. forms are still fundamentally different as well as their corresp. invariance and convergence properties.

For a detailed comparison and EDMDc for all 4 routes, including KCF: I. Mezić, J. Cortés, K. Worthmann, M. Lazar &

A. Lederer, “Koopman operator theory: fundamentals, control, and applications,” arXiv:2607.01819, 2026.
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Learning Koopman models from data: two pipelines

One-step least squares ̸= small roll-out error: residuals compound through the recursion. Two
independent pipelines, each producing linear, bilinear and GeKo models:

trajectory
data

dictionary
(lifted data)

A: PAD (principal-angle decomposition)
invariance-ranked cut + one-step ridge

B: sys-id; k-means multi-step ridge
+ SVD cut (γ, rank by roll-out)

model
library MPC

Every model in the library is verified on two measures:

• invariance of its subspace (principal-angle certificates);

• true-state roll-out error on test data.
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Common data-driven setup

Data snapshots {(xt , ut , xt+1)}T−1
t=0 , no knowledge of F . State dictionary ψx : Rd → Rnz ,

input dictionary ψu : Rm → Rnv (where needed). Data matrices:

ZX = [ z0 · · · zT−1 ], Z+
X = [ z1 · · · zT ], U = [ u0 · · · uT−1 ], VU = [ v0 · · · vT−1 ].

Khatri–Rao (column-wise Kronecker) product

P ⊙ Q := [ p0 ⊗ q0 | · · · | pT−1 ⊗ qT−1 ]

The t-th column collects the product observables evaluated at snapshot t.
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EDMDc: linear and bilinear forms

Linear EDMDc (Korda–Mezić)

[ Â B̂ ] = argmin
A,B

∥∥Z+
X − AZX − BU

∥∥2
Fr

= Z+
X W⊤(WW⊤)†, W :=

[
ZX

U

]
.

Bilinear EDMDc (Khatri–Rao regressors in u)

Θ :=

 ZX

U
U ⊙ ZX

 , [ Â B̂ N̂1 · · · N̂m ] = Z+
X Θ⊤(ΘΘ⊤)†.

Both are one-step least squares; Tikhonov regularization (·)†γ = (·)⊤[(·)(·)⊤+γI ]−1 used throughout.
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EDMDc: GeKo form

GeKo: Khatri–Rao EDMDc
Fit one matrix advancing the tensor-product lift one step:

K̂ = Z+
X (ZX ⊙ VU)

† ∈ Rnz×nznv

The product Hilbert-space basis expansion; this structure is what enabled convergence (shown in the
previous part).

Decoder (all model forms)

Map the lifted state back to the state, by least squares on the same data:

D̂ = X+ (Z+
X )† = X+(Z+

X )⊤(Z+
X (Z+

X )⊤ + γI )−1 ∈ Rd×nz , x̂ = D̂ z .

The state is included in the dictionary, so decoding is exact in full coordinates; after PAD/SVD reduction, D̂

is refitted in the reduced coordinates, per model.
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Pipeline A: PAD; invariance-maximizing reduction

Rank directions by invariance (principal angles):

model-class space V

rows of R̄: [Z ;U], Θ, or Z⊙V

ψi,x ◦F (data: rows of Z+)

θi

sin θi = defect

Like the angle between two vectors, extended to subspaces: with normalized bases QR̄ , QZ+ of the
regressor R̄ and image Z+, one SVD of the overlap Q⊤

R̄
QZ+ gives all angles, sorted. Keep the

smallest-angle directions (rank by the roll-out criterion), then one-step ridge, small fixed γ.

PAD (autonomous): Conradie et al., arXiv:2603.15091, 2026. PAD for control: this tutorial + software.
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Pipeline A: invariance proximity for systems with control
Per model class, compare two subspaces of functions of (x , u), each spanned by data rows:

• model-class space V = rowspan(R̄): [Z ;U] (linear), Θ (bilinear), Z ⊙ V (GeKo);

• image space I = rowspan(Z+): the state observables pushed one step through the dynamics,
ψi,x ◦ F on the data.

The overlap SVD gives the full angle spectrum θ1 ≤ · · · ≤ θq (the invariance plots); the certificate is
the worst angle:

Invariance proximity of a controlled model class

I∞ = sin θmax

no operator in the class can predict the worst image direction with one-step relative error below I∞;
I∞ = 0 ⇐⇒ an exact finite Koopman model of the class exists.

Computed identically for full and reduced (PAD/SVD) models.

Invariance proximity & CCI (autonomous/KCF setting): Haseli & Cortés, Automatica 185:112722, 2026; here applied

to the controlled model classes.
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Pipeline B: system identification; multi-step regression

Tell the regression that prediction is more than one step: fit on sliding windows along trajectories,
not isolated one-step pairs.

t

window (Nd steps) k-means selected

anchors: start / mid / end

k-means clusters candidate windows by their lifted anchors (start/mid/end) and keeps one
representative per cluster: coverage of the dynamics without redundant data. Stack the shift-k
blocks, Φ = [Φ1 · · ·ΦNd

], W = [W1 · · ·WNd
]; one convex ridge problem:

K̂ = WΦ⊤(ΦΦ⊤ + γI )−1

γ tuned on the decoded roll-out (raw or re-lifted: deployment-matched).
Why “SysID” label: estimation and selection by multi-step prediction error on validation data.

Lazar, arXiv:2606.02938, 2026.
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Pipeline B: SVD reduction; rank by the roll-out criterion
Kernel/random dictionaries are intentionally oversized: cut by energy, i.e., the data variance σ2

j

along each SVD direction (state and input lifts separately), then refit:

τ σ1

kept cut (redundant)

σj of Z̄ = [Z Z+], and of V

• Reduced lifts Ψ̃x = U⊤
z,rzΨx , Ψ̃u = U⊤

v ,rvΨu preserve the model form;

• rank r : smallest with roll-out error close to the full model, r xk = ∥DẐk − DZk∥F/∥DZk∥F at
k = Nd ;

• why not energy alone: the roll-out error need not decrease as energy-ranked directions are
added; low-energy directions can be dynamically essential, so the rank is validated on roll-out;

• multi-step refit in the reduced coordinates.

Lazar, arXiv:2606.02938, 2026.
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Koopman MPC

Prediction with the generic (GeKo) model form; it recovers the bilinear (Ψu = [1, u⊤]⊤) and linear
(Nj = 0) cases; prediction horizon H:

Koopman model predictive control problem

min
u0,...,uH−1

H−1∑
k=0

∥Dzk − xref∥2Qx
+ ∥uk∥2R + ∥∆uk∥2R∆

+ ∥DzH − xref∥2QN

s.t. zk+1 = K
(
zk ⊗Ψu(uk)

)
, z0 = Ψx(xt), ∥uk∥∞ ≤ umax.

• solved by SQP with exact (adjoint) gradients, warm-started with the shifted previous solution;
linear class ⇒ convex QP;

• prediction optionally with re-lift (next slide).
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Re-lift: the practical fix for MPC predictions

Without perfect invariance, roll-outs drift off the lifted manifold M = {Ψx(x)}:

M = {Ψx (x)}ẑk

K̂(ẑk ⊗ vk ) (drifted)

decode x̂ = Dẑ, re-lift Ψx (x̂)

• Restores consistency; complementary to both pipelines (deployment-matched γ: tune on the
re-lifted roll-out);

• Remark: PAD models minimize drift; hence the re-lift effect should be less dramatic by
construction.

Mauroy & Goncalves, IEEE TAC, 2019; van Goor, Mahony, Schaller & Worthmann, CDC, 2023; van Goor et al.,

arXiv:2506.17817, 2025.
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Example: controlled rotation on the circle
State x on the unit circle T = R/Z (identify x ∼ x+1); input u rotates it:

xt+1 = (xt + ut) mod 1, x , u ∈ [0, 1).

x0

x1

x2

x3

x4

x5

0 1

step = +u (mod 1)

State lives on the circle  = /

0 2 4 6 8 10 12 14
step t

0.0

0.2

0.4

0.6

0.8

1.0

1.2

va
lu

e 
in

 [0
,1

)

wrap
wrap

wrap

wrap

xt + 1 = (xt + ut) mod 1
input ut state xt

T = R/Z: the circle: points
differing by an integer are the
same point.

x mod 1: fractional part x − ⌊x⌋;
passing 1 wraps back to 0.

u: the control: a larger u gives a
larger rotation per step.

Classical Koopman example: rotation on the circle; eigenfunctions are the Fourier modes (Budǐsić, Mohr & Mezić,

“Applied Koopmanism”, Chaos 22, 047510, 2012, Example 14).

40 / 54



Building the Koopman operator

Operator = compose observable with the
map

An observable φ is a function of the state;
evaluate it after one step:

(CFφ)(x , u) = φ ◦ F (x , u) = φ
(
(x+u) mod 1

)
.

The input enters in a nonlinear way

Apply it to a Fourier mode φ(x)=e2πimx :

CF e2πimx = e2πim(x+u) = e2πimx e2πimu.

The mod1 drops out (period 1).

Observables (the lifts)

Same Fourier modes for state and input
(nz=nv=2N+1):

z=Ψx(x)=
(
e2πinx

)
|n|≤N

,

v=Ψu(u)=
(
e2πinu

)
|n|≤N

.

Model classes HL ⊂ HB ⊂ H
KL linear z+=Az+Bu

KB bilinear z+=Az+Bu+N (z ⊗ u)

K GeKo z+=K(z ⊗ v)
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Ground truth operator CFφ = φ ◦ F

Probe observable and its exact image

One probe with infinitely many Fourier modes
(Jacobi–Anger), I|m|(1)=1.27, 0.57, . . . :

φ = ecos 2πx =
∑
m

I|m|(1) e
2πimx .

CF acts mode by mode (each × e2πimu), giving a
closed form:

CFφ =
∑
m

I|m|(1) e
2πimxe2πimu = ecos 2π(x+u).

Exact ground truth can be computed with no truncation.

Operator action CFφ on T2 = Tx × Tu

Rotating u slides the profile along x ; Koopman models

must match the coupled e2πimxe2πimu ridge.

Convergence test: learned K̂(nz ,nv )φ (modes |n| ≤ N) vs. exact CFφ ⇒ the gap is the truncation tail → 0.
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Example: convergence vs. the nested model-class floors
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Torus/Riesz example: GeKo convergence
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Controlled torus: linear and bilinear control forms

linear in control
bilinear in control

GeKo K̂(nz ,nv )→ K: strong (norm) convergence,

reaching 10−9 at N=19. Riesz Gram spectrum

stays in [α, β] ≈ [0.42, 1.82].

Linear/bilinear hit structural floors

εL≈0.54 ≥ εB ≈0.46, flat in nz : a line in u

cannot represent the sinusoids e2πimu.
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Example 1: 3D error convergence

Convergence of the error as the number of observables increases in 3D.
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Example: forced Duffing oscillator with different input functions

Dynamics

ẋ1 = x2, ẋ2 = (1− x21 ) x2 − x1 − x31 + h(u)

Three input maps

Increasing difficulty:

h(u) = u (affine), h(u) = u + 0.5u3 (cubic, monotone), h(u) = sin u (non-monotone!)

Sampling Ts = 0.05 s (RK4), |u| ≤ 3; multisine excitation, 10 training trajectories (incl. small ICs
near the origin), one held-out test trajectory.

Setup used throughout: mixed state dictionary (monomials deg ≤ 3 ⊕ 30 RFFs, nz = 40) and
monomial input dictionary Ψu(u) = [ 1, u, u2, u3 ]⊤ (nv = 4, incl. the constant).
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Invariance proximity of the model library

Worst-case one-step defect I∞ = sin θmax, per input map, pipeline and class:

h(u) pipeline linear bilinear GeKo

u PAD 0.754 0.744 0.406

SysID 0.551 0.418 0.368

u + 0.5u3 PAD 0.911 0.670 0.417

SysID 0.756 0.510 0.359

sin u PAD 0.671 0.580 0.517

SysID 0.472 0.439 0.400

Note: I∞ is a conservative index: worst case over all image directions, for a fixed, generic dictionary

(typical-direction defects: 10−3–10−4); training a neural dictionary against invariance can drive

I∞ ∼ 10−2 (Haseli & Cortés, 2026). Here: comparative use, the ranking, not the absolute value.
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Roll-out without & with re-lift (SysID models)
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h(u) = u
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h(u) = u + 0.5u3
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SysID models: raw vs re-lift roll-out

linear raw
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h(u) = sin u

SysID trio, raw (dashed) vs re-lift (solid): re-lift reduces the roll-out error for all input maps (if the

Koopman model is structurally valid).
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Angle spectra of the model subspaces
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h(u) = u
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h(u) = u + 0.5u3
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h(u) = sin u

Sorted sin θj of the 6 model subspaces (PAD solid, SysID dashed): near-invariant in most directions;

a few hard directions set I∞.
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Koopman MPC (H = 15), SysID models
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h(u) = u + 0.5u3

Note: affine and cubic (monotone) actuation: all three classes stabilize; an average fit survives.
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Koopman MPC (H = 15), the non-monotone case
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h(u) = sin u, SysID models.

Note: non-monotone actuation: an average fit is not sufficient; only GeKo stabilizes all ICs.
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Closed-loop model falsification
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Closed-loop test: each model’s MPC is run with the trusted GeKo model + re-lift as the plant; under

sin u, linear and bilinear fail on the surrogate too: the library falsifies its own members, plant-free.
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Consistency analysis over different/larger dictionaries

Same experiment, h(u) = u + 0.5u3, three state dictionaries (Chebyshev tensor, deg ≤ 9: Conradie

et al., arXiv:2603.15091, 2026):

dictionary (nz) pipeline linear bilinear GeKo

mixed (40) PAD 0.911 0.670 0.417

SysID 0.756 0.510 0.359

RFF (103) PAD 0.990 0.584 0.459

SysID 0.555 0.439 0.363

Chebyshev (100) PAD 0.986 0.569 0.437

SysID 0.999 0.793 0.536

Note: the ranking is dictionary-robust: GeKo attains the smallest I∞ in every entry, across all three

dictionaries, input maps and pipelines; richer dictionaries drive the linear class to the ceiling I∞≈1.
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Concluding remarks

• Convergence first: the GeKo product-basis construction yields a provably convergent Koopman
representation (K⊤ = W−1CFWx); its predicted advantage is observed: best I∞ and roll-out
error across both pruning pipelines;

• Two complementary measures: invariance proximity I∞ certifies, a priori, the worst-case defect
of a model class; the true-state roll-out measures deployment error; use both for model
selection;

• An empirical link inviting theory: multi-step regression with SVD reduction, tuned only on the
roll-out error, implicitly promotes invariance;

• Always re-lift in MPC: restoring lifted-state consistency reduces the roll-out error over the
prediction horizons (for a valid Koopman model class);

• Open problems: open-loop scores cannot certify closed-loop viability; validate in closed-loop
against the most trusted (convergent) model; less conservative invariance indexes.
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Thank you for your attention!
Koopman operator theory for systems with control

The generalized Koopman operator CFφ = φ ◦ F (x , u).

Supporting papers: generalized Koopman arXiv:2508.07494; multi-step regression arXiv:2606.02938.

Questions?
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