AN INFINITE DIMENSIONAL DESCRIPTOR SYSTEM MODEL FOR
ELECTRICAL CIRCUITS WITH TRANSMISSION LINES

TIMO REIS*

Abstract. In this paper a model of linear electrical circuits with transmission lines is de-
rived. The equations obtained by the modified nodal analysis (MNA) are boundary-coupled with
the telegraph equations who describe the behavior of the transmission lines. The resulting system of
equations turns out to be an abstract differential-algebraic system and it is formulated as a descriptor
system whose (generalized) state space is an infinite dimensional Hilbert space.
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Introduction. Nowadays, electrical circuits consist of a very large number (=
107) of components like resistors, capacitors, inductors, free and controlled voltage and
current sources. Additionally, these circuits are operated in some higher frequency
domains. As a consequence, several longer connections between components cannot
be modelled as a short circuit anymore but rather as a transmission line (see [8]) The
model of such a transmission line is shown in Figure 0.1.
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Fic. 0.1. Transmission Line

l is the length of the line and G, R, L, C are the conductivity, resistance, inductance
and capacity per length unit. Due to the passivity of the line, G and R are assumed
to be non-negative and L and C strictly positive. These components are continuously
and homogeneously distributed along the line.

The current and the voltage along the transmission line fulfill the telegraph equations:
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The aim of this work is to develop a model for electrical circuits containing several of
these transmission lines. It is organized as follows: In the first section, the modified
nodal analysis (MNA) for circuits with only lumped linear elements is presented as a
descriptor system model. A state space model for the transmission lines is derived in
the second section. The last section is about modelling linear circuits with lumped
elements and transmission lines as a descriptor system while using the results of the
first two sections.
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1. Circuits with Lumped Elements. The circuits are modelled as directed
graph whose edges are weighted with the voltage-current relations of the electrical
components (like e.g. Ohm’s law). See e.g. [9], [7] or [4] for details.

Kirchhoff’s current law (KCL) says that the net current outflow vanishes at any vertex
of the graph, i.e.

Ali =0,

where 4 is the vector containing the currents flowing through the circuit and A’ is the
reduced incidence matrix of the graph. According to Kirchhoff’s voltage law (KVL),
every voltage can be derived from the node potential vector ¢. In particular, we have

u=ATgp.

u is the vector having the edge voltages as components.

One of the most powerful techniques in industrial circuit simulation is the so-called
modified nodal analysis (MNA). There, the relations of the electrical components are
split into a part that can be solved for ¢ and a part that can be solved for u. In the
linear case, we have the form

(6 E -

for some coefficient matrices Py, P, Q1,Q2. With the corresponding partition, we
obtain from Kirchhoff’s laws

. . U AT
Alip + ALipo =0 and <u;> = <A’;T) 0.

This yields the MNA equations

(50 - o
QA + Al Py is) \c ) '
Let now A’ = (ARAcALArAy) be the incidence matrix generated by the graph of
the given circuit. Ag, Ac, Ap, A, Ay contain the resistive, capacitive, inductive
branches and those of the current and voltage sources, respectively. Let ig,i¢,ir,%r
and ¢y the corresponding current vectors. Using the partition

. ir
. (R . .
1= 1. y 2= 1
ic iV

this leads to the following system of equations:
T d —1 4T . . .
ACCACa(b"i_ARR AR¢+ALZL+Avlv+A[Z]:0

d
ATy — L—ip =0
Lo dtZL

ALp —uy = 0.

C, R and L are diagonal matrices whose entries are the capacities, resistances and
inductances.
The voltage sources are divided into the free and controlled ones, i.e.

d . )
uy = VvAIT¢+I/cCAga¢+I/L’LL +viviy + viuy, (12)
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where uy represents the free voltages. vv, vc, vp, viv, vy are matrices which rep-
resent the amplifying gains of the controlled sources whose controlling variables are
voltages and capacitive currents, inductive currents and currents of voltage sources.
Since resistive currents depends algebraically on their voltages, the resistive-current-
controlled voltage sources can be seen as voltage-controlled voltage sources.

In the same way, we have the relation

) d . ) .
Arir = Arvpuv AT ¢ + AICMCCAgasb + Arpprin + Ariy piriyiv + Appgip, (1.3)

where Ar = (ArvArcArnAri, Ay) and some amplifying gain matrices v, fio, (i, friy s [Uf -
Using the equations (1.2) and (1.3), we obtain the system E% = Az + Bu with

(Y L <f>
r=|w |, u= i )
iv f
ACC’AE + Ajc,ucAg 0 0
E= 0 L o],
VCCAE 0 0
—ArRR'AL — Apypv AT —Ap — Ajpur —Av — Ay iy
A= AT 0 0 ,
AL — oy AT —vr, —Viv
0 —A;
B = 0 0
—Vf 0

REMARK 1.1. Differential-algebraic control systems of the form Ei = Ax + Bu
are called descriptor systems. They are e.g. treated in [2].

2. The Transmission Lines. In this section a state space model for transmis-
sion lines is derived. Let the equations (0.1) and (0.2) be given. We always assume
without loss of generality that the length of the line is normalized, i.e. [ = 1. This
can be done by a transformation of the parameters. For convenience, we assume that
the parameters C, L, G and R are constant along the line.

uTo(t)) _ (V(O,t)
ir(t) ) \I(1,%)
be (uTl(t)> :: (V(l,t))_
iro(t) 1(0,1)
The partial differential equations (0.1) and (0.2) can be formulated as an abstract ordi-

nary differential equation in the function space £3[0,1] = { <i;) 1 @1, T2 € L2]0, 1]}:

e -(h R0E) e

As input, we choose ( ) and output of the system is supposed to

with initial data
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and boundary conditions

() - ()

is unbounded and its domain is

D) = {(‘;) € £2[0,1] with V, I are absolutely continuous, and ag‘ﬂ gl € L]0, 1]} )
z Oz

which is dense in £3[0, 1].

Altogether the equations (2.1), (2.2) and (2.3) can be reformulated as an abstract
boundary control problem(see [1], p.121 ff.)

#(1) = «(7) (2.4

Pat) = ul),

where B : D(B) — C?, (‘;) — <‘I/((f)) ) is the so-called boundary operator and it

is defined on

D(p) = {(‘;) € £3[0,1] : V is continuous in 2 = 0 and I is continuous in z = 1} C D(sh)

and has the kernel
k() ={ () € D v0) = 1) = o}

THEOREM 2.1. The control system (2.4) is a boundary control system, i.e. the
following assertions hold.
1. The operator A : D(A) — L£3[0,1]? with D(A) = D(B) N D(Y) and

Az =8z for z € D(A) (2.5)
is an infinitesimal generator of a Cqy semigroup on L£3[0,1].
2. There exists a B € L(C?, L£2[0,1]) such that for all u € C?, Bu € D(i), the
operator B is an element of L(C?, £3]0,1]) and
PBu=u, ucC? (2.6)

Proof.
1. The fact that A generates a Cp-semigroup on £3[0, 1] can be proven using the
Lumer-Philips- Theorem [6).
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2. A right inverse B : C? — £3]0, 1] of %3 is e.g. given by

Vi Vi1,
B = )
() - (it
whereas 1y 1) is the constant function mapping to 1.

V('v t)
I('» t)
inputs u, it satisfies the following abstract differential equation in £3[0,1] (see [1]).

As state of the system we take z(t) = < ) — Bu(t). For weakly differentiable

2(t) = Az(t) — Bu(t) + Buf(t)
V(0,-) (2.7)
zg = (I(O,-)) — Bu(0).

Since A generates a Cy-semigroup, the unique solvability of the the initial value prob-
lem (2.7) is guaranteed.
The output y is then determined by

y(t) = Cz(t) + Du(t) (2.8)

. 2’1<> . 2’1(1) o 1 0
with C (22()) = (2'2(0) and D = 0 1)
REMARK 2.1. C': £2[0,1] — C? is the output operator and not a capacity. In the

rest of this paper it will be always clear from the context which of both is meant.
The equations 2.7 and 2.8 can also be rewritten in the following way:

. d d .

Z = Az — g Briouro + Briuro — g Br2iiT1 + Brailr:
urr = Cpriz+ urg (29)
iro = Croz+ir1,

: 10,11 0 —&lpo. 0
with Brig = {57 |, Brao = 1oy’ Bru = ¢,%") Bra = “Ryy)
: L1,

Cri (‘;) — V(1) and Cro (‘;) — 1(0).

3. The Setup of the Network Equations. Let A’ = (AgpAcAL Ay AroAri1Af)
be the reduced incidence matrix of the circuit. Arg and A7 include the branches
of the left and right boundaries of the transmission lines and irq,i7; are the corre-
sponding current vectors.

The MNA equations read then

d T

aACCACqur AR AL
+Arip + Aviv + Argire + ArviTs + Arir =0 (31)
d
AT¢— L—ip =0 (3.2)

dt
AL ¢ —uy =0. (3.3)
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Now let the circuit have np transmission lines which are modelled as in the previous
section with

. d d . .
Zi = Az — & Brioiuroei + Briviuroi — g BraiiiTii + BraviiTu
uryi = Criuz+uro
iros = Croiz + i1 fori=1...n.
We define

Ap = diag(As,..., Any),
Brio := diag(Bio1, - - -, Biony)
Briy = diag(Bi11, - - -, Biing)
Bryo = diag(Bao1, - - -, Baons )
Broy = diag(Bai1, - -, Baing ),

Cro := diag(Cro1, - - - CTong )5
( )

Cry = diag(Cri11, ..., Crin,) and
21
z =
Znp

Then we have

d d d . .
T Arz — ditBTloA%(ﬁ + BraoAkod — d*tBTulm + Broiir1: =0 (3.4)

Criz+urg —ur1 =0 (35)

CT()Z + iTl - iTO =0.

The equations for the controlled sources are
1T T d - . . .
uwy =vy A" o+ VCCAcaéf) +vrir + viviv + vroiro + vriir + veug,
. d . )
Arip = Ay puv AT ¢+ AlcucC’Agad) + Arpprin + Ay iy iv

+ArropToito + ArripriiTy + Arppgiy.

Plugging these two equations and the relation (3.6) into the equations (3.1) and (3.3),
we obtain the following differential-algebraic system:

Ei = Az + Bu,
with
¢
iL
r=\|iw |, u= <1;f)
iT1 !
z

The generalized state space of this system is then X = Rretnetnvinr x £,[0 1]2n7
where ng, np, ny, nr are the the numbers of nodes, inductances, voltage sources and
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transmission lines.

The operators E, A and B are given by

AccAL + Ajcuccal o o 0 0 0 ~Agrpng
0 L o 0 0 o
E = vooAag 0o o 0 o, B=|-u 0
0 0 0 0 0 0 0
T
BrigAty 0 0 Bpyp I 0 0
—1,T T
—ARRT AR —Apvieyv A —AL —Apnp Ay = ALiy Bl
AT 0 0
Lo
— T 4
A= AVT7 va; —vy, —vry
AL, — al, 0 0
Bpag ALy 0 0
—Aro — A1 — AITOUMTO —AIT1HITL *AIT1MT1COTO — A1oCT0
—vTo ~ VTl v79CT0
0 Cr1
Brai Ar

with £ : X — X, A: D(A) = Retnetnvinr w DA ¢ X — X, B: R" 5 —
X, where ny, and ny, are the numbers of free voltage and current sources.

Conclusion. In this work, a generalized state space model for circuits with trans-
mission lines and lumped linear elements was derived. The state space turned out to
be an infinite dimensional Hilbert space. Such systems are also known as abstract
differential-algebraic systems (ADAS) and are treated e.g. in [5]. There typical prob-
lems of differential algebraic equations like index concepts and consistent initialization
are generalized to the infinite dimensional case and can be applied to the system pre-
sented in this paper.
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