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Kurzfassung

Diese Arbeit ist eine ausfihrliche Aufbereitung des Papers "The Kalman-Yakubovich-
Popov inequality for differential-algebraic systems'von Timo Reis, Olaf Rendel und
Matthias Voigt aus dem Jahre 2015. Mit diesen Resultaten ist es unser Ziel, das
linear-quadratische Optimalsteuerungsproblem mit differentiell-algebraischen Neben-
bedingungen handhabbar zu machen. Dem Vorgehen liegt das Kalman-Yakubovich-
Popov Lemma zugrunde, welches die positive Semidefinitheit der Popov-Funktion auf
der Imaginédrachse mit der Losbarkeit einer linearen Matrixungleichung verkniipft.
Das Auffinden spezieller Losungen fiihrt zum Konzept der Lur’e Gleichung, welche
wiederum mithilfe von abnehmenden Unterraumen gewisser Matrixbiischel gelost
werden kann. Diese Losungen ermoglichen es, sowohl den optimalen Kostenwert zu
bestimmen als auch die Losung des Optimalsteuerungsproblems zu charakterisieren.
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Abstract

This thesis is an elaboration of the paper "The Kalman-Yakubovich-Popov inequal-
ity for differential-algebraic systems" by Timo Reis, Olaf Rendel, and Matthias Voigt
from 2015. Based on their results, we aim to handle the linear-quadratic optimal con-
trol problem with differential-algebraic constraints. The considered approach uses
the Kalman-Yakubovich-Popov lemma, which relates the positive semi-definiteness
of the Popov function on the imaginary axis to the solvability of a linear matrix in-
equality. Particular solutions of this inequality are provided by the Lur’e equation,
which in turn can be solved via deflating subspaces of certain matrix pencils. These
solutions enable both the calculation of the optimal costs and the characterization
of the solution of the optimal control problem.
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1 Introduction

We consider the linear-quadratic optimal control problem for differential-algebraic
equations (DAEs) based on the paper

T. Reis, O.Rendel, and M. Voigt: The Kalman-Yakubovich-Popov inequality
for differential algebraic systems, Linear Algebra Appl. 485, pp. 153-193, 2015.

The task is to minimize the quadratic cost functional

s = [T () [€ 8 C) =
subject to a linear differential-algebraic system
L (Bx(t)) = Az(t) + Bu(t)
and further technical constraints. In this context E, A, B are the system matrices
and ), R, S are weighting matrices.

To handle the optimal control problem the elaborated approach is based on the
rational matrix-valued Popov function
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a matrix inequality called Kalman-Yakubovich-Popov inequality, and the so-called
Lur’e equation. These concepts enable us to characterize the cost functional J and
the minimal costs.

Outline of the thesis

To get an overview of the connections of the main results of this thesis, they are
collected and visualized in Figure 1.1.

In Chapter 2 we provide the mathematical preliminaries to understand the follow-
ing chapters. Besides introducing differential-algebraic systems, we explain pencils
and equivalence relations on them. They lead to a special pencil form called the
feedback equivalence form, which is fundamental for later proofs. Based on regular
pencils/systems we present system properties, like behavioural controllability and
behavioural stabilizability. Further, we set them into relation to the well-known
properties for ordinary differential equations (ODEs). To study relations on a cer-
tain subspace we introduce the system space in Section 2.4.
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Figure 1.1: Overview of the main results

Chapter 3 is dedicated to the Kalman-Yakubovich-Popov (KYP) inequality.
We state Theorem 3.2, also known as the KYP lemma for differential-algebraic sys-
tems. It provides a relationship between positive semi-definiteness of the Popov func-
tion on the imaginary axis and the existence of a solution of the KYP inequality.
The theorem is proved at the end of the chapter. For this proof we use the KYP
lemma for ODE systems. To apply this ODE result we relate the solvability of the
KYP inequality of a DAE system to that of an associated ODE system.

Special solutions of the KYP inequality are studied in Chapter 4. They are, loosely
speaking, rank-minimizing and solve the Lur’e equation. Theorem 4.4 provides
a characterization of the solvability of this equation via deflating subspaces of cor-
responding even matrix pencils. To prove Theorem 4.4 we use an equivalent result
for ODEs again, cf. Section 4.3. This result and some further statements about the
existence of solutions are content of Section 4.4. A guideline to construct a solution
of the Lur’e equation via deflating subspaces is given and illustrated by means of an
example in Section 4.6.

Finally, in Chapter 5 we summarize the results to point out the consequences for
the linear-quadratic optimal control problem. We introduce the optimal control
problem and the associated optimal value function that determines the minimal costs



for each admissible initial value. Together with a solution of the KYP inequality,
Proposition 5.2 provides that the absolute value of this function is finite for every
initial value. A solution of the Lur’e equation provides even more: in Theorem 5.3
an explicit characterization of the optimal value function is derived. If in addition
the solution of the Lur’e equation is stabilizing, Theorem 5.5 yields that the opti-
mal costs can be determined without knowing the optimal solution. Furthermore,
the optimal solution can be characterized by a differential-algebraic boundary value
problem.

Whenever possible we refer to well-known results for ODEs. For this reason, we study
the relation between DAEs and ODEs several times, for instance in Lemma 3.12 and
Lemma 4.15.

Our contribution

To offer graduates and non-experts a self-contained version of [RRV15] we carry out
intermediate steps more explicitly. For instance in the proof of Theorem 4.4 we illus-
trate the proofs structure by means of figures. Furthermore, auxiliary calculations
are elaborated, e.g. the Ep-neutrality of the (n+ m)-dimensional subspace im Yz and
the proof of (4.31), where only literature was provided.

Moreover, we restructure the given proofs by dividing them into several parts to
guarantee transparency. In particular, by using the notation of premimages we give
the proof of Proposition 2.43 an entirely new structure. Further, we provide some
additional findings that make the topic more accessible, such as Proposition 2.10,
Proposition 2.17, Proposition 2.19, Remark 2.33, Proposition 2.38, Proposition 2.40,
Proposition 2.45, Proposition 3.8 and Lemma 3.9.

Additionally to the contents in [RRV15], we motivate the concept of pencils via
Laplace transformation in Section 2.2. Furthermore, we illustrate the findings with
several examples and elaborate the guidelines to construct a solution of the Lur’e
equation.






2 Mathematical preliminaries

This chapter is designed to set a fundamental understanding for differential-algebraic
systems (DAE systems). In the first section DAE systems are introduced. Related
on this, the meaning of a solution trajectory and the set of admissible initial values
is explained. Most of the time we do not refer to the DAE system but to the
associated matrix pencil. We illustrate this concept in Section 2.2. A special class
of pencils are regular pencils, on which we place strong focus in this thesis. We
further define an equivalence relation called feedback equivalence, which leads to
a special form of pencils called feedback equivalence form. In Section 2.3 several
system properties for DAE systems are characterized and with them properties of
the feedback equivalence form are described. This form is an important tool for later
proofs. Finally, in Section 2.4 we introduce the system space and discuss some of its
attributes. Based on this space the so-called KYP inequality and the Lur’e equation
are evaluated in the following chapters.

2.1 Introduction to DAE systems

Subject of this work are differential-algebraic systems, also known as descriptor
systems, of the form

L (Ex(t)) = Az(t) + Bu(t) (2.1)
where E, A € K" and B € K™ (where K = R or K = C). Often the system is

denoted by [E, A, B]. The function u : R — K™ is called input of the system and
x(t) € K" is called (generalized) state of the system at time ¢t € R.

One could argue that it is not correct to call u input. The common understanding
of "input" is that the components are free variables. However, due to the implicit
nature of (2.1), it might be that some components of u are uniquely determined,
while some others are free. Furthermore, the input function v needs to be sufficiently
smooth. The following example illustrates these facts.

Example 2.1. Consider the differential-algebraic initial value control problem

0 1 0] [x(t) 1 0 0] [z:1(t) 1 0 0] [fui(t)
Lo 0 0 [za@®) | ) =10 1 0] [a2At) ] + {0 1 0] [ua(t)],
0 0 0| \a3(t) 0 0 0| \a3(t) 0 0 1| \us(t)

which is equivalent to the decoupled system
£L‘2(t) :xl(t)+u1(t), OZZEQ(t)+U2<t), O:U3(t)

We see that 3 is not restricted at all and the condition uz = 0 holds true. Thus, the
third component of u is no input in the usual sense. Furthermore, us = —x9 holds
and hence uy = —x1 — uq, i.e. us needs to be differentiable. O
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As some components of u might be uniquely determined already, we have to enlarge
the term of solutions. In the context of DAEs, a solution trajectory is a tuple
(z,u) : R — K" x K™ of locally £2-integrable functions x and u that fulfil

Ez € ACioe(R = K") and 4 (Ez) € £2 (R, K") (2.2)

d
dt loc

and solve (2.1) for almost all t € R. The set of solution trajectories (x,u) induces
the behaviour of (2.1), which is

(x,u) fulfils (2.2)
Biganp =X (v,u) € L1 (R, K") x L3 (R, K™)| and solves (2.1) . (2.3)
for almost all t € R

Studying ordinary differential equations (ODEs) often u € L3 (Rsg, K™) is consid-
ered. The extension to the negative time axis in the DAE case works completely
analogous. We will see that the concepts of stabilizability and controllability on R
are generalizations of that on R (cf. Remark 2.28).

Remark 2.2. For a system [E, A, B] it is sometimes necessary to consider the cor-
responding backward system |—E, A, B]. Their behaviours are related as follows:

(2(-),u(-)) € Bpap & (2(=),u(=)) € Bip.an

Based on the behaviour a space containing admissible initial values is defined.

Definition 2.3. For a given system [E, A, B], where E, A € K" and B € K™,
the space

Viig = {xo e K" } I(x,u) € Big,a,p) such that Ex(0) = Exg}
is called space of consistent initial differential variables of [E, A, B]. O

Remark 2.4. Consider the ODE case, i.e. E = I. Since for all zy € K" the
homogeneous initial value problem

La(t) = Az(t), (0) =z

has a solution z € C'(R,K"), it holds that Vg = K". O

2.2 Pencils and equivalences

Instead of differential-algebraic equations we often study an associated matrix pencil.
To explain the derivation of this concept we need Laplace transformation.
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Definition 2.5 (Laplace transformation). Denote Cs, := { s € C | Re(s) > a } for
a € R and D,(K") := { f € LL (R0, K") | e f(-) € L'(R5,K") }. Then the
Laplace transformation is defined by

L:D,(K") = {F:Cs, »C"}

f()— (s = L(f / 1) ‘Stdt>

Laplace transformation provides some useful properties.
Lemma 2.6. The following statements hold true:
(i) The Laplace transformation L is linear.

(ii) If f € Do(K") is differentiable and f' denotes its derivative, it holds that
L(f)(s) = sL(f)(s) = f(0), Res>a.

Proof: See [LR14, Appendix A.4]. O

Laplace transformation enables us to deduce matrix pencils from a DAE system.
Consider system (2.1) and assume that = and u are Laplace transformable. Then
we get sE L(x)(s) — Exg = AL(x)(s) + B L(u)(s) and thus

(sE— A) L(x)(s) = BL(u)(s) + Exo.

Define functions z(s) := L(z(-))(s) and a(s) := L(u(-))(s) and set xg = 0. Then it
holds (sE — A) z(s) = Bu(s), which can be transformed into

[sE—A —B] <§E§;) =0,

To make statements on properties of DAE systems we often refer to their algebraic
characterizations. For that reason it is convenient to study associated matrix pencils.
This work actually deals with matrices of the form [sE —A —B] instead of the
associated DAEs. In case that no input is considered, meaning a homogeneous
system, the matrix reduces to [sE — A]. Those matrices lead to the concept of
pencils. A (matriz) pencil is a matrix polynomial of degree at most one. They can
be divided into two classes.

Definition 2.7. A pencil sE — A € K[s]**" is called
(i) regular if £ = n and rkg)(sE — A) = n,
(i) singular if € # n or tkgy(sE — A) <n
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The DAE system (2.1) is called regular (singular) if, and only if, the corresponding
matrix pencil is regular (singular). Further, a complex number A € C is called
(generalized) eigenvalue of the pencil sE — A if

rk(AE — A) < rkg(s)(sE — A).

If £ has one or more eigenvalues A = 0, then the pencil is said to have one or more
etgenvalues at infinity. O

Note that in the ODE case, i.e. E = I, there exist no eigenvalues at infinity.

Remark 2.8. As we use different types of ranks we give a short overview on our
notions.

(i) The rank, denoted by rk, of a matrix H € K™ is defined by the number of
linear independent rows/columns, resp.

(ii) The rank rkgg) of H(s) € K(s)™** over the field of rational functions is
defined analogously to (i), where linear independence is considered with respect
to K(s).

(ili) In some papers the rank rkg is called normalrank. We use this expression
when referring to such literature.

(iv) For regular pencils the condition rkgs (s — A) = n can be proved by
det(sE — A) € K[s]\{Okq }-

Therefore, these conditions are used equivalently. Moreover, for a polynomial
matrix H(s) € K[s]**" the equality

I‘kK(S) H(S) = rkK[S] H(S)
holds, whereby rkg(s H (s) := maxyex 1k H(\). O

On the set of pencils { sE— A ‘ E, A cK>n } we define an equivalence relation.
Thus, it suffices to show properties for one representative of each equivalence class.

Definition 2.9. Two pencils sE; — Ay, sEy— Ay € K[s]™ are called pencil equivalent

if
AW e Glg(K) d7T e Gln(K) : W(SEl — Al)T =sk, — AQ.
We write sE; — Ay ~ sFEy — Ay or if required sFE; — A WéT sky — A,. O

Proposition 2.10. The relation ~ defined above is an equivalence relation on the
set of pencils { sE— A ’ E, A g K> }
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Proof: Reflexivity is clear for W = I, and T' = [,,. Symmetry is also clear because

w,r . . w-tor=t e
sk — Ay ~ sFEy, — Ay if, and only if, sFy — Ag ~  sky — A;. Transitivity
Wh,T Wa,T: .. .
holds, as for sE; — Ay ot sEy — Ay and sEy — Ay e sFEs — As it is obvious that
WoWy, 1115
SE1 — A1 ~ SE3 — Ag. ]

Remark 2.11. Regularity is invariant under pencil equivalence. This statement
can be verified easily: if sE; — A; WiT sEy — Ag for W, T € Gl,(R) and sE; — A; is
regular, then we have

det(sEy — Ay) = det(W (sEy — Ay)T) = det(W) det(sE; — Ay) det(T') # 0.
In other words: (sE; — A;) is regular if, and only if, (sEs — As) is regular. O

In each equivalence class of a regular pencil sE — A € K][s|"*" there is one with a
simple form, where the pencil decomposes into two parts: an ODE system and a
system of linear (algebraic) equations.

Definition 2.12. A pencil sE— A € K[s]"*" is said to be in quasi Weierstrafl form
(QWF) if, and only if, it has the following structure:

. Iﬁ 0 . AH 0 o SI;L —AH 0
SE_A_S[O Em} [0 Iﬁ]_{ 0 $Ey — Iny |’ (2:4)

where Fyy € K™X%2 is nilpotent, A;; € K*™ and n = iy + fe with 7y, 79 € Ny. O

Remark 2.13. In [BIT12, Remark 2.7 (ii)] it is shown how the matrices Aj; and Eay
can be calculated by using Wong sequences. Furthermore, [BIT12, Remark 2.7 (iii)]
provides that A;; and Fa are unique up to similarity. O

The quasi Weierstrafl form with the nilpotent matrix FEss motivate the following
definition.

Definition 2.14. The indez of a regular pencil sE' — A is defined by

0, if E is regular

)

ind(sk — A) = {

nil ind Fas, else

where nil ind H := min{ keN | HF =0 } denotes the nilpotency index of a nilpo-
tent matrix H € K¢, ¢ € N. O

Between the QWF (2.4) and regularity of a pencil there is a crucial connection, more
precisely: equivalence to a pencil in QWF characterizes regularity.

Theorem 2.15. Let s — A € K[s]"*™. Then it holds that
I; 0} - {J 0

sE — A is reqular & SE—AQ”S[O N 0 I,

} in QWF (2.4),

where 1y 1s unique.
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Proof: In [BIT12, Theorem 2.6] it is proved that regularity of a pencil implies the
existence of an equivalent pencil in QWF (2.4) with unique 7. O]

Besides pencil equivalence we introduce further equivalence relations, which include
the input. Based on feedback equivalence later we will show that in every equivalence
class there exists a pencil in feedback-equivalence form. This pencil has a "simple"
structure and is used in nearly every proof of the following chapters.

Definition 2.16. Let [E}, A1, By|, [Ea, Ag, Bs] € K" x K"*"™ x K"*™ be given such
that sE; — Ay and sEy — As are regular. The systems are called

(i) system equivalent if there exist W, T € Gl,(K) such that

T 0

|74 [SEl —Al Bl] |:O I

}: (sEy— Ay B).

w,T
:86

We write [El, A17 Bl] [EQ, AQ, BQ]

(i) feedback equivalent if there exist W, T € Gl,(K) and F' € K™*™ such that

T 0
%74 [SEl — Al Bl:| |:—FT Im:| = |:SE2 — A2 B2j| . (25)
We write [Eh Al; Bl] W_\’Jj;f [EQ, AQ, BQ] <>

Proposition 2.17. System and feedback equivalence are equivalence relations.

Proof: To prove these two equivalence relations it suffices to show that feedback
equivalence is an equivalence relation. The statement for system equivalence then
follows by choosing F' = 0,,xp-

Let regular systems [Ey, Ay, By, [Fa, Aa, Byl € K™ x K™*" x K"*™ be feedback
equivalent. According to (2.5) there exist W, T € Gl,(K), F € K™*" such that

[(W(sEy — (A, + BiF))T WB,| = [sEy— Ay Bs.

Reflexivity is clear for matrices W = I,,, T' = I,, and F = 0,,x,. For symmetry we
W,T,F ) ) . . .
have [Ey, Ay, Bi] ~f. [Es, Ay, By]. Starting from equation (2.5), inverting matrices

-1
yields [8E1 — A Bl} = W1 [SEQ — A, BQ} {(F;*)T [0 } Thereby for matri-
ces W =W, T=T"1 F=—FT"" the equivalence [E,, Ay, B,] sz}ep [Ey, Ay, By
Wi, Th,F1 Wa,Ta,F

hOldS. Wlth [Eh Al; Bl] :fe [EQ, AQ, BQ] and [EQ, AQ, BQ] ﬁfe [Eg, Ag, Bg]
transitivity can be verified through

T
[SE:J, — A3 B3} =W, [SEQ — A2 B2} |:_F22T2 0:|
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T1 0 T2 0
= W, [SEl — A Bl] {—F1T1 Im:| |:_F2T2 Im}

T, T, 0 ]

= WolW, [SEl —4 Bl] [_(F1 + F2T1_1)T1T2 I}~

Using matrices Wy = WoWy, T3 = T\T, € Gl,(K) and F3 = | + LT7H € K™
yields {El, Al; Bl] WBéj;?éF?’ {Eg, Ag, Bg] ]

Remark 2.18. In general, regularity is not invariant under feedback equivalence.
For example, let the regular system [E, A, B] € K" x K™ x K"*™ with tk E < n
and tk B = n be given. Then the transformation matrices W,T € Gl,(K) and
F := —BTA, where B" denotes the right inverse of B, lead to

W(A+ BF)T = W(A— BB*A)T =0
and thus
det(sWET —W(A+ BF)T) = det(sWET) = det(sE) = 0.

Nevertheless, regularity of [F, A, B] € K™ x K™ x K™ and the additional
assumption on sFE — (A + BF') to be regular guarantee regularity of the system
(WET,W(A+ BF)T,WB|. O

We will often consider the solution behaviour and the space of consistent initial
differential values. As it is easier to consider pencils with a "simple" structure, it is
necessary to show the connections between the original behaviour and the behaviour
of the system/feedback equivalent pencil (cf. [Berl4, p. 108]).

Proposition 2.19. Let [Ey, Ay, By|, [F2, Ag, By] € K™ x K™ x K™ be regular.
w,T

(a) If [Ey, Ay, B [Es, Ao, Bs], then it holds that

(al) (Tw,u) € Big,,a,81 < (v,u) € Big,y a,8,) and
R

(b) If [Ev, Ay, By ') [Bs, Ao, By), then it holds that

(bl) (Tx,FTxz +u) € Bip,,a,8 < (#,u) € Bipya,,8) and

(b2) T Vgt = v

Proof: Statement (a) considers system equivalent systems, whereas (b) contains
feedback equivalent systems. Pairwise, the proofs run analogously. As feedback
equivalence is of greater interest in this work, we prove the implications in (b).
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W,T,F

(bl) Let [El, Al, Bl] —fe [EQ, Ag, BQ]
[Es, A, By] = [WELT, W (A, + BiF)T,WB,]. (2.6)

To show the equivalence the proof is split into two parts.
(A) Let (Tx, FTx + u) € B, a,,8,) be given, i.e.

(A1) (Tx, FTz +u) € £ (R, K") x £2 (R, K™),

(A2) & (E\Tx) € £} (R, K") and

(A3) L (BE\Tz) = ATz + By(FTx +u).

Since T is regular and according to (A1) the function Tz is locally £, it holds
that = € £2 (R, K"). Even u is in £ (R, K") due to linearity and (Al). Be-
cause of (A2) together with regularity of W we obtain that <& (WE, Tz) is in
L3 (R, K"). From (A3) it can be inferred that (z,u) fulfils the DAE belonging
to the system [WE\T,W(A; + BiF)T,W By]. Thus, applying (2.6), we have
(ZL’, U) € B[E27A2,B2]‘

(B) Let (z,u) € Big,, 4,,8,) be given, i.e.
(B1) (x,u) € L, (R, K") x LF (R, K™),

loc
(B2 (WE\Tz) € L2 (R,K") and

)
) &
(B3) L (WE\Tx)“ W (A, + BiF)Tx +WByu=WA T+ WB (FTx + u)
d.
2)

hold. (B1) and linearity yield (T, FTa:+u) € L2 (R, K")x L2 (R, K™). Since
(B

holds and W is regular the function % (E1T z) has to be in £ (R, K").
Multiplying the inverse of W to the right 81de of (B3) we obtain

loc

% (ElTLU) = Al(T{L'> + BI(FTJZ -+ U),

which means (Tz, FTz + u) fulfils the DAE & (E12) = A& + Bya. Thus, we
conclude (T'x, FTx + u) € Big, a,,8,)-

(b2) Let # € T-'WELALPI - There exists some 2o € VAP with 2 = T2,
In other words, there exists (x,u) € Bjg, a,,B, such that Fyx(0) = Eixy and
& =T 'xy. Applying (ii) first and using the regularity of W, leads to

(2, u) € Biyasps) 0 WET2(0) = WEzy and & =T 'a.

According to the definition of feedback equivalence it is Fy = WET and
we obtain Eyx(0) = ExT 'xg and & = T 'ay for a tupel (z,u) € Big,,a,8,)-

V[E2 ,A2,Bo]

Substituting 7'z with 2 leads to Z € Vi3 . Therefore, the proof is

completed.

]
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Remark 2.20. An equivalent form of statement (ii) in Proposition 2.19 is
(z,u) € Bipyarpy < (T 'w,u— Fx) € Bip, a5,5,)-
This can be verified easily by substitutions £ = Tx and u = FTx + u. O

Previously, we considered the QWF (2.4), which is a simple structure of pencils
associated with homogeneous systems. Analogously, there exists a simple form for
inhomogeneous systems, where again the pencil is decomposed into its ODE part
and an algebraic part (cf. QWF). Due to the influence of the input the algebraic
part is further divided into two parts, which provides additional information about
the structure of the pencil.

Definition 2.21. The system [F, A, B] with E, A € K"*" and B € K™™ is said to
be in feedback equivalence form (FEF) if

Sjnl — All O O Bl
[SE - A B} = 0 —In2 8E23 BQ > (27)
0 0 SE33 — Ing 0
where F33 € K™*" ig nilpotent. O

Later we will show that this form can be derived by feedback equivalence transfor-
mation for every regular pencil.

Remark 2.22. Note that the pencil sE — A of a system [E, A, B] in FEF (2.7) is
regular: Since Fj33 is nilpotent, it holds

det(sE — A) = (—1)""™ det(sI,, — A1) # Okg-

¢

To ensure the existence of some solution of DAE (2.1) with regard to the optimal con-
trol problem (see Chapter 5) some additional assumptions are required. In [KMOG,
Theorem 2.28] it is shown that for a sufficiently smooth inhomogeneity f regularity
of the pencil sE — A suffices to guarantee the existence and uniqueness of some x
such that

ar (Bx(t)) = Az(t) + f(1) (2.8)

holds.

Theorem 2.23. Let E, A € K"*™ commute, i.e.
EA=AF, (2.9)

and satisfy
ker E Nker A = (). (2.10)
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Furthermore, let f € CY(R,K") with v = ind (sE — A) and ty € R be given. Then
r € CHR,C") defined by

t v—1
z(t) = / ePPACTI ED (1) dr — EPE)) (EAPY AP fO(1)
to i=0

is a particular solution of (2.8).
Remark 2.24. The theorem above requires some explanation.

(a) The matrix EP denotes the so-called Drazin inverse of E, which is uniquely
determined (see [KMO06, Theorem 2.19]).

(b) "Using a nice trick due to Campbell (see [Cam80]), the general case (i.e.,
without (2.9)) can be easily reduced to the special case.'[KMO06, page 32]

(c¢) Note that for commuting matrices £ and A, condition (2.10) is equivalent to
the regularity of the pencil sE — A (cf. [KMO06]). O

For this purpose we examine regular systems only. Starting from now we merely
consider systems of the kind

4 (Ba(t)) = Ax(t) + Bu(t),

where E, A € K"" and B € K"*™ such that the (2.11)
pencil sE — A € K[s]"*" is regular. '

Notion: [E, A, B] € &, ,(K).

2.3 Controllability and stabilizability

Controllability and stabilizability of DAE systems are important concepts for this
thesis. As the considered system has a different structure, the concepts differ slightly
from those we already know for ODEs. At first, we state the definitions for DAE sys-
tems and then, we mention how they correspond to ODE systems. With these con-
cepts we are able to show that FEF can be derived through feedback equivalence
transformation. Furthermore, we prove important statements for FEF.

Definition 2.25. A system [E, A, B] € %,,,,(K) with the space of consistent initial
differential variables Vg is called
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(a) impulse controllable if
Vo € K" 3(x,u) € Bipa,p with Ex(0) = Ex,
which equals Vg = K™;
(b) behaviourally stabilizable if

V(x,u) c B[E,A,B} B (i,fb) c B[E,A,B] :

A

(1) |(~o0.0)= (£,8) |(~o00) and lim ess sup,.,[|(2(7), @(7))[| = 0;

(c) behaviourally anti-stabilizable if
V(z,u) € Bg.ap 3(Z,0) € Bipan :
(20) [0 (2, 8) oy and_lim_ess sup, ., |(2(r), ()| = O
(d) behaviourally controllable if
V (21, u1), (w2, uz) € Bgap 3T > 0, (x,u) € Bip,a,p

(21(t),us(t)) for t <0,

with (2(2), u(t)) = {(m(t),m(t)) for £ > T

¢

Remark 2.26. Let a measure space (X, £, 1) and a Banach space ) be given. Note
that the essential supremum of a measurable function f : X — ) on asubset X C X
is defined by

ess sup,e x| f(2)] == chm(fN) . SEI\)NHJC( ).
xe

Considering Definition 2.25 (b), (¢) we have X = R, Y = K" and u = A, the
Lebesgue measure. O

The definitions in Definition 2.25 are analytical, but there are algebraic characteri-
zations as well. Actually, these are so-called Hautus criteria, which will turn out to
be quite useful later.

Proposition 2.27. Let the system [E, A, B] € ¥, ,,(K) be given and r = 1k(E). Let
Sso € K™(=) be a matriz with im(Ss) = ker(E). Then [E, A, B] is

(a) impulse controllable & tk [E AS. B] =n,
(b)  behaviourally stabilizable & VAeCi: tk[AE—A B] =n,
(c) behaviourally anti-stabilizable < VYA€ C_: 1k[AE—A B|] =n,
(d)  behaviourally controllable & VAeC: tk[AE—A B| =n.
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We need these characterizations, but they are only a technical tool for later proofs.
Therefore, we simply state them here and refer to the literature for further infor-
mation and proofs. Berger proves these criteria of Hautus type in [Berl4, Sec. 3.3]
in a more general fashion. In Remark 3.3.5 he discusses the criterion of impulse
controllability, while Remark 3.3.6 contains behavioural controllability. The charac-
terization of behavioural controllability is shown in [PW97, Theorem 5.2.10] as well.
So is behavioural stabilizability in [PW97, Theorem 5.2.30]. The equivalence for
behavioural anti-stabilizability then follows easily through considering the backward
system.

Remark 2.28. Compare the criteria (b), (c¢), and (d) in Proposition 2.27 with the
well-known Hautus criteria for ODEs. For E = I it is clear that behavioural control-
lability and behavioural (anti-)stabilizability reduce to the concepts of controllability
and (anti-)stabilizability. O

Remark 2.29. Proposition 2.27 yields that [F, A, B] is behaviourally stabilizable
if, and only if, the backward system [—E, A, B] is behaviourally anti-stabilizable. ¢

By Proposition 2.27 (d) a system [I, A, B] € ¥,,,,(K) obviously is impulse control-
lable, i.e. Vgg = K™. Note that this does not hold true in general.

Example 2.30. Consider the system [E, A, B] with n = 3, m = 1 and system
matrices

E= A=

o O =
O = O
o O O
o O O
_ o O

1 0
0], and B= 1],
0 0

which yields

a.e.

B = xs, x9 =0, and Iy = u
for any solution (z,u) € Big, a,5-
First, note that for S, = [O 0 1}T we obtain
100 1 0
rk[E AS, B]:rk 010 0 1|=2<n,
000 0 O

i.e. [E, A, B] is not impulse controllable.
However, 7; € AC(R,K) is arbitrary and z3 € £2 (R, K) with 23 *= 4. Further, it
is 75 € AC(R,K) with 25 **° 0, i.e. 25 = 0. Hence, u € £2 (R, K) with u * 0 holds

true. Therefore, we conclude Vgir = K x {0} x K. O

Based on the algebraic characterizations we define uncontrollable modes and intro-
duce the concept of behavioural sign-controllability, which is a purely linear algebraic
condition. It does not have an interpretation in terms of the behaviour Big 4,5. We
use this concept later for the KYP lemma, see 3.2.
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Definition 2.31. Let the system [E, A, B] € 3,,,,(K) be given.
(a) A number A € C is called an uncontrollable mode of the system [E, A, B] if

rk[)\E—A B] <n.

(b) The system [E, A, B] is called behavioural sign-controllable if for all A € C it
holds: )
rk[)\E—A B]:n or rk[—)\E—A B}:n.

Example 2.32. Consider the DAE system (2.1) with system matrices

10 10 0
p=lp o] a=[i 1] me m=].

where n = 2 and m = 1. Since for \; = 1 it holds that

0 0 0

rk[/\lE—A B}:rk{_l 11

]:1<2:n,

A1 is an uncontrollable mode of the system [E, A, B]. Hence, [E, A, B] is not be-
haviourally controllable. However, due to

< -2 0 0
rk[—)\lE—A B}:rk[_l 1 1]:2:71

and
tk[\E—-A B]=2=n VXeC\{1}

the system is behaviourally sign-controllable. O

Remark 2.33. The system properties impulse controllability, behavioural (anti-)
stabilizability, behavioural (sign-)controllability, and the set of uncontrollable modes
are invariant under feedback equivalence. This follows from Proposition 2.27:
W,T,F
(i) Impulse controllability: Let [Ey, Ay, B1] ~f. [E2, As, Bo] and Soq € Knx(n=r)
with im Sy 1 = ker By and Sy 2 € K™*(=") with im Seo2 = ker E be given.
At first, we show that im Sy, o = im(7T' S, 1) holds. Due to Ey = WE,T with
W e Gl,(K) we have ker Ey = ker W E{T = ker EyT. Thus, it is

xekerFy < x €ker /T < Tx € ker B
& Tx = Sy 1y for some y € K"
S r=T"Su1y €im(T 'Se1).
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Hence, we obtain

n =rk [El Alsool Bl]

T 0 0
< n=rk W[El Alsogl Bl} 0 I, 0
0 FTS., I,

=rk [WElT W(Alsoo,l + BlFTSooQ) WBl]
=1k [WE\T W(ATSwxs2+ BIFTSys) WB]
=rk [EQ AQSOOQ Bg} .

(ii) From
k[ME—A Bl=kWpE-A B] |1 U
Fr I,
it follows invariance of behavioural (anti-)stabilizability, behavioural (sign-)
controllability and the set of uncontrollable modes. O

Feedback equivalence, which we introduced in Definition 2.16, enables us to show
some statements on FEF (2.7).

Proposition 2.34. Let [E, A, B] € ¥,,,(K) be given. Then there exist matrices
W, T € G1,(K) and F € K™™ such that

T O S]nl — All 0 0 Bl
W [sE—A B] {FT 7 ] = 0 I,  sEx By, (212
m 0 0 sky3 — I, 0

where Es3 € K"*" 45 nilpotent, i.e. [WET,W(A+ BF)T,WB] is in FEF (2.7).
Moreover, ny is unique.
Furthermore, the following statements hold true:

T
(a) (z,u) € Bip,ap & (v1,u— Fz) € By, Ay,.8), where v =T | Ba(Fa — u)
0

(b) The space of consistent initial differential variables fulfils

Vag =T <K"1+”2 x ker {E%}) )
E33

(c) It holds that
tk [AE—A B] =ny+n3+r1k [A,, — Ay Bi] VAeC.

In particular, X € C is an uncontrollable mode of [E, A, B if, and only if, X is
an uncontrollable mode of [I,,,, A11, B1).
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(d) If [E, A, B] is impulse controllable, then W, T, and F' can be chosen such that
Nng = 0.

To prove the existence of matrices leading to FEF, we use a result for system equiv-
alence. Similar to FEF, there exists a simple form. This result is provided in [IR17,
Proposition 2.9].

Definition 2.35. A system [E, A, B] € ¥,,,,(K) is said to be in system equivalence
form (SEF) if the pencil has the structure

o sEyy — An sEy— A By
[sE—A B|= { 0 N_T. 0| (2.13)
where N € K¥** is nilpotent and [E1;, A1, By] is impulse controllable. O

Proposition 2.36. Let [E, A, B] € ,.,(K) be given. Then there exist matrices
W, T € GL,(K) such that the system [WET,W AT , W B] is in SEF (2.13), i.e

T 0} . |:5E11 — Ay sEp — A 31}

WisE—A 5] {0 L, 0 sN—T, 0

where N € KF** s nilpotent.

Proof of Proposition 2.34: In a first step we show the existence of some matri-
ces W, T € GL,(K) and F' € K™ such that (2.12) holds. According to [IR17,
Prop. 2.12] there exist some matrices W, T € Gl,,(K) and F' € K™*" fulfilling

. 7 0 sly, —An 0 sEi3—Aiz By
W [SE —A B} LN = 0 _In2 SE23 — A23 BQ (214)
—FT I 0 0 sN—1I, 0

for some nilpotent N € K"3*"3. To achieve (2.12), a way to eliminate Ey3, A3 and
Ay is shown. Then, in a second step, statements (a) to (d) are proved.

Step 1.1: By Proposition 2.36, for [E, A, B] € %,,,,(K) there exist Wy, T} € Gl,(K)
such that

Fy— Ay sEp—A B
Wi(sE — AT, = |77 — A s 12}, WB:{ 1}, 2.15
1 )1 0 sN — 1, 0 (2.15)

where [EH, Ay, Bl] is impulse controllable and N € K™*"3 i nilpotent. According
to [BR13, Theorem 5.2, the system [Ey1, Ayq, By] is impulse controllable if, and only
if, there exists Fy € K™*™ such that the index of sEH—(Au —i—BlFl) is at most one. In
case of ind(sE’u - (AH —I—BlFl)) = 0, by definition of index it holds det(EH) # 0 and
therefore (sEy; — (Aj1 4+ B1F))) ~g (sI —A). In case of ind(sEy; — (Ay + B Fy)) =1
we know accordingly to QWF that

~ ~ ~ I1—J 0
(sE1 — (A1 + B1FY)) ~ [S ]
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where N is nilpotent with ind(N) = 1, which equals N = 0. Note that in both cases
mentioned above n; is unique. o

Summarized, due to system equivalence there exist some Wy, T € Gl,_,,(K) such
that

o (s, —A 0
Wi(sEn — (A + Bil))Th = [S 0 —I 1

Finally T =TTy, W :=W,W; and F := FlT yield (2.14).

Step 1.2: After we arrived at (2.14), we still need to show that Ej3, A;3 and Ao
can be eliminated through fitting transformation matrices. In [BT13, Corollary 2.3],
Berger and Trenn illustrate the existence of such matrices, where they use a nor-
mal form called quasi-Kronecker form. Therefore, there exist some matrices W,
T» € Gl,(K) such that WoW B = W B and the matrices Fy3, Ay are eliminated in
WoW(sE — (A + BF ))TTQ Further, the remaining matrix A3 can be eliminated
by a transformation of WQW(SE (A+ BF))TT2 with T3 € Gl,(K) from the right.
Summarized, W = WoW, T = TT,T;, and F = F yield (2.12).

Step 2: Now we prove the statements (a) to (d). Let [E, A, B] € %,,,,(K) be given
W,T,F

and let [E A B] fe [EF,AF,BF]

Iy
a) By using Remark 2.20 and z = o(Fx —u) | we obtain
(a) By using Remark 2.20 and = = T | By(Fz — u) btai
0
xy
(x,u) € Bg,ap < By(Fx—u) |, u—Fx | € Big, ap,Be)-
0

Calculating straight forward with the matrices Er, Ar, Br and using the
definition of the behaviour as in (2.3) then leads to

(z,u) € Bpap << 1€ Lo (R,K") and iy = Ajyzy + Bi(u— Fx),
which is (z1,u — Fz) € B, Av,B1)-
(b) This assertion is a direct consequence of (a).

(c) Since Ej3 is nilpotent, we have rk(AEs3 — I,,) = n3 for all A € C. Therefore,

SInl — All 0 0 Bl
rk [)\E —A B] =rk 0 —[n2 SE23 BQ
0 0 8E33 - In3 0

=ng9 +n3+ rk [)\Inl — All B1:| VA e C.
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(d) Let [E, A, B] € ¥,,,,(K) be impulse controllable. Then the system already is
in form of (2.15), where n3 = 0. This completes the proof.

]

In the following chapters we study regular pencils with an arbitrary structure. In
proofs we refer to pencils in FEF. Therefore, we switch between arbitrary pencils
and FEF quite often. To make clear whether we talk about an arbitrary pencil or
one in FEF, we use a special notation with an index F for a system in FEF.

Computing the left side of (2.12) leads to a polynomial matrix of the form
[sWE\T — W (A + BiF)T WB].
Defining matrices
By = WE\T, Ap=W(A +B,F)T, Bp=WDB

and using equation (2.12), we obtain

SIn1 — AH O O Bl
[SEF - AF BF:| = 0 —In2 SE23 BQ
0 0 SE33 — In3 0

In other words, the matrices of the system [Er, Ap, Br] in FEF (2.7) have the fol-
lowing structure:

[nl O O A]_]_ O O B]_
Er=1|0 0 Ep|, Ar=|0 I, 0|, Bp=|Bl, (2.16)
0 0 Es 0 0 Iy, 0

where FEj33 is nilpotent.

Remark 2.37. Let [E, A, B] € ¥,,(K) in FEF (2.7) be given. Then [E, A, B]
is behaviourally stabilizable (anti-stabilizable, sign-controllable) if, and only if, the
ODE system [I,,,, A11, By] is stabilizable (anti-stabilizable, sign-controllable). This
result follows from Proposition 2.34 (c) together with the algebraic characterisations
in Proposition 2.27 and Remark 2.28. O

2.4 The system space

Previously we introduced the behaviour, which is the set that collects the solu-
tion trajectories (x,u) € L2 (R, K") x £ (R,K™) of a system. This section is
dedicated to the system space, which is a subspace containing vectors of the form
(z(t)T,u(t)T)T € K™ instead of functions. Based on this space we will consider

linear matrix inequalities/equations in the following chapters.
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Proposition 2.38. Let [E, A, B] € ¥, ,,(K) be given. Then there exists a subspace
V* C K™ such that

V(z,u) € Bip,.a,p and for almost allt € R : (ig;) eV (2.17)

and for all subspaces ¥V C K" fulfilling (2.17) it holds V* C V.
Proof: Define
F:={V CK"™| Vis a linear subspace of K"*" and fulfils (2.17) } .

Since K" € F and hence F is non-empty, it suffices to show that F has a minimal
element.

Let V1, V, € F be given. Then V; NV, is a linear subspace of K"*™. Furthermore,
for all (z,u) € Bp,a,p) it holds that (z(¢)",u(t)")" € V; for almost all ¢ € R and
(x(t)",u(t)")T € V, for almost all + € R. Since the union of two null sets is a null
set, we see that (z(t)",u(t)")T € Vi NV, for almost all t € R. Thus, (F,N) is a
commutative semi-group, where all elements are idempotent, i.e. YNV =V for all
VeF.

Since F C K"™™ is non-empty, there exists some V* € F such that dim V* < dim V
for all V € F. Furthermore, for all V € F it holds that V N V* € F and hence

dim V* < dim(V NV*) < dim V*,

ie. dim(V NV*) = dim V*. Due to VN V* C V* this implies V N V* = V* and thus
V*CVforall Ve F, ie V*isa minimal element of F. O

Definition 2.39. For [E, A, B] € %, ,,(K) the smallest subspace Vs, € K" such
that (2.17) holds, is called system space. O

The system space of a system in FEF (2.7) can be characterized as follows.

Proposition 2.40. Let [E, A, B] € ¥,,,,(K) in FEF (2.7) be given. Then the system
space fulfils

Vsys = ker [O ]n2 0 B2‘|

0 0 I 0 (2.18)
n3

Proof: Since [E, A, B] is in FEF (2.7), Proposition 2.34 (a) yields

T
(z,u) € Big,ap < (v1,u) € B, a8y With 2 = | =Bau |,
0
T
Big,ap = —Byu | ,u (w1,u) € B[Inl,An,Bl]

0
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Thus, the definition of Vs provides

T
Viys = _lgw e K" | x; e K™, u € K™
U
() e (1) =0
u T3
- 0 L, 0 B,
_ker{o 0 I, 0],
which completes the proof. Il

In Proposition 2.19 we related the behaviours of two systems, which are feedback
equivalent. There is a relation between the system spaces of two feedback equivalent
systems as well. This relation is treated in the following proposition.

Proposition 2.41. Let [E, A, B] € %,,,,(K) with system space Voys C K" and
transformation matrices W, T € Gl,,(K) and F € K™*" be given such that the pencil
sE — (A + BF) is reqular. Moreover, let Vsys e be the system space of the system
(WET,W(A+BF)T,WB| € ¥, ,(K). Then the system spaces are related as follows

T 0
Vsys - |:FT Im} * Vsys,fe- (2.19)
Proof: Follows from Proposition 2.19 (b1). O

Remark 2.42. Let [E, A, B] € ¥, ,,(K) and transformation matrices W, T € Gl,(K)
and F' € K™ such that [Er, Ap, Bp] := [WET,W(A+ BF)T,W B] is in FEF (2.7)
be given. Then by Remark 2.22 the pencil sEr — Ap is regular. O

We need these results to prove the following proposition, which provides a geometric
characterization for the system space.

Proposition 2.43. Let [E, A, B] € %,,,(K) with system space Vs C K" be
given. Let (Vi) be a sequence of subspaces defined by

VO — Kn—i—m
Vi =[A B]"'[E 0]V, keN,

where [A B]_]1 denotes the preimage of [A B]. Then Vii1 C Vi holds for all
k € Ny and there exists some kg € Ny such that

Vsys = Vk:o = Vko—i—i Vi € Np.
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Proof: Due to Proposition 2.41 together with Remark 2.42 it suffices to consider
[E, A, B] in FEF (2.7). We divide the proof into three steps. At first, we show
a set equality to characterize V, in Step 2. Then the statement is derived via
Proposition 2.40.

Step 1: Divided into two steps we show that

-1 k k+1
M, [0 0 E 0] [0 L, 0 Bg] [0 E23] Kt _ [0 EQS} —

0 0 Es3 0|10 0 I, O 0 Es3 0 Fs3
20)
holds for all k£ € Ny. First note that the statement is evident for £ = 0. Further, for
all k € N it is
k _
0 Exl” _ [0 ExEst (2.21)
0 Es3 0 E%, ’ '
0 Eo.ltH

Step 1.1: We show M;, C { 23 K"t Let k € N and (yz) € M, be given.
I 0 Es Y3

Then there exist some x5 € K™ and z3 € K" such that

) (00 By 010 L, 0 B M0 Ewl" (o
ys) [0 0 Ez 0] [0 0 Iy, O 0 Ess| \3
(221) _O 0 E23 0 _O Inz 0 BQ ! E23E§3’_1$3
~ [0 0 E; 0[]0 0 I, O Ebxs

0
[0 0 Ey 0] | BEosElytas
N _0 0 E33 O_ E§3$3
0
_ E23E§3$3 (Zél) 0 E23 b Kn2+n3
B3y s 0 Ejs3 .

E23

0 k+1
Step 1.2: We show [ } Knr2tns C M.

0 FEs3
0 E.]F
Let k € Nand <§2> € [0 EQ?’] K"2*t"s he given. Then there exist some z, € K"
3 33

and x3 € K" such that

Y2\ _ (0 By [y (2:21) Eo3Elxs
Ys _0 E33 T3 Eéf;_ll'g

0
[0 0 By 0] | BBy as
N _0 0 E33 0 E;I):;ng

0
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- {o 0 Ea 0} {o L, 0 Bzrl (Est;’»fg‘ 1933)

00 Es3 0[{0 0 I, 0 B
20 0 Epy 0][0 L, 0 By '[0 Eul" [ i
~ |0 0 Es3 0|0 0 I, O 0 Es3| \xs o

which completes Step 1.

Step 2: We show that
0 I 0 By] " [0 Fnl”
_ n2 2 23 na+n3
YV, = {O 0 I, 0 } [0 E?)J K (2.22)

holds for all k£ € Ny. Note that the statement is trivial for & = 0. Since [E, A, B] is
in FEF (2.7) we get

-1

An 0 0 B I,, 0 0 O
Vi=[A B'[E O]K*™=|0 I, 0 B 0 0 Ey 0] K™
0 0 I, 0 0 0 Es 0
Ay 0 0 B
=10 I, 0 B (K“1 X [8 8 %3 8] K"*m)
0 0 I, O 5
- -1
[0 Ly 0 Bl 7[00 By 0] pnying
0 0 I, 0] |00 Ey 0

for k = 1. Due to the recursive definition of V. this yields

v [0 Lu OB2_]100E230V
Moo I, 0 0 0 Es3 0 %

for k € Ny. By induction we conclude

y [0 Ly, 0 B]7'[0 0 Ea3 0][0 I, 0 Bo] '[0 Ens
ML loo 0 I, 0 00 Es3 0/[0 0 I, 0 0 FEs

(220) 0 Ing 0 BQ ! 0 E23 b Kn2+n3
10 0 I, O 0 Es3 7

k
1 K™ +n3

which completes Step 2.

Step 3: Since FEj33 is nilpotent with nilpotency index v € N, the characterization
in (2.22) yields Vy41 C Vy for all k € Ny. Moreover, for kg = v+ 1 and all i € Ny it
holds that

2.21
Veori = Vig = Vi1 2

=" ker {O In2 0 B2:| (2;8) Vsys.
(2.22)

0 0 I, 0
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Proposition 2.43 yields further properties of V. The first one is an algebraic char-
acterization of the system space.

Corollary 2.44. Let [E, A, B] € 3, m(K) with system space Vsys C K" be given.
Then the following statements hold true:

(2) Viys = Nien, Vi, where the subspaces Vi are defined as in Proposition 2.43;
b) The system space Vs of a system in FEF (2.7) fulfils
y b

Iy
o O Inz 0 BQ o _BQU ni m .
Veys,p = ker [O 0 I, 0 } = Onr | [ e K" ueK™ 3; (2.23)
u

¢) dim Vs = dim Vs = n1 + m, where ny is given by FEF (2.7);

(c) ¥ ys, g Y

(d) If in addition [E, A, B] is impulse controllable, the system space fulfils
Ve =[A B] ' EK"

(e) In the ODE case, i.e. E =1, it holds Vsys = K",

Proof: The first assertion follows immediately from Proposition 2.43 and the second

from Proposition 2.40. Further, (b) = (c) and (d) = (e) holds. Thus, it suffices to

show assertion (d):

Proposition 2.34 (d) allows to choose n3 = 0 in FEF (2.7). Hence, the matrix
[0 EQB] in the proof of Proposition 2.43 simplifies to {0 E23} = Opyxn,- Thus,
0 FEs3 0 FEs3 27ne

equation (2.22) yields

Ve=[0 I, 0 By "0k, K®
_[Au 00 BT Iy 0] g
=10 I, 0 B| |0 0
=[A B]'EK"
for K > 1. Then (a) provides (d). O

According to Corollary 2.44 the system space of a system in QWF (2.4) can be
characterized as follows.

Proposition 2.45. Let [E, A, B] € ¥,,,,(K) be given such that the pencil sSE — A is
in QWF (2.4). Then the system space fulfils

Vigs = ker [0 I BQ] , where B = [gl} : (2.24)
2



2.4 The system space 27

Remark 2.46. Compare (2.24) to (2.18). As in our introducing comments on
FEF (2.7) one can see again that the FEF provides more information on the structure
of the system space than the QWF does. O

Proof of Proposition 2.45: Since sE — A is in QWF (2.4), we have

0 B,

o SIn1 — All
[sE— A m_[ Jh st

We determine Vs via the chain Vj, as in Proposition 2.43. The V, are given by

VO — Kn+m’
~ -1
An 0 B I,, 0 O
— ~ n Kn+m
¢ { 0 I B 0 Esp 0

_ All 0 Bl - a
B 0 ]ﬁ2 By Easb
= K™ x [Ifm BQ} - Ey KﬁQ,
~ -1
%:FH()Bﬂ Plo 0

aeKm,beKﬁ?}

0 L. B 0 E, 0] <K”1 X [Iﬁ Bg] -1 Es Km)
=K x [lo, By [Bn 0] ([ln, B EnK™)
— K" X [lh, By] " (Bl EnK™)
— K" x [I, By ELK™.
By induction we conclude
Vi = K" x [T, B, ' ELK™.
Due to the nilpotency of Ey, Corollary 2.44 (a) yields the assertion. Il

Next we state a lemma which will turn out to be quite useful in context of optimal
control (see Chapter 5). It provides a set inclusion of the system space.

Lemma 2.47. Let [E, A, B| € £,,,(K) with system space Vogs C K"™™ be given.
Then the inclusion

FAE_%fyiB}gléw (2.25)

holds for all A € C with det(A\E — A) # 0.
Proof: According to Corollary 2.44 (a), it suffices to show that

HﬂME—mﬁB

; }gm YA € C with det(\E — A) £ 0 (2.26)
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is fulfilled for all £ € Ny. This is done by induction. For k& = 0 the subset re-
lationship (2.26) is evident. Let k& > 1 and suppose (2.26) holds for &k — 1. The
equality

A(SE— A)'B=(sE — (sE — A))(sE — A 'B=sE(sE - A)"'B-B

leads to

AE — A)'B

A B|m F /.

1 =im (AE(AE — A)"'B)
—[E 0]im [QE —]:1)131
C[E 0] Vi

AE — A)7'B
L,
Az + Bu € [E O] Vi—1. Due to the definition of Vy, this completes the proof. [

for all A € C with det(A\E— A) # 0. Thus, for all (i) € im {( } we have

The following example illustrates how to determine the system space for a system
that is not impulse controllable.

Example 2.48. Consider the DAE system

100 100 11
Lo 1 0lz@)]=|1 1 1{zt)+ |0 1|u®)
010 101 01
For S, = (0,0,1)" we see that
100 0 11
tk[E AS, Bl=1k|0 1 0 1 0 1|=2<3,
010 1 01

i.e. the system is not impulse controllable and hence Corollary 2.44 (d) is not ap-
plicable. However, to determine the system space, we calculate the chain (V) as in
Proposition 2.43.

kE=0: V,=R5 Dby definition.
k=1:
Vi=[A B] ' [E 0] R
100 1177' 100 00
=11 11 01 010 0 0|R
101 01 010 00
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-1

100 11 a
—(1 11 01 bl labeR
101 01 b

T
:{(1'1 0 r3 Uy UQ) ’(L’l,x‘g,ul,UaeR}

k= 2:
V,=[A B]'[E 0] W
100 1 117'( /a
=111 01 0] laeR
101 01 0
:{(xl 0 x3 wuyg ug)T‘xl—l—xg—l—uQ:O,xg:O,uleR}
kE=3:
100 111" ( /a
Vi=[A B'[E 0] Wwm=1]111 01 0| [aeR 3 =W,
101 01 0

Thus, Proposition 2.43 provides

Vsys:ng{(arl 0 z3 w ug)T’x1+x3+u2:0,x2:0,u1€R}.
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3 The Kalman-Yakubovich-Popov
inequality

In this chapter we derive a relationship between positive semi-definiteness of the
Popov function on the imaginary axis and solvability of the Kalman-Yakubovich-
Popov (KYP) inequality. The Popov function and the KYP inequality are introduced
in Section 3.1. The relationship mentioned above is content of the KYP lemma for
DAE systems. It is stated in Section 3.1 together with an alternative version of
the KYP inequality. To prove both, some auxiliary findings are required, which are
presented in Section 3.4. They are studied in Section 3.3 which is split into three
parts. At first, some general knowledge is presented, followed by the KYP lemma for
ODE systems. Lemma 3.12 then provides a relation between a DAE Lur’e equation
and its associated ODE Lur’e equation, which enables us to apply ODE results.

3.1 Introduction to Popov function and KYP
inequality

Let [E, A, B] € ¥, »,(K) and weighting matrices @ = @Q* € K" S € K™ and
R = R* € K™ be given. The function ® : C — K(s)™*™, where

B(s) = V—sE ;mAVB}* {gz* ﬂ [<sE —ﬁ)lB} , (3.1)

is called Popov function. If rkg () ®(s) = m holds, we call ® nonsingular.

Positive semi-definiteness of the Popov function on the imaginary axis can be related
to the solvability of the so-called Kalman-Yakubovich-Popov inequality

A*PE+ E*PA+(Q E*PB+S -
{ B*PE + §* R } 2y, 0, P=F (32)
for some P ¢ K"*",

Remark 3.1. Note that the relations =y and >, associated with a linear subspace
VY C K’ are defined by

M=y N :x*Mx=x"Nx VzreV,
M >y, N : & a*Mx>a2*Nxe Vze).
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3.2 KYP lemma for DAE systems

The following theorem is a generalization of the KYP lemma for ODE systems
(cf. Theorem 3.10 and Theorem 3.11). It states the already mentioned relationship
between Popov function (3.1) and KYP inequality (3.2).

Theorem 3.2 (KYP lemma for DAE systems). Let [E, A, B] € %, ,,(K) with weight-
ing matrices Q = Q* € K" § € K", R = R* € K™ be given. Let
O(s) € K(s)™™ be the Popov function as in (3.1). Then the following relations
hold true:

(a) If there exists some P € K™ such that (3.2) holds, then

O(iw) >0 Yw € R with det(iwE — A) # 0. (3.3)

(b) If (3.3) and at least one of the two properties
(bl) [E, A, B] is behaviourally sign-controllable and rkyg s ®(s) = m;
(b2) [E, A, B] is behaviourally controllable;

is satisfied, then there exists some P € K"*" that solves the KYP inequal-
ity (3.2).

The following simple example illustrates the use of the KYP lemma.

Example 3.3. Consider the DAE (2.1) with n = 2, m = 1, system matrices

o= a-f Y] e[

and weighting matrices

First note that due to
det(sFE — A) = det {8:11 Ei] = s+ 1 # Oy

the pencil sE — A is regular.
Since [E, A, B] is impulse controllable by

12 -2 1 _9
rk[E AS B}:rk[o 0 1 _1}:2:n for Soo:ll],

Corollary 2.44 (d) yields
11 -1

-1
Vo = [A B}—JIEKn:[l 0 1} [1 2
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A—1 22X 1
rk[)\E—A B]:rk{_l 1 _1}:2:71
holds for all A € C, the system [E, A, B] is behaviourally controllable. Furthermore,

the Popov function ® fulfils

rk ®(s) = rkg(s) ([(_EE —1A)_13] ' {56‘2* ]531 {(SE —114)_13})
1 -1 0] [%7
=tkeo | [5F 55 1|1 1 0] |53%
0 0 1 1
= 1kg(5(10) = 1 = m.
Thus, Theorem 3.2 provides that the KYP inequality (3.2) has a solution. O

As an alternative characterization of the KYP inequality we state the following
proposition.

Proposition 3.4. Let [E, A, B] € %, ,,(K) with system space Viys € K"™™, and
matrices () = Q* € K™ S € K™ R = R* € K™ be given. If Y € K™ fulfils

AY +Y*A+Q Y*B+S
B*Y + §* R

>V, 0, EY =Y'E, (3.4)
then there ezists some P € K"*" that solves the KYP inequality (3.2) with

E*PE = E"Y.
Further, if P € K™ solves the KYP inequality (3.2), then Y = PE fulfils (3.4).

As mentioned above, these statements are proved in Section 3.4.

3.3 Auxiliary results

This section provides several results to prove the KYP lemma for DAE systems.
At first, we collect some general knowledge in Subsection 3.3.1. Then, we state
some results for the ODE case in 3.3.2 and connect the ODE to the DAE case in
Subsection 3.3.3.
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3.3.1 General knowledge

In this subsection some well-known findings are collected. For the proof of the first
lemma we refer to [Werll, Proposition I1.1.11]. It is about the so-called Neumann
series.

Lemma 3.5 (Neumann series). Assume (X, ||||) to be an normed vector space and
let X : X — X be linear and bounded. If the Neumann series > .- X" converges
with respect to the operator norm, then the inverse of (I —X) exists and the following
identity holds:

(I-X)"t= ixk.
k=0

Another result we need to prove Lemma 3.12 and Theorem 3.2 is the Sherman-
Morrison-Woodbury identity.

Lemma 3.6 (Sherman-Morrison-Woodbury identity). Let K € Glx(K), L € K7,
M € Gl;(K) and N € K3** be given such that K + LM N € Gl (K). Then it holds

(K+LMN)'=K*'-K'L(M*+NK'L)"'NK.
Proof: The statement can be verified by a simple matrix multiplication. It is
(K+LMN)[K' =K 'L(M™' + NK'L)"'NK™']
=I-L(M '+ NK'L)'NK '+ LMNK™' ~-LMNK 'L(M '+ NK'L)"'NK™!
=TI+ LMNK™!
— LM+ NKT'L)'NK' + LMNK'L(M™' + NK'L)"'NK ]
=TI+ LMNK™' —(L+ LMNK'L) M + NK'L)"'NK~!
=]+ LMNK '~ LMM™' + NK'LY (M '+ NK'L)"'NK~!
=TI+ LMNK ' - LMNK™!
="
O

Remark 3.7. Note that the statement holds true for K = sE'— A € K][s]"*", where
rki(s)(sE/ — A) = n. The proof stays the same. O

To prove Proposition 3.4 we use the following result on matrix decomposition.

Proposition 3.8. Let matrices M € KF** N € K** with k < ¢ and MN = (MN)*
be given. Then there exists some matriz G = G* € K such that

MN = MGM"*.

At first, we show the statement for a special case, where the matrices M and N have
full rank.
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Lemma 3.9. Let matrices M € K™% and N € KF>*™ with tk M =tk N = k and
MN = (MN)* be given. Then there exists some G = G* € K¥* such that

MN = MGM*. (3.5)

Proof: Since M* has full row rank its right inverse is (M*)™ = M(M*M)~!. Define
G = N(M*)*. Due to MGM* = MN(M*)"M* and the full row rank of M it
suffices to show that

N(M**M* = N (3.6)

holds true.

Define D := (M*)*M*. The proof of equation (3.6) is divided into three steps. In
the first two steps we show ker D = ker N = (im M)+. Then we complete the proof
via simple conclusions.

Step 1: First, note that since M and N have full rank, it is ker(M N) = ker N and
im(MN) =1im M. Let z € K™ be given. Then the following equivalences hold:

x € ker D & (M)*M*z =0 & Mx=x"M=0
sVyeKF: "My =0 SVzeK": 2"MNz=0 << a2*MN =0
& (MN)x=(MN)'x=0 <z €ker(MN)=kerN,

i.e. ker D = ker N.
Step 2: Analogously to Step 1 we receive that for all x € K”

re(imM*eVyeK: MyleeVyeKr: y"M'z=0
SVzeK": 2*(MN)'z=2"(MN)z =0
& o € ker(MN) = ker(N)

holds, which is ker N = (im M)*.

Step 3: Now we show (3.6) via K™ = ker N @ (ker N ). Let x € K™ be arbitrary. We
differentiate between two cases. If v € ker N = ker D, it is NDz = 0 = Nz. If on
the other hand z € (ker N)* = im M, there exists some y € K¥ such that = = My.
Thus, we get

NDz = N(M*)*M*My = NM(M*M)"*M*My = NMy = Nz.

Hence, NDx = Nz holds true for all x € K", i.e. ND = N, which completes the
proof of (3.6).

Hermiticity of G then follows from (3.5) together with the assumptions tk M = k
and (MN)* = MN. O
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Proof of Proposition 3.8: Choose some unitary matrix U € K¢ such that

MN = MUU*N = [M; 0] [%j (M, 0] [Aﬂ

holds, where M; € K% with rk M; = ¢, and N; € K“**_ Then there further exists
some unitary V € K*% such that

(M, 0] {]ﬂ — [M; 0] {VOV* 8] ﬁ)ﬁ] = [My My 0] ]\éQ = MyN,

holds, where M, € KZ“”Q and Ny € K2*F with tk My = rk Ny = ¢5. Thus, Lemma 3.9
provides some G' = G* € K*** such that

= MGM*

G 0],
holds for G =G*=U V{O O}V 0
0 0

U*, which completes the proof. Il

3.3.2 The KYP lemma for ODE systems

To prove the KYP lemma for DAE systems we will apply two theorems for the ODE
case from [CALMO97]. Consider [I, A, B] € £,,,,(K) and the linear matrix inequality

A*P+ PA+Q PB+S .
> -

B*P + §* R >0, P=PFP" (3.7)
where () and R are Hermitian. Note that since £ = I and hence Vs = K™,
this is simply the KYP inequality (3.2). Then [CALMO97] prove the following two
theorems, which yield an ODE version of the KYP lemma.
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Theorem 3.10. If (I, A, B) is behaviourally sign-controllable and the Popov function
® is nonsingular, then the following statements are equivalent:

(i) ® is positive semi-definite on the imaginary azis;
(ii) there exists a Hermitian solution P of (3.7).

Theorem 3.11. If (I, A, B) is behaviourally controllable, then the following state-
ments are equivalent:

(i) @ is positive semi-definite on the imaginary axis;

(ii) there exists an Hermitian solution P of (3.7).

3.3.3 Relation between DAE and ODE case

Whenever possible, we apply well-known results for ODEs to make statements on
DAEs. The following lemma relates the solvability of the KYP inequality (3.2) to
the solvability of a KYP inequality for an associated ODE system.

Lemma 3.12. Let [E, A, B] € X,,,,(K) with the system space Vgs € K" weight-
ing matrices Q = Q* e K™, S e K"™™, R = R" € K™ and the Popov function
O(s) € K(s)™™ be given. Let W, T € Gl,(K) and F € K™™ be matrices such
that (2.12) holds. Define the following matrices

Ep =WET, Ap=W(A+ BF)T, By=WB,
Qr =T*(Q + SF + F*S* + F*RF)T, Sp=T*(S+F*R), Rr=R, (3.8)

where Qr and Sy are partitioned according to block structure of FEF (2.7) as

Qll QIQ Q13 Sl
Qr = |Qly Qan Q|, Sp= |52
Q13 Q53 @33 Sy

(a) For Op(s) := I, + FT(sEr — Ap) "' Bp € K(s)™ ™ the rational function

P (s) = |:(_§EF —L:lF)‘lBT {g; }Zﬂ {(SEF _IiF>_1BF}

fulfils
Di(s) = Op(—5)D(s)Ox(s). (3.9)

Moreover, it holds that
Pr(s) = (=5h — An)~'Bi)” @ S1— Qu2Bo
I St — B;Q1y B3Q2Bs — B35Sy — S5Bs+ R

y [(s[m - All)—lBl] |

i (3.10)
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(b) Let P € K™™ and define

Pll P12 P13
Pr = Wi*Pwil = P1*2 Py P3| € Knxn, (311)
Pl3 Py Pss

which is partitioned according to the block structure of the FEF (2.7). Then
the following holds true:
P € K™™ solves the KYP inequality (3.2) if, and only if, P is Hermitian and

A P+ PiiAn + Qn P By + 51 — Q2B >0, Py=P
Bikpll‘i‘Sik _B;Qik2 B;QQQBQ_B;S2_S;B2+R -7 1
(3.12)

Remark 3.13. Note that by definition of the matrices in (3.8) we have the following
relationship between the weighting block matrices of ®(s) and ®p(s)

T TR [Q S|[T 0

0 I, ||S* R||FT I,
[T QT RSt T*S+TF*R|[T 0
s R FT I,
[T*QT + T*F*S*T + T*SFT + T*F*RFT T*S +T*F*R
— ST+ RFT R
_[Q¢ Sr
1S Re|

¢

Proof of Lemma 3.12:

(a) We divide the proof of (a) into two steps. At first, we show equation (3.9)
and then (3.10).

Step 1: Due to Remark 3.13 we have

B (s) = [(—EEF - AF)_lBF]* [QF SF] [(SEF - AF)_lBF:|
¥ Im S%  Rp Im
_ [(=3Ep — Ap)'Bp|" [T* T*F*]1[Q S][T 0] /[(sEr— Ar) 'Br
- I 0 I, S* R| |FT I, I, '
(3.13)
We show the following equality
T 0 Er — Ap)"'B E—-A)™'B
H(s) := {FT Im} [(5 F [mF) F} _ [(S ]m) :|@F(3)- (3.14)

The bottom block rows in (3.14) coincide by definition of ©g(s). Further,
T(sEy — Ap) 'Bp = T(sSWET —W(A+ BF)T)'WB
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=T(W(sE - (A+ BF))T)"'WB
=((sE—A)—-BF)'B

holds. The Sherman-Morrison-Woodbury identity from Lemma 3.6 for K := sFE — A,
L:=—-B, M :=1,, and N := F' yields

(sE—A)—~BF)'B=(sE—~A)"'B+(sE—A)"'B(I,,~F(sE—A)"'B)"'F(sE—~A)"'B.

Applying Lemma 3.5 to (I, — F(sE — A)™1B)~! we get

(sE—A)"'B+ (sE— A)"'B i (F(sE—A)"'B)"
k=1

= (sE-A)'B+(sE-A)"'B (F(SE - A)'B+ i (F(sE — A)‘lB)k>
k=2

= (SE—A)'B+(sE—-A)'BF(sE—A)"'B+(sE—A)"'B i (F(sE — A)*lB)k
k=2

b 35 p — AY !B+ (sE— A)'BF(sE — A)"'B
+(sE— A)"'BF(sE - A)"'B(I,, - F(sE — A)"'B)"'F(sE - A)"'B
= (sE-A)7'B
X [l + F(sE — A)"'B+ F(sE — A)"'B(l,, — F(sE — A)"'B) " 'F(sE — A)"'B].

Applying Lemma 3.6 once more yields
T(sEr — Ap) 'Bp = (sE — A)"'B [I,, + F((sE — A) — BF)™'B],

which completes the proof of (3.14).

Equation (3.14) provides

H*(—s) = (—sFp —L:lF)—lBFT {T* T*F*] _on(s) |i<—SEA)_lB:|*'

Thus, (3.13) yields (3.9).

Step 2: We verify (3.10). Note that for regular W, X and Z we have

-1

w 0 0 w-t 0 0
0 X Y — 0 X1 —XxX1lyz1
0 0 Z 0 0 zZ!
Thus,
(sIny —An)™" 0 0 By
(SEF - AF)_IBF = 0 _[nz _an2E23(5E23 - Ins)_l By

0 0 (SE33 - ]nS)_l 0
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(S[n1 — All)ilBl
_ B, . (3.15)

0n3><m

Now we can prove the desired result (3.10) by using the definition of @, the matrices
as in (3.8), and (3.15). Hence

Bp(s) = (—5Ep — Ap)lBFr [QF SF} {(SEF — Ap)lBF}

I St Rp I
(_gjnl — All)_lBl - (SInl — All)_lBl
— _B2 QF SF —BQ
On3><m S;‘ RF Ongxm
I, I,

:[((_EITH_AII)_lBl)* _B; 0m><ng, Im]
Qu Qi Qs Si| [(sly, —An) B

% Qly Q2 Q2 S —Bs
Q3 Q33 Q33 S3 Ongxm
St Sy S R I,
Thus,
Qu Q12 St [(shy, — An) ' By
Pp(s) = [((—=51,, —An)'B1)* —B; I, |Qfs Q2 S —By
ST S5 R I,
_ _ S1— Q2B
— [((=5I, — A 1B I, Q11 1 122
[(( Slp, 11) 1) ] |:Si< _ B;QTQ B;QQQBQ _ B;»S’Q _ 5532 +R

(S]n1 — AH)ilBl
I, ’

The last equation holds since one can multiply the second row by —Bj from the left,
the second column by — B, from the right, and then combine the second and the
forth row/column, resp. This proves (3.10).

(b) We divide the proof into two steps. At first, we relate the solvability of the
KYP inequality (3.2) to that of the KYP inequality for the corresponding system in
FEF (2.7). Then, we show the equivalence in (b).

Step 1: We show that P solves the KYP inequality for the system [E, A, B] if, and
only if, Pg solves the KYP inequality for the system [Eg, Ay, Br| in FEF (2.7).
By (3.8) the following calculations hold true:

T TP [APE+E'PA+Q E'PB+S|[T 0] _[Xi Xo] 50
0 In B*PE + 5* R FT I, |Xs X" 7



3.3 Auxiliary results 41

where

Xy :=T*A*PET + T*E*PAT + T*(Q + F*B*PE + F*S* + E*PBF + SF + F*RF)T
=T*A*PET + T*E*PAT + T*(F*B*PE + E*PBF)T + Qr
=TT * AW ™ — F*BYW*PeWET + T*E*W*PeW (W ' ApT~! — BF)T
+T*(F*B*PE + E*PBF)T + Qp
= A} PrEp — T*F*B*PET + EfPrAp — T*E*PBFT
+ T*(F*B*PE + E*PBF)T + Qp
= AR PrEr + E5PrAr + Qr,
Xy :=T*E*PB+T*S+T*F*R = T*E*W*PeWB + T*(S + F*R) = E; Pr Br + Sk,
X3 = B*W*PyWET + (S* + RF)T = By PrEr + Sy and
X4:=R = Ry.

In combination with Proposition 2.41 this provides

X1 Xo
0 <yyer [Xs XJ

AL PrEy + ERPrAr + Qv ELPrBr + Sr

& 0y . p [ BiPy By + S Re ] (3.17)
o< o :A;PFE ;Fgﬁgg +Qr BiPer+ SF] . Ve € Vasr
(316), < 2 1(1)* T;:T [A*pg*;glP;+ Q E*pg + S} L?TT I?,J T Vo€ Vs
CION :A*Pg*; 5113; +Q BPB+ S] ” 7y € Vays

wvsn [TEETTO TR s

for all Hermitian P € K"*".

Step 2: We prove the equivalence in (b) via two implications.
Step 2.1: Let P € K™*™ fulfil the KYP inequality (3.2). In particular, P is Hermitian.
Thus,

Pi=W PW ) =W *PW ' =P
and thereby Pr and P;; are Hermitian.
According to the definition of Er, Ap, B, Qr, Sk, Rr and Pr we obtain

| BiPeEr+ S Rr
(A3 P+ PiiAn + Qi Pia+ Q2 Mizs PuBi+ PiaBy+ 5
_ Py + Q1 (22 Mo Sy (3.19)
M M M3 Ms, '
| BiPy + By, + S s; Mg, R
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for some M3 € Kmxn37 Mg € anXng’MB?) — M§3 c Kn3><7137 and M5, € KX In
fact, we could determine the missing matrices, but they are irrelevant in the follow-
ing.

To complete Step 2.1 we use (3.17), (3.18), (3.19) and (2.23), united to =. Since P
solves the KYP inequality (3.2), calculating in an analogue manner as in Step 3 in
the proof of (a) we arrive at

0< (x) {A*PE+E*PA+Q E*PBJrS] (z)

U B*PE + S5* R U
1\ [A} P+ PuAn+ Qi P+ Qi Mz PyBiy+ PiaBa+ 5, x1
= | —Bau Pi, +Q7s Q22 M3 Sa —Bou
Ongx1 My, M3, Mss M3, Ongx1
w ) | BiPy+BiPy+ S sy Mj, R u
1\ [A5 P+ PuAn +Qu P+ Qia PuBiy+ PiaBa+ 5 x1
= —BQU P1*2 + QTQ Q22 52 —Bgu
w ) | BiPu+ BiPh,+ S S3 R u
_ (T : A7 1P+ Puidn + Qu P By + 51 — Q12Bs T
u BTP11+ST—B;Q12 B;QQQBQ—BSSQ—SSBQ‘FR u

and thus Pp; fulfils (3.12).

Step 2.2: Suppose Pj; € K™*™ solves (3.12) and let Pyy, Pi3, Pas = Py, Pa3, and
P33 = Pj; have appropriate dimensions. Applying (2.23) to (z7,u")" € Vysr we
find some x; € K™ such that (z{,—u"By,0,u")" € Visr. Analogously to Step 2.1
it can be easily verified that P fulfils the KYP inequality (3.2). O

3.4 Proof of KYP lemma and KYP alternative

In this section we prove the main results of this chapter mentioned in Section 3.2.

Proof of Theorem 3.2:
(a) At first, let P € K™*" be a solution of the KYP inequality (3.2). Using a simple
matrix subtraction the inequality is equivalent to
Q S o _ A*PE + E*PA E*PB
S* R| TYes B*PE 0 |
Further, assume that
[(—EE — A)‘lB} : [A*PE + E*PA E*PB] |:(SE — A)‘lB] 0

I, B*PE 0 I, (3.20)

With (2.25) and (3.20), for all w € R with det(iwE — A) # 0 we can infer that

B(iw) [(in ;mA)—lB}* {g 2} [(in ;mA)—lB}
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>

B [(in — A)—IB} ’ {A*PE + E*PA E*PB} {(in — A)—lB} o,

I, B*PE 0 I,
which is (3.3).

We still need to show that (3.20) holds true. For the left side of the equation it holds

_<_§E_A)le'* {A*PE—FE*PA E*PB} [(SE—A)lB]
L I, | B*PE 0 I,
= }_EE }mA)_lB: (|5 tpe o+ |57 1 1) (057077
_ _(—EE ;mA)—lB- {gi} [PE O] |:(SE _I:j)_lB]
[ R

Applying A(sE — A)™'B = (sE — (sE — A))(sE — A)"'B = sE(sE — A)"'B—- B
at = yields

e = |78 AMB}* E w8 7]

I, 0 I
= {(_SE ;mA)lBr {E;P} £ 0 {(SE _I:})IB]
= 5 [B*(—5E — A)™ I,,] {E*PE(SEO_A)lB}

= sB*(—8FE — A) *E*PE(sE — A)™'B.

So we have an alternative representation of the second summand. Note that the first
summand from above equals to H*(—s). Since P € K™*" fulfils the KYP inequality
(3.2) and thus in particular is Hermitian, we have

H*(—s) = (=5 (B*(sE — A)"E*PE(—3E — A)™'B))"
= —sB*(—5E — A)"E"PE(sE — A)"'B.

Altogether we obtain H*(—s) + H(s) = 0 and therefore (3.20) holds true, which
completes the proof of (a).

(b) Let (3.3) and at least one of the properties (bl) and (b2) be fulfilled. Accord-
ing to Proposition 2.34 there exist transformation matrices W, T and F' such that
FEF (2.12) holds. Let w € R with det(iwE — A) # 0. Then (3.3) together with (3.9)
yields (b) Let (3.3) and at least one of the properties (bl) and (b2) be fulfilled.
According to Proposition 2.34 there exist transformation matrices W, T and F' such
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that FEF (2.12) holds. Let w € R with det(iwE — A) # 0. Then (3.3) together
with (3.9) yields

0 < &(iw)
& 0<n"d(iw)n” VneK™
&0 < (Or(w)6)" (iw)Or(iw) Ve K™
& 0< & (Op(—w)) P(w)Op(iw)¢  VEe K™
0 < e dp(iw)e Ve e K™

Regarding the representation of ®g as in (3.10) we get 0 < Pp(iw) for all w € R with
iw ¢ 0(Aq1), i.e. (i) in Theorem 3.10 and in Theorem 3.11 holds.
For the rest of the proof we differ whether (b1) or (b2) holds.

Case 1: Assume that (bl) is true. The idea is to apply Theorem 3.10 to the ODE
system [I,,,, A11, B1] and the corresponding Popov function ®g as in (3.10).

As (bl) holds, the system [E, A, B] is behaviourally sign-controllable and ® is non-
singular. Using Remark 2.37 we see that the ODE system [[,,, Aj1, By] is also
behaviourally sign-controllable. To make use of Theorem 3.10 we have to show that
even Pp is nonsingular.

By using (3.9) and since rkg)(®(s)) = m, it suffices to verify that ©r(s) has full
rank. Due to the equivalence

sEy — Ap is regular < sWET — W(A+ BF)T is regular,

which holds by definition of [Er, Ar, Br|, the matrix (sEp — Ap)+ Bp F'T is invertible
in Gl,,(K(s)). Thus, we can compute the inverse of O(s) according to Lemma 3.6
as follows:

Op(s) ™t =1, — FT((sEr — Ar) + BeFT) ' By,

whereby rkg(s) Or(s) = m obviously holds true. Hence, ® is nonsingular.

It remains to show that the corresponding matrices B2 Bs — B3 Sy — S5 Bs+ R and
Q11 of (3.7) are Hermitian. Therefore, note that ¢ and R are Hermitian already.
Due to its construction as in (3.8), Qr and thereby Q17 and ()2 are Hermitian as
well. This implies

Thus, Theorem 3.10 can be applied to the ODE system [I,,,, A1, B1] and the corre-
sponding Popov function ®r as in (3.10). Then (3.7) leads to

A P+ PiiAn + Qun P By + 51 — Q2B >0
ST_BsQT2+BTP11 B;QQQBQ_B;SQ_S§B2+R -
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for some Pj; = Pjy. According to Lemma 3.12 (b) we see that

Py
pP=W"
0

w

o O O
o o O

solves the KYP inequality (3.2) and this proof is complete.

Case 2: If (b2) holds, then [I,,, Aj1, By] is behaviourally controllable and we can
apply Theorem 3.11. The remaining part works analogously to the last paragraph
in Case 1 and therefore it is omitted. O]

The other important result in this chapter is the existence of an alternative version
of the KYP inequality in Proposition 3.4, which is proved next.

Proof of Proposition 3.4: At first, note that the second statement is evident. To
prove the first implication the proof is divided into three steps. Those three steps are
preparations to apply Lemma 3.12 (b). In Step 1 we define a matrix Y, show that
E;Yr is Hermitian and arrive at a KYP inequality like in (3.12). The second step
provides an auxiliary result that we need for Step 3. In this last step a matrix P is
defined with help of Y matrices of Step 2 such that £*PE = E*Y. The implication
in Proposition 3.4 follows then with Lemma 3.12 (b).

Step 1:
Let Y e K™ fulfil (3.4). By Proposition 2.34 there exist some transformation
matrices W, T and F such that (2.12) holds. We define

Yii Y2 Yis
Yr = W™YT = | Yo Yoo Yos3| € K<™,
Y31 Ya Y3

Since E*Y = Y*FE holds, we obtain

EiYe = WET)Y*(W*YT) =T*E*YT = T*Y*ET = (T*Y*W 'Y (WET) = Yy Ep,
(3.21)
which is equivalent to

Y11 Y12 Y13
0 0 0
E33Yo1 + E33Y31  E33Ya + Ei3Yss  E33Yo3 + E33Yss

Yo 0 YynFas + Y35Fs3
Yis 0 Yo3Eps + Vi3l

[Yﬂ 0 Yy Ep3 + Yy Ess

Since (3.21) the matrix EfYF is Hermitian, we conclude
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(i) Yu =Yy, (iv) 0= Y5, Fa3 + Y35 F33 and
(i) 0 =Y =Y}, (v) E33Yas + E3,Yss is Hermitian.
(ili) Yiz = Y5 Eas + Y5 Ess,

With an argumentation analogous to the proof of Lemma 3.12 (b) we arrive at

ALY +YuAn +Qu YiuB, + 51 — Qi2B2

>0, Y=Y (322
BiYu + 57 — B3Q}, B3Q2Bs — B3S; — 538y + R} = H - (3:22)

Step 2: Note that [E3; FEj] € Km*n21s) and }};23 € K(n2tn3)xns holds and the
— 33

product of these matrices is Hermitian. Thus, Proposition 3.8 yields
E33Yos + E33Yss = [E3y B3 {Y&J = B33 B3] [p;g Pis| | Ess (3.23)
for some P22 = PQ*Q € Kn2xn2,P23 € KTLQX"S,ng = P§3 € Knsxns,

Step 3: Now we are able to define a solution matrix for the KYP inequality. Let
P € K™ be defined as

Yu Ya Y3
P=W*"PeW =W~ |Yoy Pyy Pos| W.
Yar Py P
To prove the statement of the proposition, we still need to show that the constructed
matrix P fulfils E*PE = E*Y or alternatively Ef PrErp = Ef;Yp, which is equivalent:
E*PE=FEY & FEWPRWE= W ET ") (WYsT™)
& T *EiPeEyT ' = T *ERYeT 1
& ELPrEr = ELYr.
Calculating straight forward and using (3.23) we get

Y1 Y3 Y3
EpPpEy = 0 0 0 Er
| E53Yo1 + E33Ys1  ES3 Py + E33Py3 E53Po3 + E33Psg
i Y11 0 Y31 Ea3 + Y31 Es3
— 0 0 0
_E§3Y21 + E§3Y251 0 E;3P22E23 + E§3P;3E23 + E;3P23E33 + E§3P33E33
[ Y11 0 Yi3
(329 0 0 0 — EiYr.
O Bx Vo + B Ye 0 EjsYas + iV

Thus, we have E; Prlp = EYp or equally E*PE = E*Y.

The desired result then follows from applying Lemma 3.12 (b) to (3.22). O
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In this chapter we study particular solutions of the KYP inequality (3.2). They solve
the so-called Lur’e equation, where equality to a Hermitian matrix on the right hand
side of (3.2) is claimed.

To perform the studies on Lur’e equations and their solutions, this chapter is struc-
tured as follows. At first, we introduce the Lur’e equation (4.1). In Section 4.2 we
present the main result - Theorem 4.4, which states a relationship between the solv-
ability of the Lur’e equation and the positive semi-definiteness of the Popov function
on the imaginary axis and deflating subspaces for an associated even matrix pencil.
The proof of the main result is extensive and requires some results on Lur’e equa-
tions. For this reason, in Section 4.3 we collect some findings on Lur’e equations
associated with ODEs and in Section 4.4 for the differential-algebraic case. Section
4.5 is dedicated to the proof of Theorem 4.4. In Section 4.6 we finally show how to
construct a Lur’e solution using deflating subspaces.

4.1 Introduction to Lur’e equations
Consider a system [E, A, B] € £, ,,,(K) with system space Vy,s € K" weighting
matrices Q = Q* € K™*", § € K™ and R = R* € K™*™, The equation

A'XE+E'XA+Q E'XB+S| _ [K
B*XE + S* R TV | L

} [K L], X=X (41a)
is the associated Lur’e equation.

A triple (X, K, L) € K™ x K" x K9*™ is called solution of the Lur’e equation if
it satisfies (4.1a) and

-sE+A B
rkK(s) |: 5 K L:| =n-+gq. (41b)

Note that ¢ € Ny is part of the solution and specified in Proposition 4.5.

The concept of Lur’e equations can be applied on ODEs as well. This is the content
of the following remark. We also show that with additional assumptions on the
weighting matrix R the algebraic Riccati equation can be derived from the Lur’e
equation.

Remark 4.1. In the ODE case, i.e. E = I,,, and thus Vs = K" equation (4.1a)
simplifies to

(4.2)

AX+XA+Q XB+S| |K* -
A N A
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which is equivalent to
AX+XA+Q=K'K, XB+S=K‘L, R=LL X=X (4.3)

If in addition R is invertible, then the equations in (4.3) simplify even more.

In Proposition 4.5 we will see that ¢ = rkg(s) ®(s) < m holds true. Thus, R = L*L
implies that L is invertible and K*K = K*LL 'L~*L*K = K*LR'L*K holds.
Hence, we obtain the algebraic Riccati equation

A*X+XA—(XB+S)RTHXB+9)"+Q=0.

Note that for £ # I,, the assumption Vs = K" does not necessarily hold. There-
fore, these transformations can not be applied on a DAE Lur’e equation in general.

¢

To study Lur’e equations, the weighting matrix R does not necessarily need to be
invertible. In contrast to the algebraic Riccati equation we can study Lur’e equa-
tions for a singular weighting matrix R = R* as well.

So we know that the concept of Lur’e equations is a generalization of algebraic
Riccati equations. Now we can put our focus on the connection between solutions
of Lur’e equation and solutions of the KYP inequality.

Remark 4.2. If (X, K, L) solves the Lur’e equation (4.1), then X is a solution of
the KYP inequality (3.2), i.e.

A'XE+E'XA+Q E*XB+S 0
B*XE + §* R =

4.2 Solutions of Lur’e equations via deflating
subspaces

To formulate the main result of the chapter we first need to introduce deflating
subspaces, neutrality of a subspace with respect to a matrix and even matrix pencils.

Definition 4.3.

(a) A matrix Y € K"** is called basis matriz for a subspace ) C K" of dimension
kifrtkY =kandimY = ).

(b) Let ) C K" be a subspace with basis matrix Y € K"**. We call Y a (right)
deflating subspace for the pencil sE — A € K[s]**™ if there exists some j € N,

a matrix Z € K/ and a pencil sE — A € K[s]”** with rkg) (sE — fl) =
such that o
(sE—A)Y = Z(sE — A).
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(c) Let H € K™ be given. A subspace ) C K" is called H-neutral if
yiHy =0 Vyi,y2 €.
(d) A pencil sE — A € K[s]"*" is called even if
sE—A=—skE*— A"

v

Theorem 4.4 further requires a special even matrix pencil. Associated to a system
[E, A, B] € £,,,(K) and weighting matrices @ = Q* € K™*", R = R* € K™, and
S € K™ it is denoted by

0 —slIE+A B
s€ — A = |sE*II* + A" Q S| e Kl[s|Zrtmx@ntm) (4.4)
B* S* R

The projector 1I is defined as

I,, 0 0
IM:=w=1'l0 0 0] WeK™ (4.5)
0 00

with matrices W, T' € Gl,(K) and F' € K™*" such that (2.12) holds.

Now we are able to state the main result of this chapter. It describes a relationship
between the existence of a Lur’e solution and deflating subspaces. In Section 4.6 we
show how a Lur’e solution can be reconstructed based on this theorem.

Theorem 4.4. Let [E, A, B] € £,,,(K) with system space Vsys and weighting ma-
trices @ = Q* € K" S € K"™™ and R = R* € K™ ™ be given. Let W,T € Gl,(K)
and F' € K™ ™ be given such that (2.12) holds. Further, let the projector I1 be defined
as in (4.5), and s€ — A as in (4.4). Then the following statements are equivalent:

(a) The Lur’e equation (4.1) has a solution (X, K, L) € K™ x K9*™ x K%,

(b) The Popov function ® fulfils ®(iw) > 0 for all w € R with det(iwE — A) #
0 and there exist some matrices Y, Y, € Knx(ntm) -y e Kmxtm) - gnd
Zyy Zp € K¥nt0) | 7 € Km*(49) sych that

Y;Uf
Y = }/x c K(2n+m) X (n+m)

Y

Y

Zﬂ
Z = |Z,| e Kertmx(nta) (4.6)
Zy

satisfy the following:
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(bl) the space imY is (n + m)-dimensional and E-neutral;

v
(b2) Vs C im [YJ ,.
(b3) tkTIEY, = ny;

(bd) there exist £, A € KUHOX0Hm) qith vleg o (s€ — A) = n + q such that

(s& — A)Y = Z(s€ — A).

We now specify the number ¢ € Ny of rows of the matrices K and L belonging to a
Lur’e solution (X, K, L) as in (4.1).

Proposition 4.5. Let [E, A, B] € ¥,,,(K) with system space Viys € K"™™ and
weighting matrices Q = Q* € K", § € K™ R = R* € K™™ be given and
let the Popov function ®(s) € K(s)™™ be defined as in (3.1). Furthermore, let
(X, K, L) € K" x K7™ x K?™™ be a solution of the Lur’e equation (4.1). Then it
holds

q = tkg(s) P(s).

To prove this proposition we split a matrix into a product of some other matrix and
its conjugate transpose. For this reason we need the following lemma on diagonal-
ization.

Lemma 4.6. Let M = M* € K be given.

(a) There exists some orthogonal (K = R) / unitary (K = C) matriz A € K
such that . .
A" M A = diag(M, ..., M),

where Ay, ..., A\¢ € R denote the eigenvalues of M.

(b) If in addition M is positive semi-definite, i.e. \; > 0 for all i, then M = AA*
for some A € K.

Proof: For the proof of (a) see [Fisl0, Corollary in 5.6.2]. Then (b) follows from
(a) as

M = Adiag(Ay, ..., A) A* = Adiag(v/ A1, - .., Vo) diag(V AL - V) A = AA*,
for A = Adiag(v/A1, ..., V). O

In the same step of the proof of Proposition 4.5 we need to show a rank inequality
and apply Sylvester’s rank inequality there.

Lemma 4.7 (Sylvester’s rank inequality). For G € K% and H € K*** it holds
that
kG +1kH —k <rk(GH) <min{rkG,rk H }. (4.7)
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Proof: See [Fis10, Chap. 2.5]. O

Proof of Proposition 4.5: To show that ¢ = rkg() ®(s), the proof is divided into
three steps. In Step 1 it is shown that for a KYP solution P the left hand side of
(3.2) can be decomposed such that P fulfils the Lur’e equation (4.1a). This result
is applied in Step 2 to show an upper boundary for the rank of ®(s). Step 3 then
finally shows the statement through a decomposition of ®(s) using Lur’e solutions.

Step 1: Let P € K™ fulfil the KYP inequality (3.2). We show that there exist
some matrices M € K™ and N € K™ such that

Fvw+Ev%+Q FPB+ﬂ__ Fﬁ
_vsys

B*PE + §* R N*} (M N] (4.8)

holds.
At first, note that Proposition 2.41 along with (2.23) yields

r {A*PE +E*PA+(Q E*PB+S

B*PE + §* R }FEQ

where the projector I" : K"*™ — V.o C K" is defined by

[T o
v=ler g

Thus, Lemma 4.6 provides the existence of some A € K"*™ such that

1

oo o
co oo
oo oo

I,

JA*PE+E'PA+Q EPB+5S|. ..
F{ B*PE + S R }F_AA‘

Since I" fulfils the projector condition I'? = T, this again yields

,[A*PE + E*PA+Q FE*PB+S] . iy s
L B*PE + §* R _F_FAAR
which implies ) )
A*PE+ FE*PA+Q E*PB+S
B*PE + §* R

— . AN

*

N*} provides (4.8), which was to show.

Decomposing A into A = [M
Step 2: Let A € C with det(AE — A) # 0. Then

w2 e [ e
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(2.25 L, N* I,

_ [(AE—A)"'B]" [A*PE + E*PA E*PB] [(AE — A)™'B
I B*PE 0 I,

R S IR

(4.8) {(AE — A)—IB]* {M} M N {()\E — A)—lB}
)

where
Z(A\):= N+ M(AE — A)7'B € K™ for all A € C with det(A\E — A) # 0.
Further, it holds that

(4.7)
ki) P(s) < rkr) Z(s) <min{l,m} < L.

Step 3: Let (X, K, L) be a solution of the Lur’e equation (4.1). An argumentation
analogous to that in Step 2 shows

O(N) =W (NW(N), (4.9)
where

W) =L+ KW\E—A)'B e K™ for all A € C with det(A\E — A) # 0.
Since (X, K, L) solves the Lur’e equation (4.1) it holds

4.1b —sE+ A B
n—l—q(:)rkK(s) SK L]
[—sE+A B|[(-sE+ A (—sE+A)~'B
= ke | g g 0 L,
= rk [n y
T RO K(=sE+ ATt —W(s)

and thus rkg) W(s) = ¢.
Applying Sylvester’s rank inequality as in Lemma 4.7
(4.7)
q = tki) W*(s) +rkg) W(s) —q < rkg) (W (s)W(s))
4.9
=ty B(s) <ty W(s) = g
we can infer
q = tkis) W(s) = rkgs) O(s) < L.
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Remark 4.8. The proof of Proposition 4.5 provides some notes on Lur’e solutions.

(i) The triple (P, M, N) as in (4.8) is not supposed to fulfil (4.1b). Therefore, in
general (P, M, N) is not a solution of the Lur’e equation (4.1).

(ii) Solutions of the Lur’e equation (4.1) are rank-minimizing in the sense that the
rank of the matrix on the right hand side of (4.8) is minimized. O

4.3 The ODE case

In this section we present some findings from [Reill] for Lur’e equations in the
ODE case. Theorem 4.9 considers the existence of Lur’e solutions in the ODE case.
It is applied to prove Theorem 4.4 in Section 4.5. Lemma 4.11 and Lemma 4.12 con-
sider the ODE case as well. Together with Theorem 4.9 they are used in Section 4.4
to prove the existence of Lur’e solutions and that Lur’e solutions are extremal solu-
tions of the KYP inequality.

In the ODE case [I, A, B] € %,,,,(K), the even matrix pencil (4.4) reads

0 —-sl,+A B
(SE - A)ODE = S[n + A* Q Sl. (410)
B S* R

Below we state [Reill, Theorem 11], which is an ODE version of Theorem 4.4.

Theorem 4.9. Let the pencil (s€ — A)opg be defined as in (4.10) and let the Popov
function as in (3.1) satisfy ®(iw) > 0 for all w € R with iw ¢ o(A). Moreover, let
g = normalrank ®(s). Then the following two statements are equivalent:

(i) For any Hermitian X € K™ there exist K € K" L € K?™ such that
(X, K, L) is a solution of Lur’e equation (4.2).

(ii) There exist V,, V, € KIZX("JFW)} V., € Kmx(ntm) - gnd W, W, € Knx(nta)
W, € K™+ gnd £, A € Kr+oxmtm) gych that

v, W,
V= |V, | e KEEmxtmm) gy — W, | e KEertmx(nta) (4.11)
Vu W

satisfy
o the space V =imV is maximally €-neutral with tkV,, = n;
o X =V, V.t for some arbitrary right inverse V" of V,;

o (sE—A)V =W (s£ - A).
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Remark 4.10. Let & € K®n+m)x(2n+m) a5 in (4.10) be given. According to [Reill]
a subspace V C K*"™™ is maximally €-neutral if it is E-neutral and dimV =n +m

holds. O

To prove Theorem 4.4 we need Theorem 4.9 and the following auxiliary results that
can be found in [Reill, Theorem 14/15/16].

Lemma 4.11. Let the Lur’e equation (4.2) be given with the associated even matrix
pencil (s€ — A)ope as in (4.10). Assume that the KYP inequality (3.7) is feasible.
Moreover, let a mazimally E-neutral space im' V' with V' as in (4.11) be given such
that (s€ — AV = W (s€ — A) holds true for some W € KEtmx(tp) qpgd
E, A e Ktt»)xtm) - Burthermore, assume that for all generalized eigenvalues \ of
the pencil s€ — A the number —\ is not an uncontrollable mode of [I,A, B]. Then
rkV, =n.

Lemma 4.12. Let the Lur’e equation (4.2) be given with the associated even matrix
pencil (s€ — A)opr as in (4.10). Assume that the KYP inequality (3.7) is feasible
and [I, A, B] is behaviourally stabilizable (anti-stabilizable). Moreover, let V,W be
given as in (4.11) such that im V' is mazimally €-neutral and vk V, = n and it holds
(s& — AV = W(sE — A) for some £, A € KUHP)Xtm) with the property that all
generalized eigenvalues of s€ — A have non-positive (non-negative) real part. Let
Xy = V, V& for some right inverse V& of V.. Then for all Hermitian Y € K
solving the KYP inequality (3.7) it holds:

V<X, (Y=X,)

4.4 Results for DAE Lur’e equations

This section collects results for DAE Lur’e equations. We specify the existence of
Lur’e solutions in Theorem 4.14 and prove it with several auxiliary results. Within
Theorem 4.18 we show that in terms of definiteness Lur’e solutions are extremal
solutions of the KYP inequality. The last result of this section presents a method to
remodel a given system into an impulse controllable one with equal behaviours.

In the preliminaries we introduced different concepts of stabilizability. To state a
relationship between stabilizability of a DAE system and properties of solutions of
the associated Lur’e equation we need the following notions.

Definition 4.13. Let [E, A, B] € %,,,(K) with system space Vs C K" and
matrices ) = Q* € K™*" § € K™ and R = R* € K™ be given. A solution
(X, K, L) € K" x K7™ x K9 of the Lur’e equation (4.1) is called

(i) stabilizing if

L[-AE+A B
' K L

}:n—l—q vAeCy;
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-AE+A B

(ii) anti-stabilizing if rk{ % I

] =n+q VYAeC._. O
Solvability of Lur’e equations requires conditions to be fulfilled. In the following we
provide some sufficient conditions for the existence of (stabilizing/anti-stabilizing)
solutions of the Lur’e equation (4.1).

Theorem 4.14 (Existence of solutions of Lur’e equations). Let [E, A, B] € ¥, ,,(K)
with system space Vsgs € K" and matrices @ = Q* € K", S € K™™, and
R = R* € K™*™ be given. Further, let P € K™ be a solution of the KYP inequal-
ity (3.2).

(a) If [E, A, B] has no uncontrollable modes on the imaginary axis, then the Lur’e
equation (4.1) has a solution.

(b) If [E, A, B] is behaviourally stabilizable, then the Lur’e equation (4.1) has a
stabilizing solution.

(c) If[E, A, B] is behaviourally anti-stabilizable, then the Lur’e equation (4.1) has
an anti-stabilizing solution.

To prove this theorem we need some auxiliary results. The first one can be seen as
a version of Lemma 3.12 (b) for Lur’e equations.

Lemma 4.15. Let [E, A, B] € ¥,,,,(K) with system space Vsys C K" weighting
matrices Q = Q* € K™, S € K"™™ R = R* € K™ and matrices W, T € Gl,(K)
and F € K™™ be given such that (2.12) holds. Define the matrices Fr, Ar, Br,
Qr, S, and Ry as in (3.8). Then for (X, K,L) € K" x K" x K9*™ and

Xll X12 X13

Xp =W XW =X}, Xon Xp| € KW,
Xi3 X33 Xs

Ky = (K+LF)T =K, K, K;] € K""

partitioned according to the block structure of FEF (2.7) it holds:
(X, K, L) is

(a) a solution,
(b) a stabilizing solution,
(c) an anti-stabilizing solution

of the Lur’e equation (4.1) if, and only if, X171 is Hermitian with

A7 X+ XaAn + Qu X1uBy + 51 — Q2B2
By X1+ 57— B3Q5y,  B3QwBy — B3S; — S5Bs+ R

_ {(L _%BQ)*} [K\ L— KB, (4.12a)
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and
(a) ki (s) {_Sjn}{j— Au I _B;éQB; =n; +q, (4.12b)
(b) rk { M";(j An I _%2 BQ_ =ni+q YAeCy,
() rk [_M”;(j Au I _%2 BQ_ —nm+q VAeC_.

Proof: To prove the statement we follow an argumentation which is analogous to
that in Lemma 3.12 (b). At first, we show that the Lure’e equation (4.1a) holds for
a system if, and only if, it holds for an equivalent system in FEF (2.7). In Step 2
the equivalence of the Lur’e equation (4.1a) and (4.12a) is proved. With Step 3 we
finish the proof by showing that the rank condition (4.1b) holds true if, and only if,
(4.12b) holds true.

Step 1: Calculations as in (3.16) yield

{T* T*F*} {A*XE +E*XA+Q E*XB+ S} { T 0 ]

0 I, B*XE + S* R FT I,
By XpEy + 5% Rp ' '
Since K} = T*(K* + F*L*), we have
T T*F*| |K* T 0 K}
{0 Ly, ] [L] K 1] {FT I,J B [Lf] Ko 1] (4.14)

for the right hand side of the Lur’e equation (4.1). Analogous to the calculations
leading from (3.17) to (3.18) we obtain

A'XE+ E* XA+ E*XB+ S K*
PR P[]

(g) A XpEr + B3 XpAp + Qr  EpXpBr + Sp _ K} [K L}
(4.14) B;XFEF + S}; RF Vsys,F L* F

for all Hermitian X € K™*". Therefore, the Lur’e equation (4.1a) holds for the
system [E, A, B] if, and only if, it holds for [Fg, Ap, Br| in FEF (2.7).

Step 2: The proof of the equivalence of (4.1a) and (4.12a) is split into two parts.
Step 2.1: Let X € K™*" fulfil the Lur’e equation (4.1). In particular, X is Hermitian.
Thus,

Xp= (W7 XW ) =W *XW™ =Xy

and thereby X7;; are Hermitian.



4.4 Results for DAE Lur’e equations 57

Analogous to the calculations in Step 2.1 in the proof of Lemma 3.12 (b) with
2\ [A*XE+E*XA+Q E*XB+S]| [z
u B*XE + 5* R u

(3.19) (1171)* {Aﬁxn + X11An + Qn X11B1 + 51 — Q2B ] (121)

u BTXH—FST—B;QIQ B;QQQBQ_B;SQ_S;(BQ—i_R u
and
2\ [K*] T
(o) [z 4 )
T - _Kik- X1
(3.19) | —Bsu K3 —Byu
= K, K, K3 L
Onsx1 | |5 K Ko Ky L] Ongx1
U | L* | U
I - -Kik- T
= —BQU K; [Kl K2 L:| —BQU
U _L*_ U

_ (=Y Ki K, K (L — K»B) )
u) |(L*—B3K3) Ky (L*— B3K;) (L — K2Bs)| \ u

- (2) lu-R |1 2-remi ()

we arrive at

A X+ XA + Qn X11B1 + 51 — Q1285
BiX1 + St — BiQ1a  BiQunB; — BiSy — SiBy + R

_ [(L _IE;BQ)*} (K, L— KB

and thus Xi; fulfils (4.12a).
Step 2.2: Suppose Xj; € K™*™ fulfils (4.12a). With exactly the same argumen-

tation as in Step 2.2 in the proof of Lemma 3.12 (b) we obtain that X fulfils the
Lur’e equation (4.1).

Step 3: We still need to show

_S]n1 + AH B1

(4.1b) holds & rkg(y [ K, I KQBQ:| =n; +q.

Let arbitrary A € C be given. Calculating straight forward yields

“AE+ A B}:rk{w 0] {—/\E+A B] {T o]

JCEOI
nra= K L 0 I, K L||FT I,
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_ o |[W O [(AE+(A+BP)T B| _ | [-AWET +W(A+BF)I'" WB
~ Moo, (K + LF)T Ll =1t (K + LF)T L
] M, + A1 O 0 B,
(3.8) ok —\Ep + Ar  Bp (2.16) 'k 0 [n2 —AFEo3 B,
- Ky L| 0 0 —Abss+1,, O
Kl Kz Kg L
which equals
—MM,, +A;1 0 0 B, I,, 0 0 0
B 0 I, —A\Eos B, 0 —By I, O
nta=rk 0 0 —AEys + I, 0 0 o 0 I,
K K, K 0o I, 0
ok 0 0 I, —>\E23
- 0 0 0 —AE33 + I,
i K L — KyBy K
) -—)\Inl + All B;
=1k K, L — K,B, + ng + na,
where we have used
rk ()\Egg — In3) =ng for all A € C. (%)

Due to n = ny + ng + ng it follows

M, + An By

n1+q:rk{ Kl L—Kng .

Further, we use [Voil5, Theorem 3.5.3] which is stated below.

Theorem 4.16. Let the system [E, A, B] € ¥,,, with the system space Vs and
weighting matrices Q = Q* € K", S € K™™ and R = R* € K™™ be given.
Assume that the KYP inequality (3.2) is solvable.

(a) If [E, A, B] is strongly stabilizable, then the Lur’e equation (4.1) has a stabi-
lizing solution.

(b) If [E, A, B] is strongly anti-stabilizable, then the Lur’e equation (4.1) has an
anti-stabilizing solution.

Remark 4.17. Note that by [Voil5, Proposition 2.2.6] a system [E, A, B] € ¥, ,, is
strongly (anti-)stabilizable if, and only if, it is behaviourally (anti-)stabilizable and
impulse controllable. O

Based on these results we now prove Theorem 4.14.
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Proof of Theorem 4.14: For [E, A, B] € %,,,(K) assume that W, T € Gl,(K)
and F € K™ fulfil (2.12). Define Qp, Sr and Ry as in (3.8) and suppose that P
fulfils the KYP inequality (3.2). Consider Pp = W *PW ! partitioned according
to block structure of FEF (2.7). By Lemma 3.12 we know that P; € K™*™ fulfils
the standard KYP inequality (3.12).

(a) If [E, A, B] has no uncontrollable modes on the imaginary axis, it follows from
Proposition 2.34 (c) that the system [[,,,, A11, By] has no uncontrollable modes
on the imaginary axis. Lemma 4.11 and Theorem 4.9 imply the existence of
an Hermitian X;; € K™*™ and matrices K; € K", L; € K7 such that
the triple (X11, K1, Ly) is a solution of

AL X+ XA + Qn X11B1 + 51 — Q12Bs ] _ [KT] [K I ]
BiX1 +Sf — BiQt, B3QuBy — BiSy — SiBy+ R Ly ot
(4.15)
Define matrices
X1 00
X=W"[0 00|W, K=[K 00]T"'—-LF, L=Ly. (416)
0 00

Lemma 4.15 with Ky = 0 yields that (X, K, L) solves the Lur’e equation (4.1).

(b) Let [E, A, B] behaviourally stabilizable be given in FEF (2.7). Applying Re-
mark 2.37 the ODE system [[,,,, A11, By] is (behaviourally) stabilizable. Fur-
ther, the ODE system is impulse controllable by Remark 2.4 and therefore, ac-
cording to Remark 4.17, it is strongly stabilizable. Theorem 4.16 (a) then yields
the existence of a stabilizing solution (Xi;, K7, L;) € K" x K7™ x K7*™
for the ODE Lur’e equation (4.2). Define the triple (X, K, L) as in (4.16) and
let A € C;. Then, Lemma 4.15 implies that (X, K, L) is a stabilizing solution
of the Lur’e equation (4.1).

(c) Statement (c) is proved analogously to (b) by using Theorem 4.16 (b) instead
of (a), where strongly anti-stabilizable systems are considered.

]

The following theorem in combination with Remark 4.2 (b) states that (anti-)sta-
bilizing solutions (X, K, L) of Lur’e equations are extremal solutions of the KYP
inequality (3.2) in terms of definiteness.

Theorem 4.18. Let [E, A, B] € ,,,,(K) with system space Vsys € K", space of
consistent differential variables Vag € K", and matrices Q = Q* € K"*", § € K"*™,
R = R* € K™ ™ be given. Then any solution P € K"*" of the KYP inequality (3.2)
satisfies the following implications.
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(a) If (X, K, L) is a stabilizing solution of the Lur’e equation (4.1), then

E*XE >y, E*PE.

(b) If (X, K, L) is an anti-stabilizing solution of the Lur’e equation (4.1), then

E*PE >y, E*XE.

Proof: Let P solve the KYP inequality. Choose matrices W, T € Gl,(K) and
F € K™ such that (2.12) holds and define Pr := W *PW ™! according to the
block structure of (3.11). By Lemma 3.12 (b) the matrix Py fulfils the KYP in-
equality (3.12).

At first, we show that (a) holds. Let (X, K, L) be a stabilizing solution of the Lur’e
equation (4.1). Define

(X, Kp, Ly) = (W *XW!, KT + LFT, L)

partitioned as in Lemma 4.15. Then Lemma 4.15 yields that (X1, K1, L — Ko Bs) is
a stabilizing solution of (4.12).

Since (X711, K1, L — K5Bs) is a solution of the Lur’e equation (4.12), the matrix Xi;
solves the ODE KYP inequality (3.7) and hence by Theorem 3.2 the Popov func-
tion @ is positive semi-definite on the imaginary axis. Thus, Theorem 4.9 provides
the remaining presuppositions of Lemma 4.12 for the ODE system [I,,,, A1, B1] with
X, = Xy;. Applying Lemma 4.12 we get X1; > Pi3.

Now let x € Vgig be arbitrary. Due to Proposition 2.34 (b) this is equivalent to

xeT (K”1+”2 x ker [E%D
E33

E
which again implies that there exist some y; € K", ¢y, € K™ and y3 € ker [ EQS]
33

such that 7'z = (y1,v2,y3) . Further, it holds that
v E*XEx = o*T *T*E*W*W *XW 'WETT 'z = (T ') Bt Xp Er (T '2).

Since y3 € ker [EQ?’} , we get
Es3

(Tﬁll’)*E;XFEF (Tﬁl.’ﬁ)

Y1 Inl 0 0 X X2 X ]nl 0 0 Y1
= Y2 0 0 0 Xy Xoo Xog 0 0 Ea| |v
Ys 0 E;?) E;S Xik3 X§3 X33 O O E33 Ys

= yTXnyl-
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By an analogous argumentation we arrive at 2*E*PEx = y{ P;1y;. Hence, the choice
of x and the inequality X, > P;; imply

*E*XEx > a2*E*PEx Vx € Vg

and the proof of (a) is completed.

The proof of (b) works analogously (by using the part of Lemma 4.12 in brackets).
[l

Theorem 4.18 provides the following conclusion on two solutions of the Lur’e equa-
tion.

Corollary 4.19. If (X, Ky, L) and (Xa, Ky, L) are stabilizing (anti-stabilizing)
solutions of the Lur’e equation (4.1), then

E*X\E =y, E*X,E.

Proof: Let (X, K1, L) and (X, K5, L) be stabilizing solutions of (4.1). Due to
Remark 4.2 (b) both X; and X5 solve the KYP inequality (3.2). Thus, Theorem
4.18 yields

E*X\E >y, E*XoF >y, E*X,E.

The proof for the anti-stabilizing case works analogously. O]

In the last theorem of this section we deduce a method to remodel the given system
into an impulse controllable one such that the behaviour and even the sets of solutions
for the corresponding KYP inequality and Lur’e equation stay the same.

Theorem 4.20. Let [E, A, B] € ¥, ,,(K) with system space Vegs C K" space of
consistent differential variables Vag C K", and weighting matrices Q) = Q* € K"*",
S e K" R=R"e K™"™ be given. Further, let W, T € Gl,(K) and F' € K™*" be
transformation matrices such that (2.12) holds. Define the projector Il as in (4.5).
Then we have

imlIl = EVdiﬂ‘ (417)

and the following statements hold true:

(a) [ILE, A, B] € ¥, m(K) is impulse controllable and

Big,a,5) = Bjig,a,5)-
In particular, the system space of [IIE, A, B] is Viys.
(b) P € K™ fulfils the KYP inequality (3.2) if, and only if,

A*PIIE + EXII*PA+Q E*II'PB+ S

B*PIIE + S* R vy 0, P =P (4.18)
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(¢) (X, K, L) € Km™™ x K" x K™ fulfils the Lur’e equation (4.1a) if, and only
if,
AXTIE + B'IFXA+Q EIFXB+S]  [K* o
[ B*XIIE + 5* R } Ve [L} K L], X=X
(4.19)
Furthermore, it holds that

L[-AE+A B
r K L

K {—)\HE—i—A B

% L} VA e C.

Proof: Let Er, A, Br, Qr, Sr and Ry as in (3.8).

At first, we show that (4.17) holds. Therefore, note that Proposition 2.34 (b) yields
EVar = ET (K" x ker | 22| ) = w1 (K2 x ker |22
Ly Es;
I, 0 0

0 0 FEyp (K“l*m x ker [?SD
0 0 Eas 33

W*l
W_l (Km X {0(n2+n3)><1}) .

Together with

[

imIl=Ww!

o o
oo o

0
0 WK" =W (K™ X {Onysng)x1})
0

this completes the proof of (4.17).

Now we verify the statements (a), (b) and (c) step by step.

(a) Since
I,, 00 A 0 0 B
[HFEFa AF7 BF] 0 00 ’ 0 -[n2 0 ) B2
0 00 0 0 I, 0
and

ker HFEF = {Onl} X Kn2+n3

holds, Proposition 2.27 and Remark 2.33 yield that [IIE, A, B] is impulse con-
trollable. Further, we have

T I'l = A11$1 + Blu
o | ,u| € B[HFEF7AF7BF] S <0 = o + BQU

3 0 = T3
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& 19 = —Bou,v3 = 0 and (z1,u) € Byr,, A1,5)
Ty
Prop.
= To | ,u | € B[EF,AF,BF]~
2.34 (a) T
3

This equivalence together with Remark 2.20 gives

Rem.2.20 —
(x,u) € Bipap & (T Yru— Fx) € Bigp, A, Be)

& (T7'z,u— Fz) € By gy, Ap 5]

Rem.2.20
< (z,u) € Bug,a,p);

which completes the proof of (a).

Let P € K™", its transformation into Pr = W—*PW ! with block structure
as in (3.11), and matrices Qr and Sp as in (3.8) be given. The idea of the
proof is to show that P fulfils the KYP inequality (4.18) if, and only if, Py
fulfils the ODE KYP inequality (3.12). Then we can apply Lemma 3.12 (b)
and hence we know that P fulfils the original KYP inequality (3.2).

The proof of the first equivalence mentioned above runs completely analogously
to the Proof of Lemma 3.12 (b). One should keep in mind that we use IIE
instead of E and therefore calculate with

I, 00 I, 0 0
EH,F = 0 0 0 instead of EF = 0 0 E23
0 00 0 0 Ejss

However, that only changes the unspecified matrices in equation (3.19) and
has no impact on the proof itself.

The equivalence between the Lur’e equation (4.1a) for [E, A, B] and (4.19)
for [IIE, A, B] can be verified analogously to (b). Note that we could also
refer to the proof of Lemma 4.15 as it is an adopted version of the proof of
Lemma 3.12 (b) for Lur’e equations.

Further, we show that the rank condition holds. Therefore, let A € C. Then,
analogous to the rank calculations in the proof of Lemma 4.15 and using the
structure of Ey p, it holds

-AME+A B —\Er + Ar Bp
rk =rk

K L Ky L

—)\Inl + A11 0 0 Bl

Lk 0 I, — AL By

o O 0 _)\E33 + [ng O

Kl KQ Kg L
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M, +A;, 0 0 B
L 0 L, 0 B
0 0 I, O
K K, Ky L
g [PAEe + A BF} o [—/\HE + A B}
Ky L K Ll

which finishes the proof.

4.5 Proof of Theorem 4.4

In this section we apply the findings of the previous ones to prove Theorem 4.4.

Proof of Theorem 4.4: Note that by Theorem 4.20 (a) the system [[IE, A, B] is
impulse controllable. By Proposition 2.34 (d) we can choose W, T" € Gl,, (K) and
F € K™ guch that ng = 0. Thereby, the block structure of the matrices simplifies
as follows

I, O )
Ep = WIET = {0 0} ,
_ _[An 0 _ | B
Ap = W(A+ BF)T = { 0 Inj , Be=WB= {BJ :
Qr =T*(Q+ SF + F*S* + F*RF)T = [Q}kl Qu] : (4.20)
Q12 Q22
Sp =T*(S + F*R) = gl} . Rp=R,
2
I [ X X _ _
Xp =W XW=|, and Ky = (K + LF)T = [K; K.
Xy Xp )

The proof is split into two parts. At first, the implication (a) follows (b) is shown.
Afterwards, we prove (b) follows (a).

(a) = (b):

The idea to prove (b) is to construct matrices Y and Z as in (4.6). Therefore, we
will first determine some matrices Yy and Zp fulfilling the properties in (b1) to (b4)
for an associated system and then by a transformation we will receive (b). For a
better understanding the structure of the proof is given in Figure 4.1.

Let statement (a) hold true, ie. (X,K,L) € K" x K7™ x K7™ is a solu-
tion of the Lur’'e equation (4.1). Since X solves the KYP inequality (3.2), The-
orem 3.2 (a) provides that ® is positive semi-definite on the imaginary axis. Fur-
ther, Theorem 4.20 (c) implies that (X, K, L) even solves the Lur’e equation (4.19)
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(a): (X, K, L) solves Lur’e ‘
equation for [E, A, B] ‘

Thm. 4.20(c)

(X, K, L) solves Lur’e equation
for [IIE, A, B]

ﬂLemma 3.12

(X11, K1, L — K3By) solves Lur’e

equation for [I,,,, A1, B

& calculations

ﬂmatrix definitions

auxiliary result: im EA’F is a
(n + m)-dimensional Eg-neutral
deflating subspace of SEF - .ZF

definition of matri-
ces of Yg, Zp

transformation \

(b) holds for [E, A, B]

(b’) holds for [Ep, Ar, Br]

Figure 4.1: Structure of proof of "(a) = (b)" in Theorem 4.4

for the impulse controllable system [IIE, A, B]. Thus, Lemma 4.15 again provides
that (X711, K1, L — K3 Bs) fulfils the ODE Lur’e equation (4.12) for the subsystem

[1n,, A1, By) of [IIE, A, B.

To obtain some auxiliary results define

0 _SIn1 + A1 B, 0 0
L sly, + A7 Q11 —Q12B2 + 51 0 0
s€p — Ap == B: —BiQty 4+ S7 B3QuBy—B3Sy—SiBo+R 0 0|,
0 0 0 0 In,
0 0 0 I, O
(4.21)
_*Slnl + A B, 0
s€p — Ap = K L—KyBy 0|, (4.22)
I 0 0 I,
(X1 0 0 I, 0 0
I, 0 0 — X1 K} 0
Yei=|0 I, 0| and Zp:=| 0 (L—K3By)* 0|, (4.23)
0 0 I, 0 0 0
0 0 0 0 0 Ina

where the number of rows in the zero blocks of ?F and Zw equals ny. Note that by

(4.12b) we have

I‘kK(s) (Sgp - ./le> =n-+q.

(4.24)
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Calculating straight forward we get

(&~ &) Te

—sl,, + An B, 0
(SI”I + ATl)Xll + Qll —Q12B2 -+ Sl 0
= B1 X411 — B;QTQ + ST B;QQQBQ — B;‘SQ — S;BQ +R 0
0 0 0
L 0 0 I,
i _SIn1 + All B1 0
(4.12a) —Xu(=sly, + An) + KiKy —Xu B+ K (L — K3B;) 0
= (L — KyBy)* K, (L — KyBy)* (L — KyBy) 0
0 0 0
L 0 0 Inz
= (SSF N “‘{F) ' (4.25)

Hence, im }A/F is a deflating subspace for SSAF - ﬁF Further, let z1, 2, € im ?F be
arbitrary, i.e. there exist some r = (z{,2J,23)",y = (y{,yy,ys ) € Kutmin
such that

T T
212((X11$1)T %T x; IgT OT) and 22:((X1191)T y1T ?JQT ?J?,T OT) .
Since X7 is Hermitian, it holds that
Xuw
N %
&= (2} —x{Xf; 0 0 0)| w [=0.

Ys
0

Thus, im Yy is an (n + m)-dimensional Ep-neutral deflating subspace for s€p — Ap.

Following on this auxiliary result, we define transformation matrices

L, 0 0 0 0

R 0 —Qiy QuBy—5y —1Qun I,

U=|0 1, 0 0o 0], (4.26)
0 0 _B, I, 0
0 0 1, 0 0
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Then
I, 0 0 0 0
R 0o 0 I, O 0 . L, 0 0
U'=[0 0 0 0 I and Wl=1]0 -K, I,
0 0 0 I, By 0o I, 0
0 I, Q>{2 %Qm 52—5 2285
and thus
I, 0 0 0 0
R 0 0 0 0 I,
U*=1|0 I, 0 0 Q12
0 0 0 I, 1Qa2
0 0 In By S;—3B5Qxn

Based on these transformation matrices we are able to define pencils and matrices
which belong to a corresponding system in FEF (2.7):

AN~ A~

s€p — AF = (77* (Sé\F — A\F> ﬁfl, Sg — ./Zl = /W (Sé}:‘ — ./IF) ‘7, (4 27)
Ve = UVeV and Zp:=U*ZzWL. '

For those pencils and matrices we can show that the following properties (b1’) to
(b4’) hold true. Note that they are an adopted version of the properties in (b) for a
feedback equivalent system:

(b1’) im Y% is (n + m)-dimensional and Ep-neutral;

) .Yy
(b2") Viysy € im lYuE] :

(b3") rk EpY, r = nu;
At first, we study the structure of the matrices in (4.27), i.e.

sEr — Ap
[ 0 —anl + A B, 0 0
0 0 0 In, 0|
= |sl,, + Al Q11 —Q12B2 + 51 Q12 0Tt
0 0 0 $Q2 I,
| Bi  —B3Qi,+Si B3QuBy—B3Sy—S;By+ R S5 —§B3Qa B;
0 0 —sl, + Aqq 0 B
0 0 0 I, Bo
= |slp, +A;; 0 Qn Q12 S1
0 Inz QTQ QZ? 52
. B B; ST S; R
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and
X1 0 0 Xy 0 0 Vi
—Qfy QuBy— S —3Qun| —Qiy —3Qxn 3Qu0By— S Y2
YF = In1 0 0 V= In1 0 0 = Y%l
0 B, In, 0 I, 0 Yoo
0 I 0 0 0 I Yur

Note that dim(im Yr) = n + m. To show the Ep-neutrality let z;, 2o € im Yg, i.e.
there exist some 7 = (%] ,79,73 )", 9= (9] ,J5 ,73 ) € K™ such that

21 = YFf' = [7?1;“7;% = U?FLC and 22 = ng = ﬁ?py,

where 7 = V7 € K™™ and Y= ‘721 e K"*™_ Since im ?F is (‘,A’F—neutral, we have

-~

2 EpZy = (ﬁ?Fx)* (/]\’*EFU ! <l7?py) = (}/}F:L’ng (}A/Fy> =0,

which completes the proof of (b1’). Denoting Y, p := B}l] we find
x,2

Yo
C Kn—l—m — 3 Z,
Veys,p C im {Y%F ,

i.e. (b2’) holds.
By (4.20) it is rk EpY, r = rkY,; = ny and hence (b3’) holds. Using (4.27) we
obtain Zr = U*ZrW. Furthermore, we achieve

(s€ — Ap)Yp = U™ (sc‘/A’F - «IF) VeV
Dz, (8 4)7
= ZFW <s<‘:’F — AF) ‘7
PR
Since we have rkg(q(s&p — Ar) = n + ¢ by (4.24), the second equation in (4.27)

provides that rkgs)(s€ —A) = n+q. Altogether, we have shown that (b1’) to (b4’)
hold for the Lur’e equation associated with the system in FEF (2.7).

In the end, we are going to transform the system from FEF (2.7) to its initial form
to receive (b). Define matrices

w* 0 0
U=1|0 T 0
0o FT I,

. Y =UYy, and Z=U"Z. (4.28)
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It can be verified that
s& — .A = U_*(SSF — AF)U_l (429)

holds. This follows from extensive calculations using simple matrix multiplications.
Thus, we have

(s& — A)Y = U *(sE — Ap)Yp = U Zp(s€ — A) = Z(s€ — A),

which is (b4). Since dim(imY) =rkY =1k UYr = rk Yy = n+m and Y is E-neutral
by an argumentation analogous to above, property (b1l) holds as well. Further, due

to (4.28) we have [ r O] [YxF] = {YI] and hence, the subset relation

FT I |[Yar] ~ |Ya
219 [T 0 (b2) T 0| |Y.r| . |Ya
Vors = {FT IJ Vosr & 10 o gV ly, e =10y,

implies (b2). Finally,

TK(IEY,) =tk (W BT )TV, 5) = tk (BpYop) 2 ny

provides (b3) and the first part of the proof is finished.

(b) = (a):

The idea to show (a) is to apply the ODE case Theorem 4.9. Therefore, we need to
transfer the given system into a suitable ODE system. To make clear, how the ODE
case Theorem and our findings fit together, Figure 4.2 is given. Using the ODE case
Theorem and some previous findings the statement follows easily.

Let (b) hold true. Consider the matrices Fg, Ap, Br and Q, Sg, and Ry as in (4.20)
and U and U as in (4.26) and (4.28), resp.. Furthermore, define

Y,

Y,u,,l w,1
N N YM R YM72 S/z,l . =N
Ye:=UWW Y, | =U" Y| = Yur| and Zp:=U'U'Z (4.30)
Ya Yoo Yoo
Yu,F 0,2

Thus, for SEAF — .ZF as in (4.21) we can show that im ?F is a deflating subspace:

Ze(s€—A) = UU(s€—AY
DU (U T (58— ATTUT) Y

(4.27)

== (SEF - A\F)i}p
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Next we prove that im EA/F is E,A’F—neutral. Therefore, consider zq, zo € im )A/F, i.e. there
exist some x = (z1,...,25) , ¥y = (y1,...,ys)" such that

zi"éA’Fzg = (?Fx)*fj’p (?Fy> = (ﬁ_lU_le>* (ﬁ*USU[?) (ﬁ_lU_le)
— (Ya)'E(Yy) =0

since im Y is E-neutral by (bl).

Besides gp—neutrality of im }/}F we are able to show that for the rank of the two blocks

ij”] of }/}F is bounded above, more precisely,
z,l

dim (im B;“j) <y (4.31)

holds true. Due to the block structure of gp, the gp—neutrality of im EA/F implies that
[va]. [0 —I, a0 —1,] [V

im {Yx,l is L. 0 }—neutral. Thus, we have 0 = v {Yx,l L. 0 Y w
for all v,w € K™ and therefore

vl To =L, Y] [Yaal o
0‘{&1} {Im 0 Hm = v

where _ )
_y’rL1+1
n
¥, —Yon Y, 1 .
Y = ! for | F| = :
Y1 |:Ya:,1:| '
. anl
L Yni U

Yu,l

) > ny, ie. rk{ “’1} =1kY = rk[ “’11 > ny. Hence,
Yin 1

Lemma 4.7 provides the contradiction

le ’ Yo le "5 _
N A (L

Assume dim (im {

which completes the proof of (4.31).

Additionally to the rank condition in (4.31) we can calculate the rank of the matrix
[V, ¥.Ji]'. Since (b2) holds, Corollary 2.41 yields

=im Y%Q

:| Yx,l
Yu,F

Yo r
Visr C im o
weE = Yu,F
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By Corollary 2.44 (b) we have dim Vs = n1+m. According to the characterization
in (2.23) it is
Ty
ViysF = —Byu 1 € K" ue K"
u

which implies that the xo-components of Vs r linearly depend on the u-components.

We get rk Yo = dim [ im Yo > dim Vyys p = nq + m and thus
Yu,F Yu,F ’

rk [Ym} =ny +m. (4.32)
Yu,F

Furthermore, due to (4.20) we find that IIE =

]\04 8}, where M € Gl,, (K). Thus,

by (b3) we can infer ny = rkIIEY, = rk [M(})/;"l] =rk Y, and hence, by (4.31) and
(4.32) we conclude
Y1
tk [ Y1 | =n1 +m. (4.33)
Yu,F

Due to (bl) and (4.30) we have n +m = rkY = rk Y. Together with (4.33) we
obtain the only missing rank condition

Yoo

~

= MNao.

w2

Combining all facts that we have obtained on the rank conditions earlier we can find
some matrix V' € Gl,, 1 (K) such that

Y1 X1 0 0

Yo I,, O 0 5

Yor|V =1 0 L, 0 |, where rk [sz} = ngy. (4.34)
Y;c,z 0 0 Yx,2 w2

Yo 0 0 Y,

For the following application of the ODE case Theorem 4.9, define s&” — A’ as the
upper left part of s&¢ — Ag, i.e.

1, 0 0 00 [L, 0 0 0 0]
€A =10 L, 0 00|(s&—Ax)| 0 L, 0 00
(0 0 I, 00 0 0 I, 00
[ 0 _8[n1 -+ All Bl
= |sly, + A7 @n —Q12B2 + 51 (4.35)
By —B5Q7, + ST B3Q2Bs — B3S; — S5B: + R
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and s& — A’ analogously.

Now we want to apply Theorem 4.9. To see how the theorem can be applied, we
collect the required presuppositions and our results in Figure 4.2, following on the
next page, and show how they fit together.

Then, along with the given presuppositions, Theorem 4.9 provides the existence
of some K; € K7™ and L; € K?” such that (4.15) holds. Denoting (X, K, L) as
in (4.16) we receive a solution of the Lur’e equation (4.19) for the impulse controllable
system [IIE, A, B]. Hence, Theorem 4.20 (¢) completes the proof. O



73

4.5 Proof of Theorem 4.4

6§ wo1oay I, Jo uoryeoridde 10y suoryisoddnsor ] g 0Insrq

(V" —39)z = Ky — 939)

~ ~ ~

(%) uoryenbo oos

A\w\, - \M%V\N = \\wm\ﬂ\, - \.\uum,v

(V'—235) M = A HIO(}—39)

AR =Ty

w4 u =91
‘Terneu-dz ST <{ T

‘AN=NTx=Xx

+§1> =X

Ty = P2ON1 ‘w+ T =, {31

rdw\. — m/.\wum,

4
[eIIneu-,3 ST, { Wl

u = A1 ‘TeIINOU-3

A[rewrrxeur st 4 Wit

(ge'y) ur se

(0g'y) ur se dy
Ni\w ~

mé\w
rﬁj\% = m;m\w
T&\W
ﬂhi\w

¢

Y — 38 = 330( — 39)

440 (yr — 3s)

(47 wo1y ‘[eue pouyep)

Jooad
oY} JO SUOI}ONIISUO))

F Z =M
ang

TR =A=4
ﬁi\w

we.ro9y T, HAO
o} A1dde o3 pesn

w109y 1, HAO
103 suoryrsoddnsaig




74 4 Lur’e equations

4.6 Importance of Theorem 4.4

This section explains, why Theorem 4.4 is the chapters main result. It can be used
to allocate a plan to construct a solution of the Lur’e equation (4.1). A guideline
on how to calculate a Lur’e solution is given and verified at first. Then, an example
follows.

4.6.1 Guideline to construct a Lur’e solution

Let a system [E, A, B] € ¥,,,,(K) and some weighting matrices @ = Q* € K",
S e K™ and R = R* € K™ be given such that the Popov function fulfils
O (iw) > 0 for all w € R with det(iwFE — A) # 0. Let W, T € Gl,(K) and F' € K™*"
be matrices such that (2.12) holds. Furthermore, let the projector II € K"*" be
defined as in (4.5) and the even matrix pencil s€ — A as in (4.4).

Conclusion 4.21. Let matrices Y € K@Grtm)x(ndm) - 7 ¢ RCrtm)x(nta) “ond g pencil
s€ — A € K[s]+0x(n+m) be given such that Theorem 4.4 (b) holds true. Then a
solution (X, K, L) of the Lur’e equation (4.1) can be calculated as follows:

[ I S V) E— I,
X=W { 0 0} W=y, {—FT} W, (4.36a)
and .
K= [Kl 0} T'—LF and L=L— KyB,, (4.36b)

where [Kl K, f)] = [0 0 Iq] <s$~ —fl)

Proof: We divide the proof into four steps. At first, we deduce a transformation
of Y, from which a solution matrix Xi; for the ODE Lur’e equation (4.12) is recon-
structed in a second step. Then we derive the formula for K, Ky and L. Finally, we
combine our findings to receive (4.36).

Step 1: We show

_F I, I 01, (4.37)

Y’u |:T1 0 :| - XHE + G1 GQ
0 I,

\&
where im G; C ker E*IT* and im G5 C ker E*IT*.

According to the proof of '(a)=>(b)" in Theorem 4.4 the definitions of Yz, Yr and Y
(see (4.23), (4.27), and (4.28)) yield

X1 0 0
Y, w= 0 0 —Q1; —%Qm %szBz — 5y
Y, |=Y=UYs= |0 T 0 I, 0 0
Y, 0 FT I, 0 I, 0
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1
Y, T 0 .| [T7' 0
Thus, we get [YJ = {FT Im:| € Gl,4m(K) and hence |:Yu:| = {—F Im:|' We
further conclude
Y, -1 0 VT —YoF Y,
Y., m 0 I,
where
« | X1t 0 0
Yi V5| =Y, =W . 4.38
v Yol a |:_Q>{2 —3Q2  5Qx0B> — 52] (4.38)
Due to the definition of Ep in (4.20) it is
*TT* _ r—%* ]nl 0 —%
B Il =T {0 O}W , (4.39)
and hence
I, 0 0
E Y, =T"*|™"™ =0 4.40
? [ 0 0] |:%Q2232 — 521 ’ (4.40)

ie. imY, C ker(E*IT*) and obviously im(YoF) C ker(E*II*). This, together
with (4.38), (4.39), and X as in (4.20), yields

)
(T~ ! = Yo F — X1IE)
(

EXIT*
(4:40)E*H* )/IT—I . XHE)
—wdn, O _* « | X1 0 1 o X Xio| [In, O] g
=T ! W w T =W ! T
[ 0 0] ( [—sz —%sz} [Xﬁ X22} [ 0 0]
o O | X1t 0 1 e Ly O | X1 X Loy Of 1
=T ' T'-T ! 1 T
R R el i R
— 0,

ie. (Y, T! — Y, oF — XIIE) C ker(E°II*).
Thus, we achieve (4.37) for G; = YiT! — Yo F — XIIE and Gy = Y5.

-1

Step 2: We calculate X;;. Denoting Y," := [TF

} equation (4.37) yields
F'II*XIIE = E*II'Y,Y,",

from which a solution matrix X, of the Lur’e equation (4.12) can be reconstructed:

EIIXTIE — BIIY, Y
(4,20) —% Xll 0 -1 _ mp—x [nl 0 —% T_l
wy {0 O}T =1 [0 of VY | LR

X1 0 e O (s I,
K G L
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Step 3: We determine K7, K5 and L.
Regarding the equations (4.22) and (4.27) we obtain

B N _SInl + All 0 Bl

s€ — A=W(sp — Ap)V = 0 I, B,
K, K, L

from where K;, K5 and L = L can be read out.

Step 4: According to the proof of Theorem 4.4 the triple (Xy1, K1, L) fulfils the

ODE Lur’e equation (4.15). This equals that (X1, K3, L— K3 B5) solves the Lur’e
equation (4.15). Hence,

X1 0

x—we [N 0

]W, [Ki O|T'—LF, L=L-K>B,

together with Lemma 4.15 (a) yields the statement. O

Note that the construction of a Lur’e solution is simple for given matrices Y, Z and
an existing even matrix pencil s€ — A. In general they are not known, and therefore
it remains difficult to construct a solution of the Lur’e equation.

4.6.2 Example: Construction of a Lur’e solution

The following example shows how to deduce a solution for the Lur’e equation (4.1)
with help of Conclusion 4.21.

Consider the DAE system

4 (Bx(t)) = Az(t) + Bu(t)
0 1 10 0
where F/ = [O 01 , A= [0 1] , B= [1}, and n=2, m=1.
The associated pencil is given by
-1 s 0
sSE—A B] - {0 o J.

21
11

W:{é _11],T:[(1) é],F:[l —1]

the system can be transformed into FEF (2.7), i.e.

10
0 0

Further, let @) = [

matrices

], R = 0 and S = 0541 be the weighting matrices. With

EF:WET:{ },AF:W(AqLBF)T: {0 O],BF:WB: {_1}

01 1
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Note that for the given system the following properties hold true:
(i) The pencil is regular as ki) (sE — A) =2 = n.
(ii) The system is impulse controllable as

0110

0001

rk[E AS B}:rk[ 0

} = 2, where S = [1] .

(iii) By Corollary 2.44 (b) the system space is

10 07" [ [y @
Vsysz{o ) 1] {(O)‘yER}: _bb a,beR . (4.41)

We want to calculate a solution of the Lur’e equation (4.1). For that purpose we use
Conclusion 4.21. According to its definition in (4.5), we consider the projector

T | B

and the even matrix pencil s€ — A as in (4.4):

001 —s 0] 000 —=120
000 1 1 000 0 O
s€—A=1|102 1 0| whereE=]000 0 0 (4.42)
s 1.1 1 0 100 0 O
010 0 0 000 0 O
Now let the matrices Y € R>*3 and Z € R*>*3 be given as
V2—1 0 0] [ 1 1 0
V2 -1 1 0 1 0
Y, - Z, -
Y=Y, | = 0 1 0|, Z=1|2Z,| = 0 0 -2
Y, 1 0 0 Z, 1-v2 2-v2 V2-1
! 11 L0 1 V2 ]
(4.43)

Verification of the properties in Theorem 4.4 (b):

To apply Conclusion 4.21, we need to verify the properties of Theorem 4.4 (b). At
first, we take a look at the Popov-function as in (3.1).
1 =5\ '/NT' 210 -1 s\ /0
O (iw) = 0 -1 1 110 0 -1 1
1 000

1
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JEDOTE [ D6

1

2
1
0
— = —252+1.
1

It holds rkg(s) ®(s) = 1 and by Proposition 4.5 therefore it is ¢ = 1. Evaluating the
Popov-function on the imaginary axis, i.e. s =iw with w € R, yields

o O O

r *

1

210
= |—-1 1 10

000

P(iw) = —2i%w? +1 = 2w’ +1 >0,
which is positive semi-definiteness of the Popov-function on the imaginary axis.

Further, it is necessary to show that the matrices Y and Z as in (4.43) fulfil the
properties (b1) to (b4):

(bl) The space imY is 3-dimensional and E-neutral:
Let y,y € imY, i.e.

Yiiry + Yiezo + Yz Y2, + Yi2Zo + Y1323
Yor21 + Yoouo + Yoz Yo1Z1 + YooZp + Yo373
Yy = i) and g = .i'Q
T Ty
—Z1 + T + T3 —Zi1—|—1~32+1f'3

for some z, 7 € K3. Then for & as in (4.42) we have

0 =y*&y
& 0 =21(YuZ + YieZo + Y1373) — 21 (Y121 + Yioxe + Yiszs)

which holds true as Y5 = Yi3 = 0.

(b2) With Vs as in (4.41) it holds

0 10

Vs Cim |1 0 0

-1 11

(b3) With IIE = Ll) _01 {8 (1)} = [8 (1)] we obtain

0 10 1 0
rkHEszrk[O 0] [1 0 0}:1:711.
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(b4) For
-s 0 | -1
. o 1 | 1 .
s€E—-A=| | , where 1kg(5)(s€ —A) =3 =n+gq, (4.44)
~1 V2 | 0
it holds
-5 1 0
0 1 1
(s€—A)Y = V2 2 0| =Z(s€—-A).
V2-1)s—v2+1 0 1
—V2 -1 1

Thus, Theorem 4.4 yields that there exists a solution (X, K, L) € K?*? x K1*? x K
for the Lur’e equation (4.1) and we can apply Conclusion 4.21.

Construction of a Lur’e solution:

By using (4.36a) we obtain X as follows:

'1—1*[n01—1‘*\/§—10010 1 -1
X = ! 0
0 1 0 00 1 -v2 -1 1] |0 1
[t =17 [v2-1 0] 1 -1
01 0 0/]|0 1
V21 12
L= V2 V21
Applying (4.36b) on the pencil in (4.44) yields
. —S 0 —1
Ky Ko L]=[0 0 1]]0 1 1|=[-1 —v2 0]
-1 —vV2 0

and therefore

L=01v2=V3 and K = [-1 0] E é]l—ﬂp = [—v2 va-1].

Summarized we have

(X,K,L) = Qf?/% 1\/%_3 ,[-v2 \/5—1],\@). (4.45)
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Proof that (X, K, L) is a Lur’e solution:
We show that (4.1a) and (4.1b) are fulfilled. Using (X, K, L) as in (4.45) we obtain

2 V2 0
A XE+ E'XA+Q E'XB+S|
0 1—+2 0
and
o 2 V2 -2 )
{L*} [K L] =|v2-2 3-2v2 2—2
) 2 -2 2

Evaluating the Lur’e equation on Vi as in (4.41), for a, b € R this is

2 V2 0 a
[a b —b] |[V2 3—2v2 1—v2| | b
0 1-—+2 0 —b
— 2a% +2V2ab + b2
2 V2 -2 -2 a
= [a b —b] [V2—-2 3-2v2 2—V2|,| b |,
-2 2 -2 2 —b

i.e. (4.1a) is fulfilled. Moreover, it holds (4.1b):

1 —S 0
0 1 1
V2 V2-1 V2

Consequently, (X, K, L) as in (4.45) is a solution of the Lur’e equation (4.1).

—-sE+A B

rkK(s) |: K L} = rkK(s) =3=n+ q.
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5 The linear-quadratic optimal
control problem

In this chapter we merge the so far revised theory of [RRV15] to discuss the main
application, namely the linear-quadratic optimal control problem. With help of a
solution of the KYP inequality (3.2) we are able to introduce a lower bound for
the optimal value function in Section 5.1. If in addition the Lur’e equation (4.1) is
solvable, we can evaluate the cost functional for given solution trajectory and ini-
tial value. To characterize the existence and structure of solutions of the examined
optimal control problem we require a stabilizing solution of (4.1). Section 5.2 is
dedicated to illustrate the results by means of an example.

Throughout the whole chapter we consider the linear-quadratic optimal control prob-

lem (OCP)

i J (2, u) Z/OOO (ﬁﬁii) {g f%} (58) a7 (5.1)

st.  (z,u) € Big,a,p with Ex(0) = Exy and tlim Ex(t)=0
—00

for a system [E, A, B] € ¥,,,,(K) and some weighting matrices () = Q* € K"*",
SeK™" R=R"e K™,

To study (5.1), we consider the optimal value function V™ : Vyg — R U {0}
defined as

VT (xg) = inf{ J(z,u) ‘ (z,u) € Big,a,p), £x(0) = Exy and tlggo Ex(t)=0 } .
(5.2)
Note that one could analogously consider a cost functional for the negative time axis
(cf. [Voilb, Sec. 3.8] ). We write V' to emphasize that only the values (z(t), u(t))
for t > 0 influence the cost functional in (5.1).

To guarantee

{ (,u) € Big,a,p | £x(0) = Exy and tlirn Ex(t)=0 } #

for a given initial value zy € K", we assume the system [E, A, B] to be behaviourally
stabilizable. Thus, we ensure that we do not infimize on the empty set and hence
V1t (x9) < oo holds for all xy € Vgyg. If in addition V¥ (zg) > —oo holds for all
zo € Vaier, we call the OCP (5.1) feasible for the system [E, A, B].
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5.1 Solution via Lur’e equations

To state a lower bound for the optimal value function V*, we use a solution of the
KYP inequality (3.2). The relationship between the solvability of the (3.2) and V'
is content of Proposition 5.2, which is proved with help of the following lemma.

Lemma 5.1. Consider [E, A, B] € ¥, ,,(K) with Vag C K*. Assume P € K™ is
a solution of the KYP inequality (3.2). Then for all (x,u) € Big,a,p and 0 <ty <ty
it holds

2(t) E*PEx(t)) — x(ty)* E* PEx(ty) < /: (ié:;) {;2 ﬁ (ZE:;) dr.

Proof: Let (x,u) € Big.ap and 0 < t; < 5. Since by definition of Vs it holds that

(28) € Vs for almost all ¢ € R, we obtain

to

- L 2(7)*E*PEx(r)dr
- / 2 o(r)'E*P (L Ex(1)) (1) + (£ EZE(T))* PEx(r)dr
= / (1) E*P[Az(7) + Bu(7)] + [Az(7) + Bu(7)]* PEx(7) dT

t1
B 2 (e(T)\" [A*PE + E*PA E*PB] (z(1) q
-\ B*PE 0 u(r)) 7

(1)
(7)
(322)_/;2 (ig:;>* {S(D?* ]ng (2%:%) dr.

Thus, we achieve infiniteness of the optimal value function.

T
T

Proposition 5.2. Consider [E, A, B] € ¥, ,(K). If P € K"™" is a solution of the
KYP inequality (3.2), then the functional V7 as in (5.2) fulfils

Ty E*PExy < V7 (x0). (5.3)

Proof: Let P € K™ be a solution of the KYP inequality (3.2) and 2y € Vag
and (z,u) € Bipa,p fulfil Ex(0) = Exy and limg o, Fx(t) = 0. Thus, Lemma 5.1

provides
v E*PExg < /OOO (iE:D {g? }SJ (ig:;) dr = J(z,u).

Due to the definition of V' we obtain (5.3). O
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As solutions of the Lur’e equation (4.1) yield particular solutions of the KYP in-
equality (3.2), it seems obvious that they provide stronger properties in view of the
OCP (5.1). Theorem 5.3 confirms this hypothesis. While a solution of the KYP
inequality (3.2) only helps to estimate a lower bound for the optimal value function,
a Lur’e solution provides an explicit characterization.

Theorem 5.3. Consider [E, A, B] € ¥, .,(K). Assume (X, K, L) to be a solution of
the Lur’e equation (4.1). Then for all zy € Var and (x,u) € Big a5 N L (R, K"™)
with Ex(0) = Exzg and limy_,o, Ex(t) = 0 it holds that

2y E* X Exg + | K + Lul| g gnimy = T (2, ). (5.4)

Proof: Let 2y € Vair and (z,u) € Big.ap N LR, K"™) with Ez(0) = Exy and
limy oo F(t) = 0. Similar to the calculations in the proof of Lemma 5.1 we get

L R )
(
(

)

NG )
[ G) [ G e G0 [ e () o
Considering t; = 0 and ty, — oo we arrive at (5.4). O

As we want to minimize the value of the cost functional J for a given xg € Vqig, it
suffices to minimize the second summand on the left hand side of (5.4). In [IR17,
Theorem 6.6 (a)] it is shown that there exists a sequence of solution trajectories
(z,u) infimizing || Kz + Lul|Zs g goim)-

Theorem 5.4. Consider the behaviourally stabilizable system [E, A, B] € ¥, ,(K)
and a stabilizing solution (X, K, L) of the Lur’e equation (4.1). Then for all € > 0
and xo € Vaig there exists some (x,u) € Big a,p) such that

u € L*(Rso,K™), lim Ex(t) =0, and |Kz+ Lul| g2my g xmy < €.

t—o00

Hence, the optimal value function can be calculated.

Theorem 5.5. Consider the behaviourally stabilizable system [E., A, B] € 3, ,(K).
Let (X, K, L) be a stabilizing solution of the Lur’e equation (4.1). Then the optimal
value function (5.2) fulfils

VH(zo) = 2fE* X Exy Vo € Vaigr
Proof: This statement is a direct consequence of Theorem 5.3 and Theorem 5.4. [

Theorem 5.5 provides the minimal costs for each xqg € Vgg. Together with The-
orem 4.20 and Theorem 5.4 the optimal solution (z,u) of the OCP (5.1) can be
characterized.



84 5 The linear-quadratic optimal control problem

Corollary 5.6. Let [E, A, B] € %, ,,(K) behaviourally stabilizable and weighting
matrices ) = Q* € K" S € K™™ and R = R* € K™ be given. Further, let
(X, K, L) € K" x K9 x K9*™ be a stabilizing solution of the Lur’e equation (4.1)
and the projector 11 defined as in (4.5). Then (z,u) € L% (R, K") x L} (R, K™)

is a solution of the OCP (5.1) if, and only if, (z,u) solves the differential-algebraic
boundary value problem

(IIEz(t)) = Ax(t) + Bu(t) Ex(0) = Ex tlgloqo Ex(t)=0
0= Kuxz(t) + Lu(t).

4
dt

5.2 Example

To illustrate our results of Section 5.1 we apply them to an example. Consider the
cost functional J as in (5.1) with weighting matrices

Q=1s, S=044, R=I,

the DAE system (2.11) with system matrices

1000 0100 1 0
0100 1000 0 1
E=10000/" 4=loo1o0|l" =0 21|
0000 000 1 0 0

and the initial value o = (1,2,3,4)", where n = 4 and m = 2. Note that the system
is given in FEF (2.7), where ny = 2, ny = 2, and n3 = 0, i.e. W =T = I, and
F = O2><4-

At first, we show that the optimal value function V' is finite with help of the
KYP inequality. Then, we determine a solution of Lur’e equation (4.1) and thereby
calculate V().

Finiteness of the optimal value function

-
Choose Sy = [8 8 (1) (1)] . Obviously, im S, = ker F holds true. Further, we
have
1000 00 1 0
0100 00 0 1
rk[E AS B]:rk 0000 10 0 -1 =4=n,
0000 01 0 O
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i.e. the system [E, A, B] is impulse controllable. Therefore, o € R* = Vg holds.
Corollary 2.44 (d) yields

VsyS: [A B]]IER4:{ (z) EKG

T3 = U, x4 = 0 and 1, 9, Uy, Us ER}.

Since
A -1 0 O 1 0
-1 X 0 0 0 1
rk[/\E—A B]—rk 0 0 -1 0 0 1 =4=n
o 0 0 -1 0 0

holds for all A € C, the system [FE, A, B] is behaviourally controllable and thus
behaviourally stabilizable. Further, the Popov function ¢ is given by

1 - 52— 1
@(S) — |: 132—1 5 _ 21 :| )
s4—1

Hence, ®(iw) is Hermitian for all w € R. Due to the minor criterion and

: 1 1
>0 and det(P(iw)) = <1+w2+1) (2+w2+1) -1>0

the Popov function fulfils ®(iw) > 0 for all w € R with det(iwE — A) # 0. According
to Theorem 3.2 (b2) there exists some P = P* € R** such that the KYP inequal-
ity (3.2) holds. Hence, Proposition 5.2 yields that the cost functional V* fulfils

1+

w?+1

VH(zo) > 2yE*PExy Vo € Vaigr.

Solution of the Lur’e equation

The previous findings, i.e. behavioural stabilizability and positive semi-definiteness
of the Popov function on the imaginary axis, together with Theorem 4.14 (b) pro-
vide the existence of a stabilizing solution of the Lur’e equation (4.1). To calculate
a solution (X, K, L) of (4.1) at first we determine a solution of the associated ODE
Lur’e equation, which can be transformed into an algebraic Riccati equation.

Consider the system and weighting matrices partitioned according to the FEF (2.7).
Then the ODE Lur’e equation

A7 X+ XA+ Qn X11B1 + 51 — Q12Bs ] _ {Kf] [K I ] (5.5)
BiXy, + St — BiQ*, BiQuB; — BiSy — SiBy+ R Lyt HA

is equivalent to the algebraic Riccati equation

AL X+ XAy — (XaB + 5’) R (X11B:1 + S)* + Q11 =0, (5.6)
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where

S=8—-Q1B;,=0 and R= B3Q22By — B35Sy — 5, By + R = E é] .

2.3479 2.2601
2.2601 2.9021

cati equation (5.6). Further, from the condition LiL; = R we infer

It can be easily verified that X, = { } solves the algebraic Ric-

L — [1 1] and thus Ky — l2.3495 2.2345} '

01 0 0.7260
Since
~A 1 10
M, +An B 1 A o0 1]
rk[ K, Ll =™ 28405 22345 1 1| ATt
0 0720 0 1

holds for all A € C,, the triple (X1, K1, L) is a stabilizing solution of the ODE
Lur’e equation (5.5). Therefore, Lemma 4.15 (b) yields that (X, K, L), where

X1 0

x=w [\ )

}VV, K = [Kl O]T‘l—LF and L = Ly,
is a stabilizing solution of the Lur’e equation (4.1). Dueto W =T = Iy and F = O34
we get

2.3479 2.2601

0
2.2601 2.9021 O
0
0

b 2.3495 2.2345 0 O] and I — {1 1]'

0 0 ’K:[o 0.7260 0 0 0 1

0 0

o O OO

(5.7)

Remark 5.7. Note that regularity of R is necessary to apply the transformation
into the Riccati equation (5.6). Hence, this approach does not work in general. ¢

Optimal costs and boundary value problem

The triple (X, K, L) as in (5.7) is a stabilizing solution of the Lur’e equation (4.1).
Hence, Theorem 5.5 yields that the optimal cost functional fulfils

*

1 2.3479 2.2601 0
2 2.2601 2.9021 0
3 0 0 0
4 0 0 0

V*(xg) = 2 E* X Exg = = 22.9966.

O O OO
= N



5.2 Example 87

Furthermore, Corollary 5.6 yields that (x,u) € £3 (R, K*) x £2 (R, K?) is a solution

of the OCP (5.1) if, and only if, (x,u) solves the boundary value problem

1(t) = wo(t) + ur(t) x1(0) =1, tlgélo z1(t) =0
To(t) = x1(t) + ua(t) z9(0) = 2, tlg& zo(t) =0
0= .2?3(75) — Ug(t)

0 = 2.3495 2 () + 2.2345 25(¢) + w1 (£) + ua(t)
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6 Summary and Outlook

In this thesis we elaborated the results of [RRV15]. A differential-algebraic version of
the Kalman-Yakubovich-Popov (KYP) lemma was proved. It states the solvability
of the matrix inequality as a sufficient criterion for positive semi-definiteness of the
Popov function. If the differential-algebraic system fulfils certain system properties,
necessity holds true.

Further, we studied the Lur’e equation. Solutions of this matrix equation are rank-
minimizing solutions of the KYP inequality. Existence of a solution of the Lur’e
equation is ensured if the considered system has no uncontrollable modes on the
imaginary axis. Actually, under the condition that the system is behaviourally sta-
bilizable, there even exist stabilizing solutions. If a solution of the Lur’e equation
is stabilizable, this solution is an extremal solution of the KYP inequality. Further-
more, we related the existence of a solution of the Lur’e equation to properties of
associated even matrix pencils and deflating subspaces. The proof of this theorem
enabled us to explain, how deflating subspaces and even matrix pencils can be used
to determine a solution of the Lur’e equation. The problem in implementing the
given guideline is to find the required matrices fulfilling several rank conditions and
deflating subspace properties. In [Reill, Section 4] the author shows that such ma-
trices can be constructed via the even Kronecker canonical form in the ODE case.
It seems worth trying to transfer this approach to the DAE case.

Using solutions of the Lur’e equation and KYP inequality, we elaborated the results
of [RRV15] on solving the linear-quadratic optimal control problem. We proved that
solvability of the KYP inequality provides finiteness of the optimal value function.
For an arbitrary system we obtained that the optimal cost functional can be rewrit-
ten by using a solution of the Lur’e equation. If further the solution is stabilizing,
the minimal costs can be calculated without knowing the optimal solution. The
optimal solution can be characterized via a differential boundary value problem. In
Chapter 5 we only stated the existence of an infimizing sequence of solution trajec-
tories. Hence, it is not clear, whether an optimal solution exists. This remains to
be shown. [IR17] solved this problem for ODE systems. The authors believe that
their approach to solve the ODE problem is appropriate to solve the optimal control
problem for DAE systems.

Besides the presented approach [RRV15] there are further methods to handle the lin-
ear quadratic optimal control problem. For instance we quote [LMT13], where the
considerations are based on projector analysis, and [Meh91], where the focus is laid
on systems with index at most one. The advantage of the approach in [RRV15] is
that neither impulse controllability has to be assumed nor do we need to make any as-
sumptions on the index of the pencil. This benefit finds its application in solving the
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Lur’e equation instead of the generalized algebraic Riccati equation (see [KTK99]).
For the existence of a stabilizing solution of the generalized Riccati equation impulse
controllability and a pencil with index at most one are required. To solve the op-
timal control problem Lur’e equations admit weaker solvability conditions: neither
do the weighting matrices need to be positive semi-definite (see [Kur02]), nor does
the system need to be impulse controllable (see [KTK99]).



Nomenclature 91

Nomenclature

Throughout the whole thesis we use the standard notation i, X\, A*, A~*, I,,, Omxn,
rk A, ker A, im A, S, 0, £ z(t) or equivalently i(t) and z¥)(¢) for the imaginary
unit, the complex conjugate of A € C, the conjugate transpose of a complex matrix
and its inverse, the identity matrix of size n x n and the zero matrix of size m x n
(subscripts are omitted if clear from context), the rank of a matrix A, the kernel and
the image of a linear map A, the closure of a set S, the empty set, the derivative
of a differentiable function x : R — K" at ¢ and the kth derivative of a k times
differentiable function x : R — K". Further, the following abbreviations are used:

AL the preimage of a linear map A, page 23

AL the inverse of a matrix A, page 23

At the right inverse of a matrix A, page 11

ACoe (R, K™) Lo the set of locally absolutely continuous functions f : R — K",
page 6

Biap) oo the solution behaviour of the system [F, A, B], page 6

C,,Co oo the open sets of complex numbers with positive and negative
real part, resp., page 15

Cog vovieiniinn the set of complex numbers s with Re(s) > « for a € R, page 7

CHR,K™) .......... the space of continuously differentiable functions f : R — K",
page 6

Do(R5p, K™) .oo... the set of all locally integrable functions f : R>g — K" such
that e~ f(-) is (globally) integrable for a € R, page 7

ess supyeg || f(¢)]] ... the essential supremum of f : R — K" measurable, page 15

GL(K) ..o the linear group of invertible k£ x k matrices with coefficients
in K, page 8

indskE —A ........ the index of a regular matrix pencil sEF — A, page 9

J(@u) oo the cost associated with a solution (z,u) € Byg 4,5, page 81

Koo either the field R of real numbers or C of complex numbers,
page 5

K[s] «oooiiiiiiit. the polynomial ring with coefficients in K, page 7

K[s]>™ ..., the ring of matrices with coefficients in K[s], page 7

K(s) covviiii. the field of rational functions with coefficients in K, page 7

L(f)(s) voviriinn. the Laplace transformation of a function f € D,(K") at s,
page 7

E%OC) (R,K™) ....... the set of measurable and (locally) square integrable functions

f R — K", resp., page 6
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NNy ool the set of natural numbers and Ny = N U {0}, resp., page 9
nilindM .......... the nilpotency index of a nilpotent matrix M, page 9

®: C — K(s)™™ .. the Popov function, page 31

RMX™ the set of m x n matrices with entries in a ring R, page 5

Re(s),Im(s) ....... the real/imaginary part of a complex number s, resp., page 7

TKK(s) «ovvoeeiie the rank of a matrix with respect to the field K(s), page 7

I the set of real numbers greater or equal 0, page 6

Yrm(K) o the set of systems [E, A, B] such that the pencil sE — A is
regular, page 14

o(A) ..o the spectrum of a matrix A, page 53

VEFE coeeeeeeeeeen.. the space of consistent initial differential variables, page 6

Vigs covvneneneannn. the system space, page 22

VH(xg) coviiiinnt. the optimal value of the OCP (5.1) for a given initial value xy,
page 81

VE o the orthogonal complement of a linear sub,space V, page 35

XBY ... the direct sum of two linear subspaces X and ), page 35

W,T,F .

D fe e feedback equivalence, page 10

W, T :

D e e system equivalence, page 10

w,T . .

NN pencil equivalence, page 8

xly oo x orthogonal y, page 35

=), Y e relation on a subspace V:

M=y N:sx*Mx=x*Nx Vzrel,
M >y, N x*Mz > 2*Nx Vo €V, resp., page 31
= equality almost everywhere, page 12

Moreover, the blockdiagonal matrix composed of A; € K™*™ with m;, n; € Ny for
i=1,...,k is denoted by diag(A;, ..., Ax) € K™ where m = m; + ...+ my and
n=ny+...+ng.
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List of Acronyms

DAE .............. differential-algebraic equation
FEF .............. feedback equivalence form
KYP .............. Kalman-Yakubovich-Popov
OCP .............. optimal control problem
ODE .............. ordinary differential equation
QWF ............. quasi Weierstrafl form

SEF ............... system equivalence form
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