Stability of positive linear Volterra integro-differential
systems with delays
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Abstract. We study positive linear Volterra integro-differential systems with
infinitely many delays. Positivity is characterized in terms of the system en-
tries. A generalized version of the Perron-Frobenius Theorem is shown; this
may be interesting in its own right but is exploited here for stability results:
explicit spectral criteria for L!-stability and exponential asymptotic stability.
Also the concept of stability radii, determining the maximal robustness with
respect to additive perturbations to L!-stable system, is introduced and it is
shown that the complex, real and positive stability radii coincide and can be
computed by an explicit formula.
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Nomenclature
e; : 4" unit vector in R™, n clear from the context
Ny = Nu{0}
R = {M = (my) € R my; > 0Vi,j}
Cy = {seC|Rs>A},AeR
B(z) := {y € R"[|lz —y| < r}, open ball of radius » > 0 centered at
xr eR"
m = {l,...,m},meN
MY = the set of all mappings from N to a set M

spec(A) = {A e C| det(Al, — A) = 0}, the spectrum of A € C"*"
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w(A) = max{Rs|s € spec(A)}, the spectral abscissa of A € C**™
A Metzler iff a;; >0foralli,je{l,...,n} withi# j, A= (a;;) € R"*"
1Al = (lay]) for A= (a;;) € R

A>DB & ai > b;; for all entries of A = (a;5), B = (bi;) € Rixa

-l :  C"™ — R4 monotone norm; monotone means: Vr,y € C™ with

|z < y[ + llzl] < llyll

Al := max{||Az| | ||z|| = 1}, an operator norm induced by monotone

norms on C! and C? resp., A € C'*4¢

C(J,Rt*9) the vector space of continuous functions f : J — R*% J C R an

interval, with norm || f||c = sup,c; || ()]l

LP(J,R*9) the space of functions f : J — R*9, J C R an interval, with

Sy IIF@P dt < oo, p € [1,00)

Lo (J,Rf*9) space of measurable essentially bounded functions f : J — R¢¥9,

J C R an interval, with norm || f||« = ess-sup,c ;| f(t)]

$>0 iff ¢: J — R¥Y satisfies ¢(t) € Rﬁxq for a.a. t € J C R, in this

case ¢ is called non-negative.

1. Introduction

We study positive linear Volterra integro-differential systems with infinitely many
delays of the form

t
x(t) = Agx(t +2Axt— z)—i—/ B(t — s) z(s) ds, for a.a. t >0, (1.1)
0

i>1

where ((A;)ien,, (hi)ien,, B(+)) satisfy
(A1) VieNy : A; € R™*™ with Zizo | Ai]] < oo
(A2) 0=ho<hi <hy <. <hk<hk+1<,_,

(A3) B(-) € L'(Ry,R™™)

and, for (p,2°) € L'((—00,0);R™) x R™, the solution of (1.1) may satisfy the
initial data
(2](~c0,0), 2(0)) = (i0,2°). (1.2)

A system is called positive if, and only if, for any nonnegative initial condition,
the corresponding solution of the system is also nonnegative. Positive dynamical
systems play an important role in modelling of dynamical phenomena whose vari-
ables are restricted to be nonnegative. This model class is used in many areas
such as economics, population dynamics and ecology. The mathematical theory of
positive systems is based on the theory of nonnegative matrices founded by Perron
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and Frobenius; see, e.g., [3, 16].

By setting B(-) =0, (1.1) encompasses the subclass
B(t) = Aoa(t)+ Y Aia(t—hy),  t=>0, (1.3)

i>1
of linear differential systems with infinitely many delays. In particular, the subclass
of linear time-delay differential systems with discrete delays (i.e. Im € NVi > m :

A; = 0) is well understood and numerous results are available on positivity and
stability [22], robust stability [26, 24, 19] and the Perron-Frobenius Theorem [20].

By setting A, = 0 for all ¢ € N, (1.1) encompasses the subclass
t
z(t) = Ao x(t) +/ B(t — s) z(s) ds, a.a. t>0, (1.4)
0

of linear Volterra integro-differential system of convolution type. Also this subclass
is well understood and numerous results on positivity, Perron-Frobenius theorem,
stability and robust stability have been given recently, see [23].

The novelty of the present paper is to combine (1.3) and (1.4) so that we
study linear Volterra integro-differential systems with infinitely many delays of
the form (1.1).

The paper is organized as follows. In Section 2 we collect some well known
results on solution theory of (1.1). In Section 3 we characterize positivity in terms
of the system data. A generalized version of the classical Perron-Frobenius Theo-
rem is shown in Section 4. This result may be worth knowing in its own right as
a result in Linear Algebra. However, we utilize it for proving stability results in
the following sections. In Section 5 we investigate various stability concepts and
give, beside other characterizations, explicit spectral criteria for L'-stability and
exponential asymptotic stability of positive linear Volterra integro-differential sys-
tems with delays (1.1). Finally, Section 6 is on robustness of L!-stability of (1.1).
For this we introduce the concept of complex, real, and positive stability radius,
show that, for positive systems, all three are equal and present a simple formula
to determine the stability radius.

2. Solution theory

In this section we recall well known facts on the solution theory of equations of
the form (1.1).

Definition 2.1. Let (p,2%) € L!'((—00,0); R?) x R™. Then a function z : R — R"
is said to be a solution of the initial value problem (1.1), (1.2) if, and only if,

— z is locally absolutely continuous on [0, c0),
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— x satisfies the initial condition (1.2) on (—o0, 0],
— x satisfies (1.1) for almost all ¢ € [0, 00).

This solution is denoted by x(-;0, i, 2°).
A fundamental solution for (1.1) is given as follows.

Proposition 2.2. [5, p. 301] Consider, for ((A;)ieny, (hi)ieng, B(+)) satisfying (A1)-
(A3), the matriz initial value problem

X@:@%Xﬁ%%thX@—h0+jB@—sﬁﬂQd&a@tEO (2.1)
i>1 0 :
Xt)=0Vt<0, X(0)=1I,.

Then there exists a solution X (-) : R — R™*™ of (2.1); this solution is unique and
called fundamental solution.

Remark 2.3. In [14, p. 55] it is claimed that the fundamental solution X of (2.1)
satisfies the semigroup property

Vr>0 Vit>71: X@t)=X({t—71)X(7).
Unfortunately, this is in general not true. A counterexample is
#(t) = —Sa(t) + 1 [T e (t=9/22(s), ds, ¢ >0.
which satisfies (A1)-(A3) but the fundamental solution
e t+1

X(t) = 5 t>0

does not satisfy the semigroup property.

The following proposition gives the Variation of Constants formula for (1.1).

Proposition 2.4. [5, p. 300]
Consider ((A;)ieny, (hi)ieny, B(+)) satisfying (A1)-(A3), and augment (1.1) by g €

L}, .(Ri,R"™) to a non-homogeneous system

t
z(t) = Ag x(t)+z Ail'(t*hi)*{’/ B(t—s)x(s)ds + ¢g(t), a.a.t>0. (2.2)
i>1 0
For any initial data (¢, 2°) € L*((—00,0); R™)xR"™, there exists a solution x(-;0,¢,2°, g) :
R — R™ of the initial value problem (2.2), (1.2); this solution is unique and, in-
voking the fundamental solution X of (1.1), satisfies, for all t > 0,

0

2(t;0,¢0,2°, g) = X (t)2° —1—2‘/” X(t—h; —u)A; p(u) du

i>1Y

+ /0 X(t—u)g(u) du. (2.3)
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In what follows, we need the following modification of the Variation of Con-
stants formula for homogeneous systems (1.1) with shifted initial time.

Remark 2.5. Let ((A;)ien,, (hi)ien,, B(+)) satisfy (A1)-(A3), and (o, p,2°) € Ry x
L'((—00,0);R") x R™. Then the initial value problem

#(t) = Aow(t) + Yoy Aia(t — hi) + [y B(t — s)a(s)ds, aa.t>o } (2.4)
(l"(foo,a)ax(g)) = (w’xO)

has a unique solution z(+;0,¢,2%) : R — R™ and this solution satisfies, invoking
the fundamental solution X of (1.1),

0

z(t;o,0,2%) = X(t — o)z + Z/ X(t—o0—h; —u) Ajp(u) du
h;

i>17~
t—o o
+/ X(t—a—u)/ Blu+o—3s)p(s)ds du, t>o. (2.5)
0 0

For notational convenience, some further notation is introduced.

Definition 2.6.

(i) The Laplace transform of a function F : R, — Rf*9 is given by
F:8-C™, 2 F(2) ::/ e *F(t)dt,
0
on a set S C C where it exists, see e.g. [8, p. 742].
(i1) For ((As)ieng, (hi)ieny, B(+)) satisfying (A1)-(A3), the function

H:S—C> 2 H(z) = 2l, — Ag — ZAie_h"'Z — B(z),

i>1

defined on a set S C C where it exists, is called characteristic matriz of (1.1).
In this case we also use

R(z) = 2l, — Ag— H(z) = »_e " A; + B(2).

i>1

Remark 2.7. Suppose ((A;)ieny, (Ri)ieny, B(+)) satisfy (A1)-(A3). Then an appli-
cation of the Gronwall inequality to (2.3) for ¢ = 0 yields for the fundamental
solution X of (1.1)

IM>03INERYE>0 : || X(1)] < MeM.

Thus applying Laplace transform to the first equation in (2.1) gives

H(z) X(2) = (zIn — o Ase i — B(z)) X(2)=X(0)=1I, VzeC,.
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3. Positivity

Recently, problems of positive systems have attracted a lot of attention, see e.g.
[24, 19, 22, 23] and references therein.

Definition 3.1. System (1.1) is said to be positive if, and only if, for every non-
negative initial data (o,¢,2°) € Ry x L'((—o0,0);R7%) x R", the solution of the
initial value problem (2.4) is non-negative.

We are now in the position to state the main result of this section.
Theorem 3.2. Let ((A;)ien,, (hi)ieny, B(+)) satisfy (A1)-(A3). Then the system
(1.1) is positive if, and only if,

(i) Ag is a Metzler matriz,

(ii) A; >0 for alli € N,

(iii) B(-) > 0.
Proposition 3.3. Suppose ((A;)ien,, (hi)ien,, B(+)) satisfy (A1)-(A3) and (1.1) is
positive. Then for any non-negative initial data (p,2°) € L*((—o00,0);R%) x R7
and any non-negative inhomogenity g: R — RY, the solution of the initial value
problem (2.2), (1.2) is non-negative: z(-;0,¢,2°, g): R — R’
Remark 3.4. It may be worth noting that positivity of (1.1) implies monotonicity
in the sense that if
(¢*, 2", g") € L' ((—00,0); R™) x R% x L'(R4,R™), k=1,2
satisfy
pl <9 ot <a?, gl <P
then
2(t;0,0', 2", g") < x(t;0,¢%,2%,¢g%) V>0,
This follows immediately from (2.3) and since X (¢) > 0 for all ¢ > 0 by Proposi-
tion 3.3.

In the remainder of this section we prove Theorem 3.2 and Proposition 3.3. For this,
some technical lemmata are needed. Throughout, we assume that ((4;)ieng, (7i)ieng, B(+))
satisfy (A1)-(A3).

Lemma 3.5. Let o > 0, and consider, for non-negative B(-) € L*([0,0], R}*"),
g € LY([0,0],RY), 2° € R%, and Metzler matriz Ay € R™ ™ the initial value
problem

#(t) = Agz(t) + [y B(t—s)z(s)ds + g(t),  aa.te[0,0], }

z(0) = 2°. (3.1)

Then its solution x(-;0,2°, g) is non-negative on [0, 0].
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Proof. Applying the Variation of Constants formula and writing
T : C([0,0],R™) — C(]0,0],R™)
¢ el 4 et t=g(s)ds + [; et ([7 B(s — 7)¢(7) dr) ds,
the solution x of (3.1) satisfies
z(t) = (Txz)(1), Vtelo,o].
For

[eg

M= swp [l [ 1B ds
tel0,o0] 0

a simple induction argument shows that

Ltk

t

IT46(0) ~ To(0)] <

This implies the existence of some k* € N so that 7%  is a contraction. By the
contraction mapping principle, the sequence (T $)sen converges in the space
C([0,],R™), for arbitrary ¢ € C([0, 0], R™) to the unique solution z(-;0,2°, g) of
z = Tz. Choose ¢ = 2° € C([0,0],R7). Since Ay is a Metzler matrix, o, + Ao
is nonnegative for some o > 0. This implies that e®tedot = e(aInt40)t > () for all
t € [0,0]. Hence, et > 0 for all ¢ € [0, 0] and non-negativity of g and B yields

(T4)(t) > 0, Vtelo,al

Thus, T% ¢ > 0 for all £ € N and we arrive at 2(t) > 0 for all ¢ € [0,]. This
completes the proof. O

|6 — ¢llo Yt € [0,0] V6,0 € C([0,0],R™) VK € N.

Lemma 3.6. If Ay € R™" is a Metzler matriz, A; € R}Y*™ for all i € N and
B(:) > 0, then the fundamental solution of (1.1) is non-negative: X (-) > 0.

Proof. The initial value problem (2.1) may be written as

X(t) = Ao X(t) + [i B(t — 5) X(s) ds + G(t), a.a. t >0 } (52)

(X|(—oo,0)a X(O)) = (07 In)a
where

G(t) = > A X(t—hi).
i>1

Since G(t) = 0 for all t € [0,h;), Lemma 3.5 gives X (t) > 0 for all ¢ € [0, hq).
Hence G(t) > 0 for all t € [0,2h1), and a repeated application of Lemma 3.5 gives

X (t) > 0 for all t € [0,2h;). Proceeding in this way, we arrive at X (¢) > 0 for all
t €10,k hq), for all k£ € N. This completes the proof. O

Proof of Theorem 3.2.

“«=": This direction follows immediately from Lemma 3.6 and (2.5).
“=7". STEP 1: We show that Ag is a Metzler matrix.

By Remark 2.7 and Lemma 3.6 we have, for some A\ € R,

" —1
(s[n — Ying Asehi — B(S)) = X(s) = [Fe X ()dt >0 Vs> A
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and, since B(-) € L*(Ry, R™ ") yields lim,_.o B(s) = 0, there exists p > A so
that

X(s)

-1 (In — st (Zi>0 Aje=shi 4 E(s)))_l
= U T O (Sine A 4 B()) Ve
and thus

. k
sha + Ygzy s~ (Eizo Ajem*hi 4 B(S)) =20  Vs>p.
Since
. k
im0 D gy s~ (=1 (Zizo Aemshi 4 B(S)) = Ao,
it follows that, for all 7, j € n with i # j,
. k
lim el |sI, + dk>1 8 —(k=1) (Zizo Aje=shi B(s)) ] e; = el Age; > 0.

55— 00

Thus, Ag is a Metzler matrix.

STEP 2: We show that A, > 0 for all £ € N.

Let ¢ € N be fixed and consider A, := (¢;;) € R™™”. Fix i,j € n. Define an
L'-function

0, t<—hy

¢: (—00,0] = R}, t P(t):= (hlf_hz + hzhzl—lfM)ej’ t € [—he, —he_1]
0, te (—hg_l,O].

Since (1.1) is positive, the initial value problem (1.1), (x\(,oo’o), SL‘(O)) = (¢,0) has,
by Proposition 2.4, a unique solution z(-) = z(+; 0, ¢, 0) with x(¢) > 0 for all ¢ > 0.
Note that for k € N, (-) = (21(-), ..., z,(-))T is locally absolutely continuous on
(0,1/k),z(-) > 0,2(0+) = 0 and =(-) satisfies (1.1) almost everywhere on (0,1/k).
Thus, invoking the Newton-Leibniz’s formula, we may choose ¢, € (0,1/k) such
that @;(t;) > 0 and z(-) satisfies (1.1) at 5. Since limy_oc ©(tg) = Aep(—he) =
Age; > 0, we get, in particular, limy_, oo @;(t) = el Age; = ¢;; > 0. Since i,j € n
are arbitrary, it follows that A, € R}™"™.

STEP 3: We show that

Vi,jen foraa teR,: e B(t)e; >0.

Fix i, j € n. Choose
€€ LY (00, 1), Ry) with €| __ =0
and set
@: (=00,hy) = R, t—=£(1)e;
By positivity, the solution z(-; h1, p,0) of the initial value problem
2(t) = Aoz(t) + Yooy Aia(t —|—f0 (t—s)x(s)ds, a.a. t>h1,}

(x|( 00,h1)> (hl)) = (4,070) (33)
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satisfies

x(t) == x(t; h1,9,0) >0 Yt > hy.
Thus, invoking the Newton-Leibniz’s formula, for every k € N there exists ¢ €
(h1,h1 + 1/k) such that el'@(t;) > 0 and the differential equation in (3.3) is
satisfied at ¢t = tj. This implies that

tr
0 < lim el'@(ty) = lim el B(ty, — s)xz(s)ds

k—oo k—oo Jq

hy
= / el B(hy — s)e;j &(s)ds.  (3.4)
0
Assume on the contrary that
IN C [0, ] with mess(N) >0Vt € N : el B(t)e; < 0.

We may specify £ to satisfy {|jo,n,] = X7, Where xn denotes the indicator function
of N. Then,

[yel B(s)ejds = f0h1 el B(hy — s)e; £(s)ds < 0. (3.5)
It follows from (3.4) and (3.5) that

/ —e] B(s)ejds = 0.
N

However, since mess(N') > 0, this contradicts —e] B(t)e; > 0 t € N. Hence,
B(t) > 0 for a.a. t € [0, hy].

By a similar argument, we can show that B(t) > 0 for a.a. t € [hy,2h;]. Pro-
ceeding in this way, we get B(t) > 0 for a.a. t € [khy, (k + 1)hq] and for arbitrary
k € N. This completes the proof of the theorem. O

Proof of Proposition 3.3.
The proof of Proposition 3.3 is an immediate consequence of Lemma 3.6 combined
with (2.3) and Theorem 3.2. O

4. Perron-Frobenius Theorem

It is well-known that Perron-Frobenius type theorems are principal tools for ana-
lyzing stability and robust stability of positive systems. There are many extensions
of the classical Perron-Frobenius theorem, see e.g. [1, 12, 21, 20, 23] and references
therein.

In this section, we present a Perron-Frobenius Theorem for positive systems
(1.1). This may also be interesting in its own right as a result in Linear Alge-
bra. However, we will apply the Perron-Frobenius Theorem to prove stability and
robustness results in Sections 5 and 6. Note that the assumption (A1)-(A3) are
relaxed in the present section.
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Theorem 4.1. If ((Ai)iENm (hZ)ZENmB()) satzsfy

(A1) VieN : A; e RY*", and Ay € R™™™ is a Metzler matrix

(A2) VieN : h; >0

(A3) B(): Ry — R™™ is Lebesgue measurable and, for a.a. t € Ry, B(t) € R*"
(A4) B :=int {7 c R) im0 € AN + [y e B dt < oo} < 0,

then, using the notation introduced in Definition 2.6,

z€C with det H(z) =0 and

Ao, (As)ien, B(1)] := R N
11 [Aos (Ai)ien, B(+)] == sup { Rz S e hiR2|| Al + [ et R#|B(t)| dt < oo
i>1 0

Moreover, if —oo < pgo := p1[Ao, (As)ien, B(+)], we have, for < a < 0o that
(i) do € Rﬁ \ {O} : (Ao + EiZI e_h““’Ai + fOOO e_HUtB(t) dt) T=poT
(in particular, det H(uo) = 0),

(i) a < po <= [ax e R\ {0} : (AO + Y €A+ [ e B(1) dt) s M}

(iii) a > pp <= det H(a)"t>0.

Theorem 4.1 is a generalization of the Perron-Frobenius Theorem for positive
- linear time delay differential systems, proved in [20];
- linear Volterra integro-differential system of convolution type (1.4), proved
in [23];
- linear systems #(t) = Aoz (t), proved in [9)].
The latter case is quoted next because it will be used in several proofs.

Proposition 4.2. For a Metzler matric Ag € R™"*"™, and A; =0 for all i € N and
B =0 in (1.1), the spectral abscissa (see Nomenclature) satisfies

(i) p(Ao) = p[Ao,0,0]
(i) Jz € RT\ {0} : Aoz = pu(Ao)x

(iii) a < p(do) <= [FzeRP\{0} : Aoz > az]
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(iv) a>pu(dy) <= (al,—Ag)"t>0

(V) VPeCY " VQeRY" : ||P|<Q = u(Ao+P)§u(Ao+Q)]

In the remainder of this section we prove Theorem 4.1. First, a technical
lemma is proved.

Lemma 4.3. Suppose ((A;)ieng, (hi)ieny, B()) satisfy (A1)—(A3) and R (see Def-
inition 2.6) is defined, for some A € R, on Cy. Then

(i) Vs>XA : R(s) >0,
(i) Vze€Cy : |R(z)| < R(Rz2),

(i) Vz2eCyx : pu(Ao+R(2) < u(Ao+RMN).

Proof. The claims follow immediately from the assumptions and Proposition 4.2(v).
O

Proof of Theorem 4.1:
STEP 1: We show pg < 0.
Seeking a contradiction, suppose that pg = co. Then

oo
VkeNTz, € Cp: detH(zi) =0,) e | Ay +/ et | B(t)| dt < oo
0

i>1
and thus, invoking Lemma 4.3,
VEEN : k< Rz < p(Ag+ R(zk)) < p (Ao + R(Rzp)) < p(Ao +R(K)),
which gives, by k£ — oo,
00 < limy o0 pt (Ag + R(k)) = p(Ap) < 00,

which is a contradiction.
STEP 2: We show that

o < (Ao +R(ko)) - (4.1)
Since pg > —oo, there exists z € C :
det H(z) =0, Yo,q e "= Afl| + [77 e ™| B(t)] dt < o
Then
B <Rz < po.
If Rz = po, then Lemma 4.3(iii) yields (4.1).
If Rz < po, then by definition of pyg,

= (Zk)kEN A< Rz < Ko, det H(Zk) =0, klirn Rz, = Lo



12 Achim Ilchmann and Pham Huu Anh Ngoc

and again by Lemma 4.3(iii) we arrive at
po = limy oo Rzg < p (Ao + R(po)) -

This proves (4.1).
STEP 3: Set

J5{ 8,00), i izg e

(8,00), otherwise.

Aill + [o~ e B(®)]] dt < oo

We show that the continuous function
f:J—=R, 06— 0—pu(Ay+R(0))

satisfies f(uo) = 0.
By (4.1), f(po) < 0. Seeking a contradiction, suppose that f(ug) < 0. Then we
may choose

0y > Mo - f(ao) =0. (42)
Hence 6y = p (Ao + R(6p)). Since Ag + R(6p) is a Metzler matrix, we may apply
Proposition 4.2(i) to conclude that det H(6p) =0 6y > o, which contradicts the
definition of pg.
STEP 4: We are now ready to show (i)-(iii).
By Step 3, we have g = u (Ap + R(uo)), and an application of Proposition 4.2(i)
yields (i).
By Proposition 4.2(v), we conclude, for 8 < 61 < 02, u (Ag + R(02)) < u(Ap +R(0:1)),
and so 6 — f(0) as in Step 3 is increasing. Since f(uo) = 0, (ii) and (iii) follow
from Proposition 4.2(iii) and (iv). O

5. Stability

In this section we investigate various stability concepts which are standard for
linear integro-differential systems, see e.g. [4, p. 37], [15], [18]. We characterize
them and specialize them also to positive systems.

Definition 5.1. A system (1.1) (more precisely, its zero solution) satisfying (A1)-
(A3) is said to be
stable <= Ve >0 Vo >0 30 > 0 VY(p,2°) € L' ((—o0,0); R") x R™ with
el + 2% <Vt =0 = |z(t;o,0,2%)] <e
uniformly stable <= stable and § > 0 can be chosen independently of ¢

asymptotically stable :<=> stable and V (o, ¢, 2°%) € Ry x L!((—o00,0); R") x R" :
limy oo 2(t;0,0,2°) = 0

uniformly asymptotically stable :<=> uniformly stable and 3§ > 0 Ve > 0
AT (e) > 0 V(o,p,2°) € Ry x L' ((—o00,0);R") x R* with
lellz: + 2%l <o V¢ > T(e) + o« [|a(t;o,0,2°) <e
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exponentially asymptotically stable <= IM,\ > 0V(0,¢,2°) € Ry x L*((—o00,0); R™) x
RVt >0 :|z(t;0,0,2°) < Me = [[lgf| 1+ [[2°]]]

LP-stable, p € [1,00] <= X € LP(R4;R™™) where X denotes the fundamental
solution of (1.1).

The following proposition shows how these stability concepts are related and
how they can be characterized in term of the fundamental solution X (-) and char-
acteristic matrix H(-), see Definition 2.6.

Proposition 5.2. Consider a system (1.1) satisfying (A1)-(A3). Then the state-
ments

) is asymptotically stable
1.1) is Lt-stable
)

of (1.1),
(vii) (1.1) is exponentially asymptotically stable

are related as follows:
(v) <= (vii) = (vi) = (W) <= (ii1) <= (i1) = ().

Proof. By definition, it is easy to see that (v) <= (vii) = (vi) and (vi) => (iii).
The proof of implications (iv) <= (iii) <= (ii) can be found in [5, p. 303]. It
remains to show that (ii) = (i). Since the convolution of an L!-function with
an LP-function belongs to L? (see e.g. [13, p. 172]), it follows from (1.1) that
X € L'(Ry;R™*™). Therefore, X, X € L'(Ry;R%*™) and [11, Lem. 2.1.7] yields
lim; o, X (t) = 0. Finally, an application of the Variation of Constants formula
(2.5) shows (i). O

Remark 5.3. In particular, for linear Volterra integro-differential systems (1.4)
without delay and B(-) € L*(R,, R"*"), [17] have shown
(v) <= (v).

For (1.1), by a standard argument, we can show that (iv) implies that (1.1) is
uniform stable and asymptotically stable. Conversely, (v) implies that det H(z) # 0
for z € Cp and in particular (v) implies (iv) provided sup,cy hi < co. However, in
general, it is an open problem whether the implications

(iv) = (v) or (v)= (i)

hold true.
Finally, [18] showed that even for (1.4),

(iv) &= (vi) and (v) &= (vi).



14 Achim Ilchmann and Pham Huu Anh Ngoc

These implications are claimed in [14, Th. 2.2.2]; the proof in [14] however is
based on the semigroup property of the fundamental solution; in Remark 2.3 we
showed that this property does not hold.

Next we present a sufficient condition under which most of statements in
Proposition 5.2 are equivalent.

Theorem 5.4. Consider a system (1.1).
(1) 1f ((Ad)ieny s (hi)ien,, B()) satisfy (A2) and

Ja>0: Z || Ag || e +/ e®|| B(t)]| dt < oo, (5.1)

i>1 0
then the statements (ii), (iit), (), (vi) and (vii) in Proposition 5.2 are equiv-
alent.

(i) If ((Ai)iengs (hi)ieno. B(:)) satisfy (A1)-(A3), A; € RY*™ for all i € N,
B(:) > 0 and (vi) in Proposition 5.2 holds, then (5.1) is valid.

Theorem 5.4 extends [18, Th. 1,Th. 2] and [2, Th. 3.1,Th. 3.2], where lin-
ear integro-differential systems without delay (1.4) are considered, to the linear
Volterra integro-differential systems with delays (1.1). The proof of Theorem 5.4(i)
is different from [18], the proof of Theorem 5.4(ii) is based on ideas of the proof
of [2, Th. 3.2].

Proof of Theorem 5.4:
(i): In view of Proposition 5.2, it suffices to show “(iv) = (vii)”. Let X (-) and
H(-) be the fundamental solution and the characteristic matrix of (1.1), resp.
We show
JK,e>0Vt>0 : [|[X(#)] < Ke . (5.2)

Note that, by (5.1),

det H(z) =0 for some z € C_,,

— |Z| STO = ||A0||+Z€ahi
i>1

Al + / | B(t)]| dt
0

and hence
VzeCwith —a<Rz<0and [Sz| >Top+1 : detH(z) #0.
Since det H(+) is analytic on C_q, it has at most a finite number of zeros in
D= {ZE(C‘ —a/2<Rz<0, ¥z §T0+1},
and thus det H(z) # 0 for all z € Cq yields
co :==sup {Rz| z € C, det H(z) =0} <O0.
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Choose ¢ € (0, min{—cp, @}). Then, it is easy to check that
Y()=e"X(), He()=H(—¢)
are, respectively, the fundamental solution and the characteristic matrix of

y(t) = (Ap +¢l,) +Ze€h’A y(t — hy)

i>1
t
—|—/ eIB(t —s)y(s)ds, for a.a.t>0. (5.3)
0

Since det H(z) # 0 for all z € C_., it follows that det H.(z) # 0 for all z €
Cop. Applying Proposition 5.2 to (5.3), we may conclude that Y (-) = e X(:) €
L>(R4; R™*™). This gives (5.2).

We show that

JK; >0, Y(o,0) € R, x L((—00,0);R") YVt >0 :

Z/ X(t— o — hi —u) Avp(u) du

i>1
t—o o
+ X(t—a—u)/ B(u+o—3s)p(s)ds du
0 0

< Kie " lgl|pr. (5.4)

Then exponential asymptotic stability of (1.1) follows from (5.2) and the Variation
of Constants formula (2.5).
By (5.2), we have, for all t > o > 0,

0
Hzizl Jop, Xt =0 —hi —u) Aip(u) duH
0 e(t—o—hi—u
< Yisr [, Kem = A ()| du
< (K S e™IAil) e ]l

| 077 =0 =) ] Bl o5 o) s

t—o —e(t—o—u g
< [T Kem= =) [7 | Bluto - 9)lllp(s)] s du
< Kems=) [ (@)l 7 e [ Blu+ o — )] du ds
< Ke=) [7 llp(s)| [1=% =) e | B(u) | du di

<K(f | Blu )du)e€<”> ol



16 Achim Ilchmann and Pham Huu Anh Ngoc

Now combining the above two chains of inequalities gives (5.4). This completes
the proof of Assertion (i).

(ii):  Assume that ((Ai)ieny, (hi)ieny, B(+)) satisfy (A1)-(A3), A; € R™™ for all
i €N, B() >0 and

IMA>0VE>0 @ || X)) < Me™. (5.5)

Choose o € (0,)). Then, (5.5) implies that X(-) is analytic on C_,. Clearly,
H(2)X(z) = I, z € Cy. Thus, det X(0) # 0. Since the function z — det X (z)
is continuous at z = 0, there exists ap € (0,a) such that det X(z) # 0 for all
z € Bgy(0). Thus X (-)~! exists on Bq, (0). Since the entries of X(-) are analytic
on By, (0), so must be the entries of X (-)~!. Therefore,

R: Byy(0) = C™" 2z R(z) = ZeiZhiA,; + B(2) = 2I, — Ay — X ()7}
i>1
is analytic on By, (0). Since A, As hold, by standard properties of the Laplace

transform and of sequence of analytic functions [27, p. 230], we have

Vm € NVs € By, (0)NCo :

R (s) = (=1)™ / e B(t)dt + Y _hi"e M A; | . (5.6)
0 i>1

We may consider in the following, without restriction of generality, the norm

U= Jug| for U= (uy) e C™m

ij=1
STEP 1: We show, by induction, that
VmeN :(t—t"B(t) € L'(Ry,R™™) and Y A4 <oo.  (5.7)
i>1
Set
M = R'(0)].

m =1: Seeking a contradiction, suppose that at least one of the following holds

T Ny
Ir>1 ;/ IBE)|(t—1)dt > M; 3Ny € N2 Y Rl Ail| > M+ || Al (5.8)
0 1=1

i— i>1
Choose §y > 0 sufficiently small such that

1— e—ht 1— e_hhi

Vh € (0,dp) ¥Vt € [0,T] : TZt—l; Vie Ny - W > h;—1. (5.9)
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Invoking the properties A; = (A(i)p,q) € R for all i € N and B(-) > 0 yields,
for h > 0 sufficiently small,

HR(h);R(O)H _ B(h);B(O)+;e‘hh -
= p3 1/ Bpy(t) dt+; Ai)p.q)
_ Z/ By dt+z“e " A(i)y.0).(5.10)

If the first inequality in (5.8) is valid, then, by invoking the first inequality in (5.9),
(5.10) and continuity of the norm, we arrive at the contradiction
, R(h) —R(0)
= [[R'(0)Il = ||B )t —1)dt > M.
If the second inequality in (5.8) is valid, then, by invoking the second inequality
n (5.9) and (5.10), we arrive at the contradiction

. 1 — ¢ hhi Sl e
M= h1i>1(r)l+ , T(A( Dpa) 2 hll»%l+ T(A(l)p’q)
i>1 i=1
N1
> Z(hz = DA > M.
i=1

Therefore, (5.7) holds for m = 1.

If (5.7) holds for m, then it can be shown analogously as in the previous paragraph
for m = 1 that (5.7) holds for m + 1 by replacing B(¢), ||A:|, R(t) by t"B(t),
R Aq |, RU™ (), resp. This proves Step 1.

STEP 2: We show (5.1).
Since R(-) is analytic on Uy, the Maclaurin’s series

— R¥)(0) ,
> B
k=0

is, for some oy > 0, absolutely convergent in B, (0). Therefore, by (5.6), (5.7),

— B £)dt hk |R§ff1)
Z T /0 pq + Z Z < 0,

k=0 i>1

=
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and so, in view of nonnegativity of B(-), A; for all ¢ € N, and Fatou’s Lemma,

/ e B(1)||dt+) et
0

i>1

=Jo e althq 1 pq()dt+2>1€alh Zp,q 1(A()p,q)
= St ([T e Brg(t) At + Xy e (Ali)))

= Zzyqzl fO Zk:o a;;!:) qu( )dt + ZiZl ZZOZO (alﬁ”k (A(i)p,q)>
=50 (S0 5 Bl e + Sy 1A ) )

< 0.

This completes the proof. 0.

The following is immediate from Theorem 5.4 and Proposition 5.2.

Corollary 5.5. If ((Ai)ieny, (hi)ieny, B(+)) satisfy (A1)-(A3), A; € RY*™ for all
i € N, B(-) > 0 and (i) in Proposition 5.2 holds, then the following statements
are equivalent:

(i) (1.1) is exponentially asymptotically stable,
(i) IMA>0VE>0 : | X(1)| < Me ™, where X is the fundamental solution

of (11),
(ii) (5.1) holds.

We now deal with stability of positive systems. Exploiting positivity, we get
explicit criteria for LP—stability and exponential stability of positive system (1.1),
invoking the spectral abscissa.

Theorem 5.6. For a positive system (1.1) satisfying (A1)-(A3) we have:
(i) (1.1) is LP-stable for all p € [1,00] if, and only if,

(AO + 21 Ai t+ fo dt)

(ii) (1.1) is exponentially asymptotically stable if, and only if, (5.1) holds for
some ag > 0 and

1 (Ao + 2 i1 e Ay + [7F e B(t) dt) < —ag.

Proof. (i): In view of the equivalences “(ii) <= (iii) <= (iv)” in Proposition 5.2,
and using the notation introduced in Definition 2.6, it suffices to show that
[Vz2e€Cq : det (2], —Ag—R(2)) #0 ] <= p (4o + R(0)) <0.
“<": Suppose
FzeCy : det(zI, — Ag — R(z)) = 0.
By Lemma 4.3,
0< Rz < pu(Ag+R(2) <p(Ao+R(0)).
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This proves the claim.
“=": Suppose

1 (Ao + R(0)) = 0.

Then the continuous function

satisfies f(uo) < 0 and limg_,o f(0) = 0o and so we may choose 6 > 0 such that
() = 0. The latter is equivalent to § = u (Ag + R()) and, by Proposition 4.2(i),
to det (I, — Ag — R(#)) = 0. This is a contradiction and completes the proof of
Assertion (i).
(ii): “«<=": This follows directly from (i) and Theorem 5.4(i).

“=7: Since (1.1) is positive, we have A; € R}*" for all i € N and B(-) > 0. More-
over, (vi) of Proposition 5.2 holds because (1.1) is exponentially stable. Now (5.1)
follows from Theorem 5.4(ii). Since (1.1) is exponentially asymptotically stable,

(i) gives
i (Ao + Xisy As + [;° By dt) < 0.
Consider the continuous function
g: [0,a] =R, s—s+p (Ao + i1 ehisA; + 7 et B(t) dt) )
Since ¢g(0) < 0, it follows that g(a) < 0 for some g € [0, a]. Thus,
W (Ao + Y img €A+ [T e B(t) dt) < —ag
and
Yist [Alleohs + [(7 et B(#)] dt < oo.

This completes the proof. O

The following is immediate from Theorem 5.4 and Theorem 5.6.

Corollary 5.7. For a positive system (1.1) satisfying (A2) and (5.1), the following
statements are equivalent:

(i) (1.1) s L*-stable,
(i1) (1.1) is LP-stable for all p € [1, 0],
(iii) IMA>0VE>0 @ || X(t)]| < Me>, where X is the fundamental solution
of (11),
(iv) (1.1) is exponentially asymptotically stable,
(v) p (AO + e A+ Jy7 B(1) dt) <0,

(vi) Jag >0+ i (Ao+Tyng e Ai + [§¥ e B(t)dt) < —aq.



20 Achim Ilchmann and Pham Huu Anh Ngoc

6. Robustness of stability, stability radii

In 1986 Hinrichsen and Pritchard introduced the concept of structured stability
radius [7]: Consider an asymptotically stable linear differential system @(t) = Az (t)
and determine the mazimal r > 0 for which all systems of the form

#(t) = (A+ DAE)x(t),

are asymptotically stable as long as ||A|| < r. Here, A is unknown disturbance
matrix, and D and E are given matrices defining the structure of perturbations.
This so called stability radius r was characterized and a formula had been given.
Beside many other generalizations (see [8, Sect. 5.3] and the references therein),
the concept of stability radius has been analyzed for positive systems @(t) = Az (t)
in [9]. Recently, the main results of [9] have been extended to various classes of
positive systems such as positive linear time-delay differential systems [26], [19],
positive linear discrete time-delay systems [10, 24] and positive linear functional
differential systems [25].

6.1. Structured perturbations

In this sub-section we study robustness of positive, L!-stable systems (1.1) satisfy-
ing (A1)-(A3). Assume that the system (1.1) is subjected to additive perturbations
of the form

i(t) = (Ao + DoAoE)a(t) + Y (Ai + DiAE)a(t — hy)
+/ (B(s) + Dd(s)E)x(t —s)ds, (6.1)
0

where the matrices (D;)ien,, D, E specify the structure of the perturbation and
belong to the class

Sk = {((Di)ieNo, D, E) € (K™f)No 5 KnxE x K9*"

sup || D;|| < oo}
1€Np

and the perturbation class is
Px = {(A,0) = ((Aien,, 8) € (KN x LR, KX [[(A,0)]| < oo}

endowed with the norm
(A, 8] = Z"Al‘|+/o 16(6)|| dt, K=R,C,R,, resp.
i=0

The aim is to determine the maximal r > 0 such that for any (A, §) € Pk the
perturbed system (6.1) remains L!-stable whenever ||(A,§)|| < r. More precisely,
we study the following complez, real, and positive stability radius

re = inf {[[(A,8)]]| (A,6) € Pe, (6.1) is not L'stable }, K =R,C,Ry, resp.

While it is obvious that
0<rc <rp < g, < oo, (6.2)
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we will show equality of all three stability radii and present a formula.

Theorem 6.1. Suppose ((A;)ieng, (Pi)ieng, B(+)) satisfy (A1)-(A3) and the system
(1.1) is positive and L*-stable. Then for any perturbation structure ((D;)ien,, D, E) €
Sk, , the stability radii satisfy, for characteristic matriz H(-) as defined in Defini-
tion 2.6,

1
max{sup;en, [[EH(0)~ Di, [|EH(0)~' D[}

(6.3)

We illustrate Theorem 6.1 by a simple example.
Example 6.2. Consider a linear Volterra integro-differential system with delays
given by
t
B(t) = Apx(t) + Y As(t — hi) + / B(t — 7)z(r)dr, t >0, (6.4)
i>1 0

where

-3 1/2 0 1/2°1 ot 0 .
A0=<O /3)a Ai=<0 /O ), B<t>:<(t+1)2 et>7Z€N,tZO.

By Theorem 3.2, (6.4) is a positive system and, invoking Theorem 5.6, it is easy
to see that (6.4) is L!-stable. Consider the perturbed system

#(t) = Aoaz(t) + Y Ana(t — i) + /0 Bs(r)a(t—r1)dr, t>0  (6.5)

i>1
where
34+ 2—1_|_ 9—i 2—(i+1) 9—i
doa = ( 0 " -3 a2)’ Ain = (alo ()HL2 ’
et 0 )
= >
B5(t) ((t + 1)—2 + 6]_(t) e—t + (52(t>) 5 S N, t = 0.

and a1,ay € R, 61,05 € LY(R,,R) are unknown parameters. Setting
D; = (1,007, Ag=(a1,a2), A;=(a127%a27%), i €N,
D =017, §=(6,02), E=1I,
and
Ain = Ai + D;AGE, i € Ny, and  Bs(-) = B(-)+ Di(")E,

we may recast (6.5) as a perturbed system of the form (6.1).
Theorem 6.1 yields that the stability radius of (6.4) is equal to 3v/5/5. There-
fore, perturbed systems (6.5) remain L!—stable if

Siso 1A + [57 15D 1dt = 2¢/af + a3 + [5° /5107 + 52 ()% dt < 22
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In the remainder of this sub-section we prove Theorem 6.1 and some technical
lemmata.

Lemma 6.3. Suppose the system (1.1) satisfies (A1)-(A3) and is positive and L*-
stable. Then

(i) VzeCy © O H(z) T < H(0)T,

(i) YU eRP VYV eRY™ © max.ec, [VH(2)"IU|| = [|[VH(0) U
Proof. (i): By Theorem 5.6(i), we have

" (AO e At [T B(t)dt) = 1 (Ao +R(0)) <0
and so, invoking Lemma 4.3(iii),
w(Ag+R(2)) < (4o +R(0) <0, vz € Co.

Since Ap is a Metzler matrix, we may choose oy > 0 such that (Ag + agl,) > 0,
and, invoking Lemma 4.3, it follows that

04001

ea09|60(A0+R(z)) | — ao@eQ(A0+R(Z)) ‘ n e@(AQJrR(Z)) |

le =le
— [P ((Aotaola)+R(2)| < H(@0lntA0)+R(0)) — (@00 H(A+RO) vy g > (),

whence
|ef (Aot R(E))| < HAHRO0) v g >0V 2 € Cy. (6.6)

By the formula [6, p. 57]
H(2)™t = (21, — (Ag + R(2))) 7 = [~ e™*0ef(AotR()) g9, vV z € Cy, (6.7)
(6.6) implies that

oo (6.6) oo .
H(2)Y = | [ e =00 A0tRE) dg| < [ 0A0+RO) dg U0 p(0)-1, vz e Cy

and therefore Assertion (i) is proved.

(ii): For nonnegative U and V it follows that
[VH(2)"'U| < VH(0)'U V z¢€Cy.

By the monotonicity property of the vector norm and the definition of the induced
matrix norm, we conclude

IVH(z)"'U| < |[VH(0)T'U| V 2 € Co.
This shows Assertion (ii) and completes the proof. O

Lemma 6.4. Suppose the system (1.1) satisfies (A1)-(A3) and is positive and L*-
stable. Let ((D;)ieny, D, E) € Sg, and suppose that, for H(-) as defined in Defi-
nition 2.6,

max{sup |EH(0) " D, EH(0>1D||} £0.

1€Np
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Then, for every e > 0, there exists a nonnegative perturbation (A,d) € Pr, such
that the perturbed system (6.1) is not L'-stable and

1
+e.
max {sup;cy, [|EH(0)"1 D, || EH(0)-1D| }

(A, 0)] = (6.8)
Proof. Since (1.1) is positive and L'- stable, by Lemma 6.3 (i), H(0)~! > 0, and
therefore, in view of ((D;)ien,, D, E) € Sg., we conclude
EH(0)™'D; e RYY, Vi e No;  EH(0)"'D e RY".
We now consider two cases.
Case I: sup;cy, [EH(0)"'D;|| > [|[EH(0)"*D]|.
Let & > 0. Since sup;cy, [[EH(0) "' D;|| is finite, there exists k € Ny such that
! < ! +e
IEHO) ™ Dyl supsen, [IEHO) ' Dif|

Choose
weRY with [ul|=1 and [|[EH(0)"'Dy| = ||[EH(0) " Dyul|

Since EH(0)"!Dju > 0, there exists, by the Hahn-Banach theorem for positive
linear functionals [28, p. 249], a positive linear functional y* € (C?)* of dual norm
ly*|| = 1 such that

y*EH(0)" ' Dyu = ||[EH(0) "  Dyul.

For
Ay = |EH(0) ' Dyl tuy* € Rﬁ“xq and zo := H(0) ' Dyu,
we have
[Akll = [EH(0)'Di|~" and  ApExzo = ug.
Therefore,

(Ao + o1 Ai + DAGE + [7° B(1) dt) 2o =0, z0=H(0)"'DyAyExq # 0.

Defining
(A,6) := ((Ai)ien,; 0), where A; = { 0, i#k
yields (A,d) € P, and
1 1

A6 = Akl = <
H( )H ” kH HEH(O)_leH SUP; e, ||EH(0)_1DZ||

+ ¢,
whence, by Proposition 5.2, the perturbed system (6.1) is not L!- stable.

Case II: max{sup,;cy, [EH(0)"'D;|,||[EH(0)"' D} < |[EH(0)"'DJ.
By a similar argument as in Case I, there exists a nonnegative matrix Ap € qu

such that )

Apll= —
140l = 1770 75]
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and
(AO +2iz14i + DApE + Jo~ B(®) dt) x =0, forsome z€&R"\{0}.

For
op(-) = (t— e*Ap) € L'(Ry,RYY)
we have
(AO + o1 Ai + [ (B(t) + Dop(t)E) dt) z =0,
and
(A’ 6) = ((O)iENoa(SD) S P]R+

satisfies (6.8). Finally, Proposition 5.2 says that the perturbed system (6.1) is not
L'- stable. This completes the proof. O

We are finally in a position to prove the main theorem of this sub-section.

Proof of Theorem 6.1:
Assume that r¢ < 00. Let (A, ) € Pc be a destabilizing complex disturbance. By
Proposition 5.2, there exist s € Cy and x € C™ \ {0} such that

((AO + DoAE) + Yoy e (A + DyAE) + [3° e*!(B(t) + D(t)E) dt) = sa.
Since (1.1) is L'- stable, it follows that
H(s)~! (DOAOE + Yis1 €M DIAE + D [ emot5(t) dt E) z =1z,

and

EH(s)~! (DOAO + s MDA+ D [ e 5(1) dt ) Ex = Ex #0.
Taking norms, we derive

(Ziso IEH() Dl Al + | EH() D] [~ 18(8)]| at) | Ex]| > || Eal

and by Lemma 6.3 this implies that

(Zizo IEH©O) DillllA:ll + [[EH©O) DI 5~ I8l d15||) |Ez| > || Ew]|.
Hence,

max{supicry, [ EHO) D4 [EHO) DI} (o 1Al + 15 150 ) > 1.

We thus obtain, max{sup;cy, [[EH(0)"'Ds|, [EH(0)~'D||} > 0 and

1
A 6| > .
I O = b, TEH(O) 10T, [ER(0) DT}

Since this inequality holds true for any destabilizing complex perturbation, we
conclude that

1
> :
— max{sup;ey, [EH(0)" Dif|, [EH(0)~ D]}
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Taking (6.2), (6.3) into account, it remains to show that
1
max{sup;cy, [ EH(0)~"Ds|, | EH(0)~* D[}

Since max{sup;cy, [[EH(0)"'Dy||, [EH(0)~'D|[} > 0, it follows from Lemma 6.4
that

(6.9)

TR, <

1
R, < € Ve>0.

< +
max{sup;en, [| EH(0)~1Dy[|, [ EH(0)~ ' D[}

Hence, (6.9) holds.
Finally, the above arguments also show that

rc =00 <= max{sup |EH(0)~ Dy, |EH(0) ' D|} = 0.

€No

This shows (6.3) and completes the proof of the theorem. O

6.2. Affine perturbations

In this sub-section, we study again positive L!- stable systems (1.1) satisfying
(A1)-(A3). In contrast to Sub-section 6.1, the system (1.1) is subjected to affine
perturbations of the form

N N
z(t) = | Ao+ Z ag; Aoj x(t) + Z A + Z o Agj x(t — h;)
=1

j=1 i>1

t N
+ /0 B(s) + Zﬁij(s) xz(t —s)ds, (6.10)

where the sequence of matrices (Aij) @ jyenoxn: (Bj(-))jen specify the structure
of the perturbation and belong to the class

St = {((Aiy)agperoxn, (Bi())jen) € (K™™)NXN o LI (R, K™X™)N

S iemoay il < 00}
and the perturbation class is
Pk = {(a.0) = (ajenoxn, Bjen) € KN x K¥| [|(a, )] < oo}
endowed with the norm
(e, B)]] := max {Sup(i,j)eNgxﬂ |ai;|, maxjen |ﬂj|} for K=R,C,R, resp.

Analogously to Sub-section 6.1, we study the complez, real, and positive stability
radius

i == inf {|| (o, B)|| (o, B) € P, (6.10) is not L'-stable }, K =R,C,Ry, resp.
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While it is again obvious that
0<rg <rg<rp, <oo,
we will show equality of all three stability radii and present a formula.

Theorem 6.5. Suppose the system (1.1) satisfies (A1)-(A3) and is positive and L*-
stable. Then for any perturbation structure ((Aij)(i,j)eNoxﬂa (Bj(~))j€ﬂ) € Sn‘ng,
the stability radii satisfy, using H(-) as defined in Definition 2.6,
a a a 1
T¢=TR =TR, = - po—— . (6.11)
M (H(O)_ (Z(iﬂ')eNoxﬂ Aij + fo Zj:l B;(t) dt))
Proof. We first prove that
18, = oy, where Fi=H(0)" (Z(”)ENOXNA” +N, B dt)

Let (o, 8) = (a(i,j)eNoxﬁ,@’jeﬁ) € Pg, be a destabilizing perturbation so that
(6.10) is not L' —stable. By Theorem 5.2, there exist s € Cy and = € C™\ {0} such
that

(40 + S0 c0jdo; + Lispe ™ (Ai+ L aiyAsy)
+fo 7St( JFZ] 18;B ()) dt)x:sx.
Since (1.1) is Lt-stable, it follows that
H(s)™! (Zizl e Zj\]ﬂ aijAij + Z;vzl Bi [y e B;(t) dt) r =z

and by Lemma 6.3 (i),

|'T‘ = ’H(S)_l (Zi21 e~ shi Z;\Izl Oliinj + Z;V:1 ﬁj fooo €_StBj(t) dt) 2

< H(O0)™ (Zi>1 e ZN:l i Aij + Z;v:1 B fooo e~ B;(t) dt) T
< HO) (S enip @isdis + 001 8 J5° Bi(0) dt) Jo]
< @B)|Flel.

Since F' > 0, it follows from Proposition 4.2(iii) that u(F) > ||(a, 8)|| 7! > 0. Since
this holds for arbitrary destabilizing nonnegative perturbation («, 3), we conclude

1
that T§+ 2 m
Next we prove ry, < ﬁ By Proposition 4.2(ii), there exists y € R’ \ {0} such
that Fy = u(F)y and therefore

((Ao + E;V:1 ﬁAoj) + i1 (Ai + E;V:1 ﬁAzj)
+ 157 (B + S i Bi(1) i)y =o.
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This means that the nonnegative perturbation
(@, B) = (i j)evox s Bjen) € PR,
with
a(i,j) = ﬁ] = I/M(F)7 (27.]) € NO X E7 j S ﬂ7

is destabilizing. By definition of TR, we get 1y, < %) This proves the claim.

w(
Finally, we are now ready to show that r¢ = rg = 7}, . Suppose (o, B) =

(a(i,j)eNOXﬂ, ﬁjeﬂ) € P is a complex destabilizing perturbation so that (6.10) is
not L' —stable. By a similar argument as the above, we get

20l < HO0) ™ (Lo ppemona [0l Ais + X000 181 57 Bi(®)dt) fool  (6.12)

for some xg € C", 29 # 0. Then, by Proposition 4.2(iii),

H (H( ) (Z(z J)ENg X N ‘0411|Am + Zj 1 |5J| fo dt))

Since

C = HO) ™ (Sipemonns l0iil Ay + I 1851 Jy° By dt) =0,

Proposition 4.2(ii) yields that C'zy = pu(C)x1, for some z; € R’} \ {0}. This gives

((AO + Z;Vﬂ L ) ) + Ez>1 (A + Zj 1 L%Au)

+ I3 (B + X B0 dt) ay =0,

which means that

(lof. 18]) = (( LCZZ))WNM ( ,fé>>j€N>

is a nonnegative destabilizing perturbation. Hence, it follows from the definition

of ri, that
|Olij> ( A > .
max sup , max > g
((i,j)eNoxN <M(C) jeN \ u(C) Ry

max su ;i |, max |83 | > w(C)rg > r
<(i,j)eNF;><N l]|7j€ﬂ |ﬁ]|> > pu(C) Ry = TRy

or

which implies that r¢ > ri, . Combined with the inequalities rg < g < rf , this
implies that & = rj = rﬁJr In addition, from the above arguments, we observe
that rg =i =, = oo if, and only if, u(F) = 0. This completes the proof. [
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